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HE motives that firſt gave birth to the 
enſuing Work, were not ſo much any 
; exttavagant hopes the Author could 
form to himſelf of greatly extending the ſubje& 
by the addition of a large variety of new im- 
provements (though the Reader will find many 
things here that are no-where elſe to be met with) 
as an earneſt deſire to ſee a ſubject of ſuch ge- 
neral importance eſtabliſhed on a clear and ra- 
tional foundation, and treated as a ſcience, capa- 
ble of demdnſtration, and not a myſterious art, 
as ſome authors, themſelves, have thought proper 
to term it. | 
How well the deſign has been executed, muſt 
be left for others to determine. It is poſſible 
that the pains here taken, to reduce the funda- 


mental principles, as well as the more difficult 


parts of the ſubject to a demonſtration, may be 
looked upon, by fome, as rather tending to 
throw new. difficulties in the way of a Learner, 
than to the facilitating of his progreſs. In order 
to gratify, as far as might be, the inclination of 


this claſs of Readers, the demonſtrations are, 


now, given, by themſelves, in the manner of 
5 | Notes 
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Notes (ſo as to be taken or omitted, at pleaſure): 
though the Author cannot, by any means, be 
induced to think, that Time loſt to a Learner 
which is taken up in comprehending the grounds 
whereon he is to raiſe his ſuperſtructure: his 
progreſs may indeed, at firſt be a little retarded; 
but the real knowledge he thence acquires will 
abundantly compenſate his trouble, and enable 
him to proceed, afterwards, with certainty and 
ſucceſs, in matters of greater difficulty, where 
authors, and their rules, can yield him no af- 
ſiſtance, and he has nothing to depend upon but 
his own obſervation and judgment. 

This, ſecond, Edition has many advantages 
over the former, as well with reſpect to a num- 
ber of new ſubjects and improvements, inter- 
ſperſed throughout the whole, as in the order and 
diſpoſition of the elementary parts: in which 
particular regard has been had to the capacities 
of young Beginners. The Work, as it now 
ſtands, will, the Author flatters himſelf, be found 
equally plain and comprehenſive, ſo as to anſwer, 
alike, the purpoſe of the lower, and of the more 
experienced claſs of Readers. a 
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TREATISE 


OF 


ALGEBRA. 


SECTION LI. 


Of Notation. 
LGEBRA is that Sciente which teaches, 


in a general manner, the relation and compa- 
riſon of abſtract quantities : by means where- 
of ſuch Queſtions are reſolved whoſe ſolu- 
tions would be ſought in vain from common Arith- 
metick. 

In Algebra, otherwiſe called Specious Arithmetich, 
Numbers are not expreſſed as in the common Notation, 
but every Quantity, whether given or required, is com- 
monly repreſented by ſome letter of the alphabet; the 
given ones, for diſtinction ſake, being, uſually, de- 
noted by the initial letters a, 6, c, d, &c.; and the 
unknown, or required ones, by the final letters x, to, 
x, y, &c, There are, moreover, in Algebra, certain 
Signs or Notes made uſe of, to ſhew the relation and 
dependence of 1 one upon another, whoſe 


ſignification the Learner ought, firſt of all, to be made 
acquainted with. 


The Sign +, ſignifies that the quantity, which it is pre- 
Ned to, 1s to be bs meh Thus a + b ſhews that the 
- _B | number 


— — H — — — — 


= <4 


2 OF NOTATION. 


number repreſented by þ is to be added to that repre- 
ſented by a, and expreſſes the ſum of thoſe num- 
bers; ſo that if à was 5, and 5 3, then would a + 5 
be 5 + 3, or 8. In like manner a + b + c denotes 
the number arifing by adding all the three numbers a, 
b, and c, together. 

Note. A quantity which has no prefixed ſign (as the 
leading quantity @ in the above examples) is always 
underſtood to have the ſign + before it; ſo that a ſig- 
nifies the ſame as + a; and @ 4 b, the ſame as + a + b. 


The Sign _ ſigni ſies that the quantity which it precedes 


#5 to be ſubtracted. Thus a— b ſhews that the quan- 


tity repreſented by & is to be ſubtracted from that repre- 
ſented by a, and expreſſeth the difference of @ and 5 
ſo that, if a was 5, and h 3, then would a —b be 5 — 3 
or 2. In like manner a + b —c — &d repreſents the 
quantity which ariſes by taking the numbers c and 4 
from the ſum of the other two numbers à and b; as, 
if a was 7, 5 6, c 5, and d 3, then would a + b — c 
—d ben 46 — 5 - 3, or 5. 

The Notes + and — are uſually expreſſed by the 
words plus (or more) and minus (or leſs.) Thus, we 
read, a + b, a plus ;; and a — b, a minus b, 

Moreover, thoſe quantities to which the ſign + is 
prefixed are called poſitive (or affirmative) ; and thoſe 
to which the ſign — is prefixed, negative. 


The Sign , ſignifies that the 8 between which 
it ſtands are to be multiplied together. Thus a x b denotes 
that the quantity à is to be multiplied dy the quantity 
b, and expreſſes the product of the quantities ſo multi- 
plied; and a * c expreſſes the product ariſing by 


multiplying the quantities a, b, and c, continually to- 
gether : thus, likewiſe, a+þ xc denotes the product of 
the compound quantity a+b by the ſimple quantity 
c, and a t N- Na repreſents the 
product which ariſes by multiplying the three com- 
pound quantities a + þ + c, a—b + c, and a + c con- 
tinually together; ſo that, if a was 5, 5 4, and c 3, _ 
wou 
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Ur NOTATION. 3 


Would a TT -T 4A de 2 x 4 * 8, 
which is 384. | | 

But when quantities denoted by fingle letters are 
to be multiplied together, the Sign * is generally 
omitted, or only underſtood ; and ſo ab is made tu 
fignify the ſame as a *; and abe, the ſame as axb 
XR Ce | | 

It is likewiſe to be obſerved, that when a quantity is 
to be multiplied by itſelf, or raiſed to any power, the 
uſual method of Notation is to draw a line over the given 
quantity, and at the end thereof place the Exponent 


of the Power. Thus a+bl* denotes the ſame as a+6b 
X a+b, viz. the ſecond power (or ſquare) of a+b con- 
ſidered as one quantity: thus, alſo, ab + dels denotes the 


ſame as ab + be X ab + be & ab + bc, viz. the third 
power (or cube) of the quantity ab + bc. 

But in expreſſing the powers of quantities repre- 
ſented by ſingle letters, the line over the top is com- 
monly omitted; and ſo a* comes to ſignify the ſame 
as aa or a X a, and b* the ſame as bbb or bXbXb: 
whence alſo it appears, that a*b* will ſignify the ſame 
as aabbb; and a*c* the ſame as aaaaacc; and ſo of 
others. 

The Note. (or a full point) and the word into, 
are likewiſe uſed inſtead of Xx, or as Marks of Multi- 
plication. _ | 


Thus Y. + cand a + b into a + T both ſignify 


the ſame thing as a + b x a + c, namely, the pro- 
duct of a+b by a+c. 

The Sign is uſed to fignify that the quantity pre- 
ceding it is to be divided by the quantity which comes 
after it: Thus c = b ſignifies that c is to be divided by 
bh; and a +b+@a—c, that @ + b is to be divided by 
a -c. 

Alſo the mark) is ſometimes uſed as a note of Divi- 
ſion; thus, a+6) ab, denotes that the quantity ab is 
to be divided by the quantity a4; and ſo of others. 
But the diviſion of algebraic quantities is moſt com- 

5 & monly 


2 OF NOTATION. 


number repreſented by & is to be added to that repre- 
ſented by a, and expreſſes the ſum of thoſe num- 
bers; ſo that if à was 5, and þ 3, then would a + 5 
be 5 + 3, or 8. In like manner a + b + c denotes 
the number arifing by adding all the three numbers a, 
b, and c, together. 

Note. A quantity which has no prefixed ſign (as the 
leading quantity à in the above examples) is always 
underitood to have the ſign + before it; ſo that a ſig- 
nifies the ſame as + a; and a 4 b, the ſame as + a + b. 


The Sign —, ſignifies that the quantity which it precedes 
#5 to be ſubtracted. Thus a—b ſhews that the quan- 
tity repreſented by 6 is to be ſubtracted from that repre- 
ſented by a, and expreſſeth the difference of @ and 5; 
ſo that, if a was 5, and þ 3, then would a —b be 5 — 3 
or 2. In like manner a + -d repreſents the 
quantity which ariſes by taking the numbers c and 4 
from the ſum of the other two numbers à and b; as, 
if a was 7, 5 6, c 5, and d 2, then would a + b — c 
—d be 7 46 — 5 —3, or 5. | 
The Notes + and — are uſually expreſſed by the 
words plus (or more) and minus (or leſs.) Thus, we 
read, a + b, a plus ;; and a — , a minus bh. | 
Moreover, thoſe quantities to which the fign + is 
refixed are called poſitive (or affirmative) ; and thoſe 
to which the ſign — is prefixed, negative. 


The Sign X, ſignifies that the * between which 


it ſtands are to be multiplied together. Thus a x b denotes 


that the quantity à is to be multiplied dy the quantity 
b, and expreſſes the product of the quantities ſo multi- 
plied; and a * b x c expreſſes the product ariſing by 
multiplying the quantities a, 6, and c, continually to- 
gether : thus, likewiſe, a+þ xc denotes the product of 
the compound quantity a+6b by the ſimple quantity 
; and a+b+cxXxXa—b+cXa-c repreſents the 
product which arifes by multiplying the three com- 
pound quantities a + þ + c, a—b + c, and a + c con- 


tinually together; ſo that, if a was 5, 5 4, and c 3, then 
| | would 
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would a TTS N A- Tc XK 4a Ac be lz x 4 * 8, 
which is 384. | | 

But hn quantities denoted by ſingle letters are 
to be multiplied together, the Sign * is generally 
omitted, or only underſtood ; and ſo ab is made to 
ſignify the ſame as a Xx; and abe, the ſame as axb 
XK Ce | 

It is likewiſe to be obſerved, that when a quantity is 
to be multiplied by itſelf, or raiſed to any power, the 
uſual method of Notation is to draw a line over the given 
quantity, and at the end thereof place the Exponent 


of the Power. Thus a+bl* denotes the ſame as a+b 
xa, viz. the ſecond power (or ſquare) of a+b con- 
ſidered as one quantity: thus, alſo, ab + bc1 denotes the 


ſame as ab + bc & ab + be X ab + be, viz. the third 
power (or cube) of the quantity ab + bc. 

But in expreſſing the powers of quantities repre- 
ſented by ſingle letters, the line over the top is com- 
monly omitted; and ſo a“ comes to ſignify the ſame 
as aa or à X a, and b* the ſame as bbb orb XN b. 
whence alſo it appears, that == will ſignify the ſame 
as aabbb; and a*c* the ſame as aaaaacc; and ſo of 
others. 

The Note. (or a full point) and the word inte, 
are likewiſe uſed inſtead of x, or as Marks of Multi- 
plication. + 


Thus a+b.a+cand a+ 7 into a + © both ſignify 


the ſame thing as a + X 4 + c, namely, the pro- 
duct of a+b by a+c. 

The Sign — is uſed to fignify that the quantity pre- 
ceding it is to be divided by the quantity which comes 
after it: Thus c = b ſignifies that c is to be divided by 
b; and a +b =-@—c, that 4 + b is to be divided by 
a -c. 

Alſo the mark ) is ſometimes uſed as a note of Divi- 
ſion; thus, a+6) ab, denotes that the quantity ab is 
to be divided by the quantity a 45; and ſo of others. 
But the diviſion of algebraic quantities is moſt com- 
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of ab ed; and fo of others. Quantities thus ex- 
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monly expreſſed by writing down the diviſor under the 
dividend with 2 line between them (in the manner of 


£ 

b 
8 a+b 

ariſing by dividing c by h; and "uw denotes the quan- 


tity ariſing by dividing 245 by a—e. Quantities 
thus expreſſed are called algebraic fractions; whereof 
the upper part is called the numerator, and the lower 
the denominator, as in vulgar fractions. 


The ſign , is uſed to expreſs the ſquare root of 
any quantity to which it is prefixed : thus V 25 ſigni- 
fles the ſquare root of 25 (which is 5, becauſe 5x5 is 


25): thus alſo V ab denotes the ſquare root of ab; and 
ab + bc ab + be 


e denotes the ſquare root of r of 


a vulgar fraction). Thus — repreſents the quantity 


the quantity which ariſes by dividing ab be by d. 


* ; 
but = — (becauſe the line which ſeparates the 


numerator from the denominator is drawn below V 4 
ſignifies that the ſquare root of ab be is to be fir/# 
taken, and afterwards divided by 4: ſo that, if a was 2, 


| * 8 
5 6, c 4, and d 9, then would — be 4 or. S 


a 9 9 
but V2 is VE, or V4, which is 2. 


The ſame mark , with a figure over it, is alſo uſed 
to expreſs the cube, or biquadratic root, Sc. of any 


121 _—_— a 
quantity: thus v 64 repreſents the cube root of 
64, (which is 4, becauſe 4x4 X4 is 64), and ab + a 
the cube root of ab ed; alſo 716 denotes the 
biquadratic root of 16 (which is 2, becauſe 2x 2 * 2 * 
2 is 16); and Fe denotes the biquadratic root 


preſſed are called radical quantities, or ſurds; where- 
of 
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OF NOTATION. 5 


of thoſe, confiſting of one term only, as Va and v ab 
are called ſimple ſurds; and thoſe conſiſting of ſeveral 
terms, or members, as V - and Ya*—b*+bc 
compound ſurds. | 

Beſides this way of expreſſing radical quantities, 
(which is chiefly followed) there are other methods 
made uſe of by different Authors; but the moſt com- 
modious of all, and beſt ſuited to practice, is that where 
the root is deſigned by a vulgar fraction, placed at the 
end of a line drawn over the quantity given. Ac- 
cording to this Notation the ſquare root is deſigned by 
the fraction 2, the cube root by 2, and the biquadratic 


root by 4, Cc. Thus A expreſles the ſame thing with 


Va, viz. the ſquare root of a; and x the 
fame as Va Tab, that is, the cube root of ab: 


alſo N denotes the ſquare of the cube root of a; and 


7 
a+2)* the ſeventh power of the biquadratic root of 
az; and ſo of others. But it is to be obſerved, that, 
when the root of a quantity repreſented by a ſingle 
letter is to be expreſſed, the Live over it may be neg- 


lected; and ſo ab will ſignify the ſame as 'a)*, and 37 


the ſame as b)* or . The number, or fraction, by 
which the power, or root of any quantity, is thus de- 
ſign'd, is called its Index, or Exponent. 


The Mark = (called the Sign of equality) is uſed to 
frgnify that the quantities flanding on each fide of it are 
equal, Thus 2+ 3=5, ſhews that 2 more 3 is equal 
to 5; and x=a—b, thews that x is equal to the differ- 
ence of à and 5. | 


* 


The Note:: ſignifies that the quantities between *which 
it ſtands are proportional: As a:b::c: d, denotes 
that a is in the ſame proportion to b, as cis to d; or that 
if 4 be twice, thrice, or four times, &c, as great as b, 


B 3 then 
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then accordingly is c twice, thrice or four times, Qs. 
as great as d. | 

To what has been thus far laid down on the ſignifi- 
cation of the ſigns and characters uſed in the Algebraic 
Notation, we may add what follows; which is equally 
neceſſary to be underſtood. 

When any quantity is to be taken more than once, 
the number 1s to be prefix'd, which ſhews how many 
times it is to be taken : thus 5a denotes that the quan- 
tity a is to be taken five times; and 3bc ſtands for three 
times bc, or the quantity which ariſes by multiplying be 
by 3: aiſo 7 a* +47 ſignifies that V a*+84* is to be 
taken ſeven times; and ſo of others. 

The numbers thus prefixed are called coefficients ; 
and that quantity which ſtands without a coefficient is 
always underſtood to have an unit prefixed, or to be 
taken once, and no more. | 

Thoſe quantities are ſaid to be /:#e that are expreſſed 
by the ſame letters under the ſame powers, or which 
differ only in their coefficients : thus be, 5bc, and Bbc 
are lite quantities; and the fame is to be underſtood of 
the Radicals 24 . - © and 7 2 5 F. But unlike 
quantities are thoſe which are expreſſed by different 
letters, or by the ſame letters under different powers : 
thus 2ab, 2abc, 5ab* and 3ba* are all unlife. 

When a quantity is expreſſed by a ſingle letter, or 
by ſeveral ſingle letters joined together in multiplication 
(without any Sign between them) as @, or 2ab, it is 
called a /imple quantity. 

But that quantity which conſiſts of two or more ſuch 
ſimple quantities, connected by the ſigns + or —, is 
called a compound quantity: thus @— 2ab+ 5ebc is a 
compound quantity; whereof the /mple quantities a, 2ab 
and 5abc are called the Terms or Members. 

The letters by which any ſimple quantity is expreſſed 
may be ranged according to any order at pleaſure, and 
et the ſignification continue the ſame : thus ab ma 
* wrote ba ; for ab denotes the product of a by 6, and 


za the product of b by 4; but it is well known, that, 
6 when 
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when two numbers are to be multiplied together, it 
matters not which of them is made the multiplicand, 
nor which the multiplier, the product, either way, 
coming out the ſame. In like manner it will appear 
that abc, ach, bac, bca, cab, and cba all expreſs the ſame 
thing, and may be uſed indifferently for each other (as 
will be demonſtrated further on); but it will be fome- 
times found convenient, in long operations, to place 
the feyeral Letters according to the order which they 
obtain in the alphabet. ; | 
Likewiſe the ſeveral members, or terms of which 
any quantity is compoſed, may be diſpoſed according to 
any order at pleaſure, and yet the Signification be no- 
ways affected thereby. Thus 2-24 ＋ 5% may be 
wrote a+5a*% — 2ab, or —2@b+a+5a*b, &c. for 
all theſe reprefent the ſame thing, v:z. the quantity 
which remains, when, from the ſum of @ and 5a 7, the 
quantity 2ab is deducted. 
Here follow ſome examples wherein the ſeveral Forms 


of Notation hitherto explained are promiſcuouſly con- 


cerned, and where the ſignification of each is expreſſed 

in Numbers. | 
Suppoſe a = 6, h =5andc=4; then will 

4* + 3ab — * = 36 + 90 —16 = 110, 

24* — 29% + © = 432 — 540 + 64 = — 44, 


a Xa + b—2abc=3J6 X 11 —240= 156, 


a . * 
5 2 c = 73 + oy = 12 +0 = 28, 
v 2ac + & (or 2ac Ke. SV 64=8 (for 8x8 = 64) 


= 


'T 20e | 

© F— ==2+2= 
MN 2ac+o& TFT 75 

a — Va 


2a—vVb* + ac © 12 — 7 5 

Teer f=14+8=9, 

. —ac + v. 2ac + * 2 25—24+8= Jo 
This method of explaining the ſignification of quan- 


tities I haye found to be of good uſc to Young Begin- 


B 4 ners: 
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ners: And would recommend it to Such, who are de- 
firous of making a Proficiency in the Subject, to get a 


clear idea of what has been thus far delivered, before 
They proceed farther. 
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SECTION II. 
Of Addition. 


Ddition, in algebra, is performed by connecting 
the quantities by their proper ſigns, and joining 


into one ſum ſuch as can be united: For the more ready 


effecting of which, obſerve the following Rules. 


15. If, in the quantities to be added, there are Terms that 
are like and have all on pay fign, add the coefficients of 
thoſe terms together, and to their ſum adjoin the letters 
common to each term, prefixing the common ſign. 

Thus 5a And 54 176 Alſo 5a — 75 
added to 3a added to 7a+3b added to 22 — 3b 


makes Fa. makes 124 T 10. makes 124 — 105. 
Hence 2Vab + V 25 34 
likwik 420. + ack One. 


— — ſum of of 5 
the ſum of { b6V ab be 1 
will be 11v½ ＋18 Ve. . K 


IO 


will be“ „ 


a Ee 


8 
* 


6 9 


The Reaſons on which the preceding Operations are 
grounded will readily appear by reflecting a little on the 
nature and fignification of the quantities to be added: 
For, with regard to the firſt example (where za is to be 
added to 56) it is plain, that three times any quantit 
whatever, added to hve times the ſame quantity, m 
make eight times that quantity: Therefore za, or three 
times the quantity denoted by a, being added to 5a, or 
fve times the ſame quantity, the ſum muſt conſequently 
| | make 


7M 
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2*. Mpen, in the quantities to be added, there are like 
ferms, e d ſome are affirmative and others negative, 
add together the affirmative terms (if there be more than 
one) and do the ſame by the negative ones; then take the 
difference of the two ſums (not r-garding the ſigns) by 
ſubtracting the coefficient of the leſſer from that of the 

reater and adjoining the letters common to each; to which 
difference prefix the ſign of the greater. 


Examples of this Rule may be as follow. 


1. 124 — 5b 2. — 3ab + 5bc 
n—24+20. + 7ab — 9bc 
Sum 94 — 3b. Sum 4ab — zbc 


3. bab + 12bc = 8d 4. 59 ab —7 v be + 8d 
— 7ab— gbc + gd 3V ab +8 — 124 
—2ab — Sbe + 12cd 7Y ab +3) be +9d 

Sum- 3ab — 2bc + 7cd. Sum 150 ab +4V be + 5d. 

5. Ia2abe — 1babd + 25acd — 72 

1G + 12abd + 20acd — 18 


=— 13abc — 26abd — 1gacd + 124 
32abc + 184ͤm — 1oacd — 16 


Sum 47abc — 12abd + 20acd — . 


2 —— 
5 ” _- ——— — 


make 8a, or eight times that quantity. From whence, as 
| the ſum of any two quantities is equal to the ſum of all 
4 their parts, the reaſon of the ſecond cafe, or example, is 
likewiſe obvious. But as to the third (where the given 
quantities are 5a—7b and 7a—3b) we are to — 
that, if the two quantities to be added together had been 
exactly 5a and 7a (which are the two leading terms) the 
ſum would, then, have been juſt 124; but, ſince the for- 
mer quantity wants 76 of 5, and the latter 3b of 7a, 
their ſum muſt, it is evident, want both 7b and 36 of 12az 
and therefore be equal to 124—10cb, that is, equal to 
what remains, when the ſum of the defects is deducted, 
And by the very ſame way of arguing, it is eaſy to cone 
celye that the ſum, which ariſes by adding any — 
. 0 
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In the laſt example, and all others, where fractional 
and radical quantities are concerned, every ſuch quan- 
tity, excluſive of its coefficient, is to be treated in 
all reſpects like a ſimple quantity expreſſed by a ſingle 
letter. N | rare Es; 


3. When in the quantities to be added, there are 
Terms without others like to them, write them down with 
heir proper ſigns. 3 


Thus 26 And aa+bb_ 
added to 304 4 added to a+6 
makes a+2b+3c+d makes aa+bb+a+6b, 


Here follow a few examples, for the Learner's exer- 
Ciſe, wherein all the three foregaing rules take place 
promiſcuouſly. eſs : 
By 2aa + Jab + 8cc + d 
544 — Tab + 5cc — 45 
— 24 + 4ab + ⁊3cc + 20 3 
Sum 5 ß +ibcc + d* — d* + 30. 


_— 


of quantities together, will be equal to the ſum of all the 
affirmative Ferms diminiſhed by the ſum of all the ne- 
gative ones (conſidered independent of their ſigns) ; 
from whence the reafon of the ſecond general Rule is 
apparent. As to the caſe where the quantities are un- 
Iike, it is plain that ſuch quantities cannot be united 
into one, or otherwiſe added, than by their ſigns : thus, 
for example, let a be ſuppoſed to repreſent a Crown, 
and b a Shilling; then the ſum of à and b can be nei- 
ther 2a nor 25, that is, neither two crowns nor two 
millings, but one crown plus one ſhilling, or a + 5. 
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2 53% gz — 8YJ—x aN 
8V ax + 15 V aa — xx — 8 V aa + 4. 
6 V ax — 7 V aa — xx + 10 V aa + 4xx 


Sum 19 ax - +14 V aa + A 


3. 2a* — gab + 23 — 3a* 
36 — 23. + a — c 

4c* — 23 + 5ab + 100 
20ab + 16a* — bc — 80 


Sum 132. J 224b + 3Þ + a —& + 20 — bee 


2 
8 tt _— _ 


SECTION III. 

Of Subtraktion. 
Ubtrattion, in Algebra, is performed by changing all 
the Signs of the Subtrahend (or conceiving them to be 


changed) and then connecting the quantities, as in ad- 
dition. | | 


Ex, 1. From Ba + 5b Ex. 2. From 84 + 5⁵ 
take 5a + 3b | take 53 — : 

Rem. 3a + 26. Rem. 3a + 86. 

Ex. 3. From 8a — 5b Ex. 4. From 8a — 55 

take 5a + 3b take 5a — 3b 

Rem. 3a — 86. Rem. 3a — 25. 


In the ſecond example, conceiving the ſigns of the 
ſubtrahend to be changed to their contrary, that of 
3b becomes + ; and ſo the ſigns of 3b and 5b being 


_ alike, the coefficients 3 and 5 are to be added together, 


by caſe 1 of addition. The ſame thing happens in 
the third example; ſince the ſign of 3b, when changed, 
is —, and therefore the ſame with . of 56. Bot. 
in the fourth example, the ſigns of 36 and 5b, after 
that of 2b is changed, being unlife, the difference of 
the coefficients muſt be taken conformable to caſe 2 
in addition, | 


Other 
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Other examples, in Subtraction, may be as follow. 
From 20ax + 56c — 7a From 7V ax + gv by 
take 12ax — 36c — ga take — 5V gs + 12v by 
Rem. Bax + 85: — 244 Rem. 12V as — 39% by. 


— — - - ada 
From 6 aa —xx ＋ 10 Ha —7 * 


—— 


— * — aa 


— 


hy. — — 


e 


From 70. — = +6 = +4 
take 242 „ + 5 
c c 


Rem. 6. — 2 4 qoE+ 4 — 6. 
In this laſt example the quantity 4“ in the ſub- 


trahend, being without a coefficient, an unit is to be 


underſtood; for 147 and a“ mean the ſame thing. The 
like is to be obſerved in all other ſimilar caſes. 


1 "I" 


ä 


The Grounds of the general rule for the ſubtration 


of alzebraic quantities may be explained thus: Let it be 
here required to ſubtract 54 - 30 from 83 4 56 (as in ex. 


2.) It is plain, in the firſt place, that, if the affirma- 


tive part 5a were alone to be ſubtracted, the remainder 
would then be 8a+5b—5a; but, as the quantity actu- 
ally propoſed to be ſubtracted is leſs than 5a by 3b, too 
much has been taken away by 36; and therefore the true 
remainder will be greater than 8a + 5hb—5a by 3b; and 
ſo will be truly expreſſed by 84+ 5b—5a+ 3b: wherein 
the ſigns of the two laſt terms are both contrary to 
what they were given in the ſubtrahend ; and where 
the whole, by uniting the like texms, is reduced to 


+86, as in the example. 
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SECTION IV. 


Of Multiplication. 


EFORE I proceed to lay down the neceflary rules 
for multiplying quantities one by another, it may 
be proper to premiſe the following particulars, in order 
to give the Learner a clear idea of the reaſon and cer- 
tainty of ſuch rules, | 

Firſt, then, it is to be obſerved, that when ſeveral 
quantities are to be multiplied continually together, the re- 
ſult, or product, will come out exactly the ſame, multiply 
them according to what order you will. Thusa Xx b X c, 
4 N X b, be Xx a, Sc. have all the ſame value, 
and may be uſed indifferently: To illuſtrate which we 
may ſuppoſe @ = 2, b = 3, and cg 4; then will a * 
$Xec=2XJX4 = 243 aXcXb=2X4XxX79J =2453 
andbxcXa=3JX4X2 = 24. 

Secondly. F any number of quantities be multiplied 
continually together, and any other number of quantities 
be alſo multiplied continually together, and then the two 
products one into the other, the quantity thence ariſing will 
be equal to the quantity that ariſes by multiplying all the 
propoſed quantities continually together. Thus will abe x 

= axbxcxdxe; ſo that, if a was =2,b= 3, 
c 4, 4 5, e = 6, then would abc x de = 24 x 30 
= 720, and ax bxcxdxXe=2X3JxX4x5x6= 

20. The general Demonſtration of theſe obſervations 
is given below in the notes. 


ws _ 


TT —— 


The following Demonſtrations depend on this Prin- 
ciple, that if two quantities, whereof the one is n times as 
great as the other (n being any number at pleaſure), be 
multiplied by one and the ſame quantity, the product, in 
the one caſe, will alſo be n times as great as in the other. 
The greater quantity may be conceived to be divided 
into z parts, equal, each, to the leſſer quantity; and 
the product of each part (by the given multiplier) 1 

1 
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The multiplication of algebraic quantities may be 
conſidered in the ſeven following caſes. 


— 
4 MS. 


% - - 4 ＋ * . N 


de equal to that of the ſaid leſſer quantity; therefore 
the ſum of the products of all the parts, which make 
up the whole greater product, muſt neceſſarily be = 
times as great as the leſſer product, or the product of 
one ſingle part, alone. | 

Fhis being premiſed, it will readily appear, in the 
firſt place, that Y and @*b are equal to each other: 
For, b x a being b times as great as 1x a (becauſe the 
multiplicand is b times as great) it muſt therefore be 
equal to 1x a (or a), repeated b times, that is, equal 
to a x b, by the definition of multiplication. 

In the fame manner, the equality of all the varia- 
tions, or products abc, bac, ach, cab, bea, cha (where 
the number of factors is 3) may be inferred : For thoſe 
that have the laſt factor the ſame (which I call of the 
ſame claſs ) are manifeſtly equal, being produced of equal 
quantities multiplied by the ſame quantity : And, to 
be ſatisfied that thoſe of diferent claſſes, as abc and ach, 
are likewiſe equal, we need only conſider, that, ſince 
ac x b, is c times as great as ax b (becauſe the multipli- 
cand is c times as great) it muſt therefore be equal to 
a X b taken c times, that is, equal to @ x b x c, by the 
definition of multiplication.” 

Univerſally. If all the Products, when the number 


of factors is u, be equal, all the Products, when the. 


number of factors is u + 1, will likewiſe be equal: 
For thoſe of the ſame claſs are equal, being produced 
of equal quantities multiplied by the ſame quantity : 
and, to ſhew that thoſe «f {| late claſſes are equal 
alſo, we need only take two Products which differ in 
their two laſt factors, and have all the preceding ones 
according to the ſame order, and prove them to be 
equal. Theſe two factors we will ſuppoſe to be repre- 
ſented by r and s, and the Product of all the preceding 
ones by p; then the two Products themſelves will be 
repreſented by rs and per, which are equal, by ca 0 2. 

hus, 
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15. Simple quantities are multiplied together by multi- 
plying the coefficients one into the other, and to the product 
annexing the quantity which, according to the method © 
notation, expreſſes the product of the ſpecies ; prefixing the 
fign + or , according as the figns of the given quan- 
tities are like or unlike. 

Thus 2a Alſo Gab And 11adf 
mult. by 35 mult. by 5c mult. by 24“ 
makes bab. makes goabc. makes 77aabaf. 


— 


4 


— 


Thus, by way of illuſtration, ab:de will appear to be 
= abced, &c. For, the former of theſe being equal to 
every other product of the claſs, or termination e (by 
hypotheſis and equal multiplication), and the latter 
equal to every other Product of the claſs, or termina- 
tion d; it is evident, therefore, that all the Products of 
different claſſes, as well as of the ſame claſs, are mu- 

tually equal to each other. | 
So far relates to the firſt general obſervation : It 
remains to prove that ad x pgrit is = axbxcx dx 
PXqQKrxiXt. In order to which, let abcdbe denoted 
by x, then will aled x pgrit be denoted by x» x pr, 
or fgqritx x (by cafe 1), that is, by p NY XXX x; 
which is equal to xXPXqxrxsXtr, or axbxcx 

dXPXqKrxSxX, by the preceding Demen/tration. 

he Reaſon of Rule 1 depends on theſe two general 
Obſervations : for it is evident from hence, that 2 4 x 35 
(in the firſt example) is = 2 XxXax 3Xb 2 x 
3x4 X = 6xXaxXxb = bab: And, in the fame 
manner, 11adf x 7@b (in the third. example) appears 
to be =I1Ilx>axdxfxX7xaxb=11IX 7 X 4 X 
axbx dxf = 77 x gabdf = 77aabadf. ut the 
rounds of the method of proceeding may be other- 
wiſe explained, thus: It has been obſerved that ab 
{according to the method of notation) defines the pro- 
duct of the Species a, ô (in the firſt example) therefore 
the product of à by 30, which muſt be three times as 
great (becauſe the multiplier is here three times as great), 
Will 
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In the preceding examples all the products are g ir- 
mative, the quantities given to be multiplied being ſo; 
but, in thoſe that follow, ſome are affirmative, and 
others negative, according to the different caſes fpecified 
in the latter part of the rule; whereof the reaſons will 
be explained hereafter. | | 
Mult. + 5a Mult. — 5a Mult, — <a 
by — 6b by + 6b by — 65 
Prod. — oat: Prod. = 3045 Prod. + Joch. 


Mult. + 7 ax Mult. — 7aV aa+xx 
by — 5 cy by — 6bVv aa—yy 


* 


Prod. —35XV ax x cy. Prod. 42 xy/aa +xxx V aa-yy 

In the two laſt examples, and all others, where ra- 
dical quantities are concerned, every ſuch quantity 
may be conſidered, and treated in all reſpects as a ſimple 
quantity, expreſſed by a ſingle letter; ſince it is not 
the Form of the expreſſion, but the value of the quan- 
tity that 1s here regarded, ny 

2% A Frattion is multiplied, by multiplying the nu- 
merator thereof ly the given multiplier, and making the 
product a numerator to the given denominator. 


Thus —- c makes 7 al fo = X 2ad makes — j 


b Kiba 


aw a _— - 


will be truly defined by 3ab, or ab taken three times: but, 
ſince the product of à by 30 appears to be 3ab, it is plain 
that the product of 2a by 36 muſt be twice as great as 
that of a by 3b, and therefore will be truly expreſſed by 
bab. Thus alſo, the product of the Species ab and c (in 
the ſecond example) being abe (by bare notation) it is 
evident that the product of 6ab by c will be truly de- 
fined by babe, or abc ſix times taken, and conſequently 
the product of b and 5c, by 3oabc, or babe taken five 
times, the multiplier here being five times as great. 
TheReaſon of Rule 2* may be thus demonſtrated : Let 
the numerator of any propoſed fraction be denoted by A, 


the 
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. 5 22 * | his — 
lkewiſe 4 X 7 V ax makes *r. ; laſtly FF nor. 
10a*b* 
X 2ab makes — = 
V aa+x 


35. Fraftions are multiplied into ane another, by multi- 
plying the numerators together for a new numerator, and 
the denominators together for a new denominator. 


a „ _ ac 2% 5ad _ rodbd_ 


Thus, 7 x 7 55 » i of 5 
22 „ 36% @ _ ; „ —=24 
Vr 8 8bVaz Rn” ” b 
„ 

1 ab x V xy X V aa + xx | 
a TT XN Va 


* 


5 — — 


1 n * — - £ SB. 
_ 2 6 a — — OC... 32 — — — — 


the denominator by B, and the gi ven multiplicator by C: 

| ! © » on 3 AC 
then, I ſay, that B is equal to X C. For ſince 
denotes. the quantity which arifes by dividing AC by B, 


” TOTO 
and 53 the quantity which ariſes by dividing A by B, itis 


evident that the former of theſe two quantities muſt be 
C times as great as the latter (becauſe the diyidual is C 
times as great in the one caſe as in the other) and there- 
fore muſt be equal to the latter C times taken, that is, 
AC | A 

F mult be equal to 5 * ©, as was to be ſhewn. 


The Reaſon of Rule z' will appear evident from 
the preceding demonſtration of Rule 2*. For, it be- 


AC 
ing there proved that 5 X is equal to Fo it is ob- 


2 * AC 
Lious that X ) can be only the D part of ; be- 


C cauſe, 
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4 Surd quantities under the ſame radical fign are 
multiplied like rational quantities, only the product muſt 
fand under the ſame radical ſigns” _ 

„ a=vagr VoxvT= val, 
Vybex 5d = J 35abcd; 3V ab x 5 = 15Y abc; 


24 W 2cy * BY fa ( = bab x Vaq x Far) 


a 1 
= bab V toacxy; and p_ x © ix 


8 . 
Z abe * I od 
45dx bab 


* —— * _ 


cauſe, 5. the multiplier here, is but the D part of the 


former multiplier C: Det Eis alſo equal to the D 


C BD 
part of the ſame ; becauſe its diviſor is D times 
as great as that of = : therefore theſe two quanti- 
3 | Wk 
ties, F * 5 and F being the ſame part of one and 


the ſame quantity, they muſt neceſſarily be equal to 
each other ; which was to be proved. | 

As to Rule 4* for the multiplication of ſimilar ra- 
dical quantities, it may be explained thus: Suppoſe 43 
VAandyB to repreſent the two given quantities to 4 
be multiplied together; let the former of them be de- 7 
noted by a, and the latter by 5, that is, let the quan- 4 
tities repreſented by @ and b be ſuch, that aa may be = 8 
A, and bb = B; then the product of VA by VB, or : 
of a by b, will be expreſſed by ab, and its ſquare by © 
ab x ab: but ab x ab is = axbXaxb=aaxbb (by © 
the general obſervations premiſed at the beginning of 7 
this ſection); whence the ſquare of the Sets is 


likewiſe truly expreſſed by aa x bb, or its equal AxB; 
and conſequently the product itſelf, by V A x B, that 
is, by the quantity which, being multiplied into itſelf, 
produces Ax B. | 
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e Powers, er Roots of the ſanie quantity are multiplied 
tether, by adding their exponents : But the exponents 


here underſtood are thoſe defined in p. $5, where roots 
are repreſented as fractional powers. 


Thus, *** is ; TZI xa+2\* ATU 
. I 5 LEES I : 
N =x2T * ; and æ& K * S = x1 


alſo aa+zz\7 Xx aa + 22] is = 2d + Zz = aa + 2x5 


and TI XII =TTA Tio =77y 0 


ti. 


1 — 


In the ſame manner the product of VX x JB will 
appear to be / AB: for, if VA be denoted by a, and 
5B by 5; ory which is the ſame, if ada = A, and 
bbb = B; then will VA x VB = axb (or ab) and 
its cube = ab x ab X ab = aaa X bb = AB (by the 
aforeſaid obſervations) whence the product itſelf will 
evidently be expreſſed by / AB. | 

* The Grounds of theſe Operations may be thus 
explained. Firſt, when the exponents are whole num- 
bers, as in example 1, the demonſtration is obvious, 
from the general obſervations premiſed at the begin- 
ning of the ſection : For, by what is there ſhewn, 
* Xx K, or xX Xx xxx is K X XxX Xx * X * & (by 
Notation.) But in the laſt example, where the ex- 


ponents are fractions, let c + 71s be repreſented by xz 
that is, let the quantity » be ſuch, that x X x x x N 
* & X &, or x* may be equal tor + y; ſo ſhall e ＋ 
be expreſſed by x* ; becauſe, by what has been already 
ſhewn, * X x* is= x*: and, in the ſame manner, 
will c+y]7 be expreſſed by x* ; becauſe x* x x* x x* is 
likewiſe = x*%. Therefore ©+ 3)* x c + 577 is = 


xi X * = x* = the fifth power of c + ng ; Which is 
c + 7 by Notation. 


C 2 6%. 4 
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69. A Compound quantity is multiplied by a ſimple one, 


by multiplying every term af the multiplicand by the mul- 
tiplier. 


Thus a+2b— 3c Alſo 5&4 7b 
mult. by 334 mult. by 8e 3D 
makes 3a*+ bab—gac; makes 8a*c—goacy x + 56bc 3 
And $a*—B8ab+bac—7bc+ 12b*—gc | 
mult. by gabc _ FS — 
makes 154 be-24a be + 18a*bc*-21ab** + 36ab*c-27abc®. 


— 


r 


* 8 


To explain the Reaſon of the two laſt Rules, let 
it be, fir, propoſed to multiply any compound quan- 
tity, as a + 5 — c— 4, by any ſimple quantity f; 
and, I ſay, the product will be af + f- - A,. 


For, the product of the affirmative terms, a + 6b, 


will be af + bf, becaufe, to multiply one quantity by 
another, is to take the multiplicand as many times as 
there are units in the multiplier, and to take the whole 
multiplicand (a + 5) any number of times (7), is 
the ſame as to take all its parts (a, b) the ſame num- 
ber of times, and add them together. Moreover, 
ſeeing a + — c — d denotes the exceſs of the affir- 
mative terms (@ and b) above the negative ones (e and 
d,) therefore, to multiply a + - == by f, is only 
to take the ſaid exceſs F times; but F times the ex- 


_ ceſs of any quantity above another is, manifeſtly, equal 


to F times the former quantity, minus F times the 
latter; but F times the former is, here, equal to af 
+bf (by what has been already ſhewn) and 6 times 
the latter (for the ſame reaſon) will be equal to cf + df, 
and therefore the product of a + b —c— A by ff is 
equal to af + bf - — df; as was to be proved. 
Hence it appears, that a compound quantity is multi- 
plied by a ſimple affirmative quantity, by multiplying 
every term of the former by the latter, and connectin 
the terms thence ariſing with the ſigns of the multipli- 
cand. 


But, 


— 
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7 Compound quantities are multiplied into one another, 
by multiplying every term of the multiplicand by esch term 
of the multiplier, ſucceſſively, and connecting the ſeveral 
produtts thus ariſing with the ſigns of the multiplicand, if 


the multiplying term be affirmative, but with contrary 


fegns, if negative. 

Thus the product of 5a + 3x 

multiplied by A 0 
n 154% + gax 

will be 3 . + 10ax + 6xx 5 


which, contracted by unit- 
ing the like terms, is 


1840 + 19ax + xx. 


* o 75 * 4 11 


But, to prove that the Method alſo holds when both 
the quantities are compound ones, let it be, now, pro- 
poſed to multiply A—B by C—D ; then, I ſay, the pro- 
duct will be truly expreſſed by AC—-BC—AD BD. 
For, it has been already obſerved, that to multiply one 
quantity by another, is to take the multiplicand 1 
many times as there are units in the multiplier; an 
therefore, to multiply AB by C—D is only to 
take A—B as many times as there are units in CO— D: 
Now (according to the method of multiplying com- 
pound quantities) I firſt take A- E, C times (or multi- 
DY by C) and the quantity thence ariſing will be AC— 

C (by what is demon/trated above). But, I was to have 
taken A—B only C—D times; therefore, by this 
firſt Operation, I have taken it D times too much; 
whence, to have the true product, I ought to deduct 
D times A—B from AC - BC, the quantity thus 
found; but D times A — B (y what is already proved, 
is equal to AD — BD; which ſubtracted from A 
— BC, or wrote down with its ſigns changed, gives 
the true product, AC — BC - AD + BD, as was 
to be demonſtrated. And, univerſally, if the fign of any 
propoſed term of the multiplier, in any caſe what- 
ever, be affirmative, it is eaſy to conceive that the re- 
Auired product will be greater than it would be if there 
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Likewiſe the product 
of 4 + &b + ab* + 63 
by a — 6 
18 io + a*% + a*b* + ab?® g 
— 2 — Q*b* — 4. — 6 


Which, by ſtriking out the terms that deſtroy one 
another, becomes 4... 


were no ſuch term, by the product of that term into 
the whole multiplicand; and therefore it is, that this 
product is to be added, or wrote down with its proper 
ſigns, which are proved above to be thoſe of the multi- 
plicand. But if, on the contrary, the ſign of the 
term, by which you multiply, be negative; then, as 
the required product muſt be leſs than it would be, if 
there were no ſuch term, by the product of that term 
into the whole multiplicand, this product, it is mani- 
feſt, ought to be ſubtracted, or wrote down with con- 
trary ſigns, | | 

Hence is derived the common Rule, that like Signs 

produce +, and unlike Signs —. 
For, firſt, if the ſigns of both the quantities, or 
terms, to be multiplied are affirmative (and therefore 
like) it is plain that the ſign of the product muſt like- 
wiſe be affirmative. | . 

Secondly, alſo if the ſigns of both quantities are ne- 
gative (and therefore ſtill /4e) that of the product will 
be affirmative, becauſe contrary to that of the multiplicand, 
by what has been juſt nato proved. 

Thirdly, but if the ſign of the mulciplicand be affir- 
mative, and that of the multiplier negative, (and there- 
fore unlike) the ſign of the product will be negative, 
becauſe contrary to that of the multiplicand. 

Laſtly, if the fign of the multiplicand be negative, 
and that of the multiplier affirmative, (and therefore 
fill unlike) the ſign of the product will be negative, be- 
cauſe the ſame with that of the multiplicanek. 

And theſe four are all the Caſes that can poſſibly 
happen with regard to the variation of ſigns. 0 R 

| | - ther 
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Other examples in Multiplication, for the Learner's 
exerciſe, may be as follow; from which he may (if he 
pleaſes) proceed directly to Diviſion, by paſſing over 


the intervening Scholium. 


I. Multiply * + xy + * 
0p Leer. BW tree 
| ** + * + K* . 
3 


— *** — 
n . 
product S 
2. Multiply 24 — gax + 4x* 
y $4 — bay — 2x" 
loa* — 15a*%s + 20a*x* | 
— 124*x + 183˙¹7nů — 24a 
: 2 — 4a + bax* — 8x 
product 10a* — 274% + 344 — 18ax* — 8 


3. Multiply 3a — 25 + 2c 
by 2a — 4b + 5c 
baa — 4ab + gac 
— 12ab + 8bb— Bbc : 
1 + 15ac—1obc + IO 
product 64 - 164 + 1lgac + 8bb—185c + 10cc. 
4+ Multiply al — 3a'b + gab* -— 57 
by a* —=2ah + b* 
345 — 34 + 3a*b*— a*b* 
— 24*þ + 6a — 6a*b* + 2ai* 
wt + @b* — 34 + gab* — 5. 
product 4 — 5 i - + galf — 65. 


— — — 


SC HO LIUM. 


The manner of proceeding in referring the rea- 
ſons of the different caſes of the ſigns to the mul- 
tiplication of compound quantities, may perhaps be 
looked upon as indirect, and contrary to good method; 
according to which, it may be thought, that theſe rea- 

; | C4 | _ fora 
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fons onght to have been given before, along with the 
rules for ſimple quantities, as it is the way that almoſt 
all Authors on the ſubject have followed. 52 


But, however indirect the method here purſued may 1 
ſeem, it appears to me the moſt clear and rational; and £2 
Fbelieve it will be found very difficult, if not impoſſible, 1 
without explaining the rules for compound quantities . 


firſt, to give a Learner a di/tin& Idea how the product 
of two ſimple quantities, with negative ſigns, ſuch as s 
—b and c, ought to be expreffed, when they ſtand * 
alone, independent of all other quantities: And I can- * 
not help thinking farther, that the difficulties about the 
ſigns, ſo generally complained of by Beginners; have 
been much more owing to the manner of explaining 
them, this way, than to any real intricacy in the ſub- 
ject itſelf; nor will this opinion, perhaps, appear ill 
grounded, if it be conſidered that both — à and — , 
as they ſtand here independently, are as much im- 
poſſible in one ſenſe, as the imaginary ſurd quantities 
V —þ and Ve; ſince the ſign —, according to 
the eſtabliſhed Rules of notation, ſhews that the quan- 
tity to which it is prefixed, is to be ſubtracted; but, to 
ſubtract ſomething from nothing is impoſſible, and the 
notion, or ſuppoſition of a quantity leſs than nothing, 
abſurd and ſhocking to the imagination: And, cer Wot 
tainly, if the matter be viewed in this light, it would 4 
be very Tidiculous to pretend to prove, by any Het of F 
reaſoning, what the product of — b by —c, or of 4 
Viamb by , muſt be, when we can have n9 4 
Idea of the value of the quantities to be multiplied, 1 
If, indeed, we were to look upon — 5 and — c as real 4 
* 
J 
3 
1 


quantities, the ſame as repreſented to the mind by 3 
and c (which cannot be done conſiſtently, in pure Alge- 
bra, where magnitude onh is regarded), we might then 
attempt to explain the matter in the ſame manner that 
ſome Others have done; from the conſideration, that, 
as the ſign — is oppoſite in its nature to the ſign +, 
it ought therefore to have in all operations an oppo- 
ſite effect; and conſequently, that as the product, wack 

tag 


OF. MULTIPLICATION. 25 


the ſign + is prefixed to the multiplier, is to be added: 
ſo, on the contrary, the product, when the ſign — is 
prefixed, ought to be ſubtracted, ; 

But this way of arguing, however reaſonable it may 
appear, ſeems to Coney but very little of fcience in 
jt, and to fall greatly ſhort of the evidence and convic- 
tion of a demonſtration : nay, it even claſhes with 
Firſt Principles, and the more eſtabliſhed Rules of nota- 
tion; according to which the ſigns + and — are rela- 
tive only to the magnitudes of quantities, as compoſed 
of different terms or members, and not to any future 


operations to be performed by them: Beſides, when 


we are told that the product ariſing from a negative 
multiplier is to be ſubtracted, we are not told what it is 
to be ſubtracted from ; nor is there any thing from 
whence it can be ſubtracted, when negative quantities 
are ag rigs conſidered. And farther, to reaſon 
about oppoſite effects, and recur to ſenſible objects and 
popular conſiderations, ſuch as debtor and creditor, 


Sc. in order to demonſtrate the principles of a ſcience 


whoſe Object is abſtract Number, appears to me, not 
well ſuited to the nature of ſcience, and to derogate 


from the dignity of the ſubje&. 


It muſt be allowed, that in the application of Algebra 
to different branches of mixed mathematics, where 
the conſideration of oppoſite qualities, effects, or po- 
ſitions can have place, the uſual methods have a better 
foundation; and the conception of a quantity abſo- 
lutely negative becomes leſs difficult. Thus, for ex- 
ample, a line may be conceived to be produced out, 
both ways, from any point aſſigned; and, the part᷑ on 
the one fide of that point being taken as peſtive, the 
other will be negative. But the caſe is not the ſame in 
abſtract Number; whereof the beginning is fixed in the 
nature of things, from whence we can proceed only 


one way. | 
There can, therefore, be no ſuch things as nega- 
tive numbers, or quantities abſolutely negative in pure 
Algebra, whoſe Object is Number, and where every 
multiplication, diviſion, &c. is a multiplication, di- 
viſion, 
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viſion, &c. of Numbers, even in the application thereof: 
For, when we reaſon upon the quantities themſelves, 
and not upon the numbers expreſſing the meaſures of 
them, the proceſs becomes purely geometrical, whatever 
ſymbols may be uſed therein, from the algebraic nota» 
tion; which can be of no other uſe here than to abbre- 
viate the work. | 

However, after all, it may be neceſſary to ſhew upon 
what kind of evidence the multiplication of negative, 
and imaginary quantities is grounded, as theſe ſome- 
times occur, in the reſolution of problems: In order 
to which it will be requiſite to obſerve, that, as all our 
reaſoning regards real, poſiti ve quantities, ſo the alge- 
braic expreſſions, whereby ſuch quantities are exhi- 
bited, muſt likewiſe be real and poſitive, But, when 
the problem 1s brought to an equation, the caſe may 
indeed be otherwiſe ; for, in ordering the equation, 
ſo much may be taken away from both ſides thereof, 
as to leave the remaining quantities negative; and then 
it is, chiefly, that the multiplication by quantities ab- 
ſolutely negative takes place, h 

Thus, if there were given the equation à — 5 21 
(in order to find x) ; then by ſubtracting the quantity a 


from each ſide thereof, we ſhall have — 1 =c—=4a; 


which multiplied by — b, according to the general Rule, 
gives x = — <> + ab j that is — by by — 6 will give 


+ xz by -, — ch; and — a by — , + ab ; which 
appear to be true; becauſe, the products being thus 
expreſſed, the ſame concluſion is derived, as if both 
ſides of the original equation had been firſt increaſed by 
=, and then multiplied by i; where both the mul- 
tiplier and multiplicand are real, affirmative quantities, 
and where the whole operation is, therefore, capable of 
a clear and ſtriẽt demonſtration : but then, it is not in 
conſequence af any reaſoning I am capable of forming 
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4 | 


about — ; and — B, or about + c and — &, conſidered 


independently, that I can be certain that their product 
ought to be expreſſed in that manner. N 
o likewiſe, if there were given the equation à — 


S ez; by tranſpoſing @ and taking the ſquare root 


x* 
7 
on both ſides, we ſhall have * — —=V c—a; and 


this multiplied by / — 5, will give Y * (or x) = 
V —c< + ab: which alſo appears to be true, becauſe 
the reſult, this way, comes out exactly the ſame, as if 
the operations, for finding x, had been performed alto- 
gether by real quantities : But, notwithſtanding this, 


it is not from any reaſoning that I can form, about the 


x* 


multiplication of the imaginary quantities / — ＋ 
and / —6, &c. conſidered independently, that IJ can 
prove their product ought to be ſo expreſſed; for it 
would be very abſurd to pretend to demonſtrate what the 
product of two expreſſions muſt be, which are impoſſible 
in themſelves, and of whoſe values we can form no idea. 
It indeed ſeems reaſonable, that the known rules for 
the ſigns, as they are proved to hold in all caſes what- 
ever, where it is poſſible to form a demonſtration, 
ſhould alſo anſwer here : But the ſtrongeſt evidence we 
can have of the truth and certainty of concluſions de- 
rived by means of negative and imaginary quantities, 
is, the exact, and conſtant agreement of ſuch conclu- 
fions with thoſe determined from more demonſtrable 
methods wherein no ſuch quantities have place. 

In the foregoing conſiderations, the negative quan- 
tities —b, —c,&c, have been repreſented, in ſome caſes, 


as a kind of imaginary, or impoſſible quantities; it 


may not, therefore, be improper to remark here, that 
ſuch imaginary quantities ſerve, many times, as much 
to diſcover the impoſſibility of a problem, as imaginary 

| 1 AID | ſurd 
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ſurd quantities: for it is plain, that, in all queſtions re- 
lating to abſtract Numbers, or ſuch wherein magnitude 
only is regarded, and where no conſideration of poſition, 
or contrary values, can have place; I ſay, in all ſuch 
caſes, it is plain that the ſolution will be altogether as 
impoſſible, when the concluſion comes out a negative 
quantity, as if it were actually affected with an imagi- 
nary ſurd; ſince, in the one caſe, it is required that a 
number ſhould be actually leſs than nothing; and in 
the other, that the double rectangle of two numbers 
ſhould be greater than the ſum of their ſquares; both 
which are equally impoſſible : But, as an inſtance of 
the impoſſibility of ſome ſort of queſtions, when the 


concluſion comes out negative, let there be given, in 


a right-angled Triangle, the ſum of the hypothenuſe 
and perpendicular = a, and the baſe , to find 
the perpendicular; then (by what ſhall hereafter be 
ſhewn in its proper place) the Anſwer will come out 
— and is poſſible, or impoſſible, according as the 
quantity — is affirmative or negative, or 2s 4 is 


reater or leſs than 5; which will manifeſtly appear 
rom a bare contemplation of the problem : and the 


ſame thing might be inſtanced in a variety of other 
examples. 


— 


— Ine I — — — 


SECTION v. 
Of Divifion. 


Iviſion in ſpecies, as in numbers, is the converſe 

of multiplication, and is comprehended in the 

ſeven following caſes. | 
1*. I ben one fimple quantity is to be divided by an- 
other, and all the factors of the diviſor are alſo found in 
the dividend, let thoſe factors be all caſt off or expunged, 
then the remaining factors of the dividend, joined together, 
will expreſs the quotient ſought. But it is to be obſerved 
that, 
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that, both here and in the ſucceeding caſes, the ſame 
rule is to be regarded in relation to the ſigns, as in mul - 
tiplication, vix. that like Signs give +, and unlike —. 
It may alfo be proper to obſerve, that, when any quan- 
tity is to be divided by itſelf, or an equal quantity, the 
quotient will be expreſſed by an unit, or 1. 8 
Thus a — a, gives 1; and 2ab = 2ab gives I; 
moreover 3abcd + ac, gives 36d ; ES $8 
and 16bc = 8b, gives 2c: for the dividend here, 
by reſolving its coefficient into two factors, becomes, 
2x8xbxc; from whence caſting off 8:and b, thoſe 
common to the diviſor, we have 2 x c, or 2c. In the 
ſame manner, by reſolving, or dividing the coefficient 
of the dividend by that of the diviſor, the quotient will 
be had in other cafes : Thus, 20abc divided by 4c, 


gives 5ab; and — 51aby xy X V xx , divided by 
— 17a Y xy, gives + 3by xx + yy. 

2. But if all the factors of the diviſor are not ta be found 
in the dividend, caft off thoſe (if any ſuch there be) that are 


common to both, and write down the remaining factors > 4 


the diviſor, joined together, as a denominator to thoſe of tl 
dividend ; ſo ſhall the fraction thus ariſing expreſs the quo- 
tient ſought. But if, by proceeding thus, all the fac- 
tors in the dividend ſhould happen to go off, or vaniſh, 


then an unit will be the numerator of the fraction re- 
quired, 


; Thus, abc dividd by bcd, gives I: 


And 16a*bs? divided by Babca*, gives =: 


The firſt Rule, given above, being exactly the con- 
verſe of Rule 1“ in the preceding ſection, requires no 
other demonſtration than is there given. The ſecond 
Rule (as well as thoſe that follow hereafter upon Frac- 
tions) depend on this principle, That, as many times 
as any one propoſed quantity is contained in another, 
juſt ſo many times is the half, third, fourth, or any other 
aſſigned part of the former, contained in the half, third, 
fourth, or other correſponding part of the latter; and 


juf 


Likewiſe 27abV xy divided by 9 xy, gives 2 E: 


And 8abV ay divided by 16a*by/7y, gives —, 

3 One Fraction is divided by another, by multiplying 
the denominator of the diviſor into the numerator of the 
dividend for a new numerator, and the numerator of the 


diviſor into the denominator of the dividend for à new de- 


nominator. 1 
Thus 5 divided by 7 gives = 
6b d. 
Alſo 2 divided by 79 gives = - 
ES - gab* , 18@*bx 
And "To divided by 3 gives Zrabsr- 


a * 2 


juſt ſo many times likewiſe is the double, triple, qua- 
druple, or any other aſſigned multiple of the former con- 
tained in the double, triple, quadruple, or other corre- 
ſponding multiple of the latter. The Demonſtration of 
this Principle (though it may be thought too obvious 
to need one) may be thus: Let A and B repreſent any 
two propoſed quantities, and AC and BC their want hoy 
tiples (or, let AC and BC be the two quantities, and A 


and B their /ike parts): I ſay, then, that 50 == 8 


For the multiple of 2 by BC is manifeſtly = AC; 
4 | 


and 5 * BC, the multiple of = by the fame BC is - 


AxBC AC 
B B 
and 15) = AC: Therefore, ſeeing the equimultiples 
of the two propofed quantities are the fame, the quan- 
tities themſelves muſt neceſſarily be equal. | 


(by rule 2 in multiplication) = 5 (vid. p. 14 


The ſecond Rule, given above, is nothing more than 
a bare Application of the Principle here demonſtrated; 


fince, 
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But in caſes like this laſt, where the two numerators, 
or the denominators, have factors common to both, the 
concluſion will become more neat by firſt caſting oft 
ſuch common factors. | 

Thus, caſting away ab out of the two numerators, 


| | . 64 
and x out of both the denominators, we have — to be 


: g 250 
nn HW, men 0 3 iy 3d, 
10bb 5d „500 
"oF uo at 3p 

and 6aV ay — . or 8 + + gives 22>, 
5 1 thif lobe 11 a | 
When either the diviſor or the dividend is a who/? 
quantity (inſtead of a fraction) it may be reduced to the 

form of a fraction, by writing an unit or 1, under it. 


es 8 PY — _ 


| 8 
divided by =; whereof the quotient is— : In the 


ſame mannet 


Ko ———— 


ſince, by caſting off the factors common to the dividend 
and diviſor (as directed in the rule) it is plain that we 
take lie parts of thoſe quantities: therefore the quotient 
ariſing by dividing the one part by the other, will be the 
ſame as that ariſing by dividing one whole by the other. 


8 to Rule 35, wherein it is aſſerted that B50 
it is evident that AD and BC are equimultiples of the 

1 „ A 92 | 
given quantities N and; becauſe g * BD is (by Rule 25 
in multiplication) = = = AD, and 5 x 90 * 


CBD | 
75” = CB: Whence it follows that the quotient of 


' 8 
F divided by 5 will be the ſame with that of AD di- 


vided by BC; which, by Notation is 38 as was to 
be ſhewn. The Grounds of the note ſubjoined to this 


Rule are theſe : By caſting away all factors common 
8 to 
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Thus 8e divided by 7 1 gives - — ; 


350 
And ga*b (or =) divided by E gives . 
| I 3y xx 


4. Surd quantities, under the ſame radical ſign, are 
divided by one another like rational quantities, only the 
quotient muſt land under the given radical ſign. 


Thus, the quotient of ab by V is Va: 
That of / 16xxy by / Bxy is V 2.x e 


That of —_ by y 5 is V _— or 2. 
c ig 1 5abc 

And that of 6ab V 10acxy by 2aV 2 is 3b v ax. 

5*. Different powers, or roots of the ſame quantity 
are divided one by another, by ſubtrating the exponent 
of the diviſor from that of the dividend, and placing the 
remainder as an exponent to the quantity given. But 
it muſt be obſerved that the exponents here underſtood 
are thoſe defined in p. 5; where all roots are repreſented 
as fractional powers. - It will likewiſe be proper to 
remark further, that, when the exponent of the diviſor 
is greater than that of the dividend, the quotient will 
have a negative exponent, or, which comes to the ſame 
thing, the reſult will be a fraction, whereof the nume- 
rator 1s an unit, and the denominator the ſame quantity 
with its exponent changed to an affirmative one. 

Thus x* divided by «“ gives x* : | 

And a + divided by a + 2)* gives 2 T z]: 


Likewiſe x3 divided by x* gives x* : 


— 


— 


— 


to the two numerators we take equal parts of the quan- 
tities; and by throwing off the factors common to both 
denominators, we take equimultiples of thoſe parts. 
The two preceding Rules, being nothing more than 
the converſe of 4th and 5th Rules in multiplication, 
are demonſtrated in them : though perhaps the caſe, 
in Rule 5, where the exponent comes out negative, may 
ſtand in nced of a more particular Explanation, Accord- 
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Moreover, T TI divided by c Ty gives c+7 L : 
Laſtly, x* divided by x, gives c', or i 
6%. A compound quantity is divided by a ſimple one, ly 


dividing every term thereof by the given diviſor, 


Thus, 3a) Zabe + 12abx — gaab (c + 4x 33. 


alſo, —gac) 159*be —I2acy* + 5ad* (—3ab+ * — 25 


and ſo of others. | 

7%. But if the diviſor, as well as the dividend, be a 
compound quantity, let the terms of both quantities be 
diſpoſed in order, according to the dimenſions of ſome letter 
in them, as ſhall be judged moft A er fo that thoſe 
terms may fland firſt wherein the higheſt power of that 
letter is Involved, and thoſe next where the next higheſt 
power is involved, and ſo on: this being done, ſeek how 
many times the firſt term of the diviſor is contained in 
the firſt term of the dividend, which, when found, place 
in the quotient: (as in diviſion in vulgar arithmetic) and 
then multiply the whole diviſor thereby, ſubtradting the 
produt? 18 the reſpeftive terms of the dividend ; to 
the remainder bring down, with their proper ſigns, as 
many of the next following terms of the dividend as are 
requiſite for the next operation; ſeeking again how often 
the firſt term of the diviſor is contained in the firſt term of 
the remainder, which alſo write down in your quotient, 
and proceed as before, repeating the operation till all the 
terms of the dividend are exhauſted, and you have nothing 
remaining. 


„* 


ing to the ſaid rule, the quotient of x* divided by x 
was allerted to be «, or _ Now, that this is the 
true value is evident; becauſe 1 and x* being like parts 
of x* and x* (which ariſe by dividing by x?) their 


quotient will conſequently be the ſame with that of the 
quantities themfelves, * 
D Thus, 
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Thus, if it were required to divide a* + 5a*x + 5ax* 
+x* by a+x (where the ſeveral terms are diſpoſed 
according to the dimenſions of the latter a) I firſt write 
down the diviſor and diyidend, in the manner below, 
with a crooked line between them, as in the Diviſion 
of whole Numbers; then I ſay, how often is @ con- 
tained in 4, or what is the quotient of a* by a; the 
anſwer is 47, which I write down in the quotient and 
multiply the whole divifor, a + x, thereby, and there 
ariſes a + a*x; which ſubtracted from the two firſt 
terms of the dividend leaves 4a*x; to this remainder I 
bring down + Fax, the next term of the dividend, and 
then ſeek again how many times à is contained in 4a; 
the anſwer is 4ax, which I alſo put down in the quo- 
tient, and by it multiply the whole diviſor, and there 
ariſes 4a*x + 4ax*, which ſubtracted from 4a*% + 5ax* 
leaves ax, to which I bring down x, the laſt term of 
the dividend, and ſeek how many times à is contained 
in aa, which I find to be x* ; this I therefore alſo write 
down in the quotient, and by it multiply the whole 
diviſor ; and then, having ſubtracted the product from 
ax + *, find there is nothing remains; whence I 
conclude, that the required quotient is truly expreſled 
by a* + 4ax . See the operation. 


4 ＋ *) 4¹ + 59x + S + K (af + 4ax + & 
a + a*x 5 
+ 4a*x + Fax 
4a x + 4ax* 
ax ＋ of 
a4 + x3 


——— 


O O 


In the ſame manner, if it be propoſed to divide 4. — 
za + la — 10 + 5ax* — * by * — 2a + x*, 
the quotient will come out 4˙ — 34 -+ gax* — x*, as 
will appear from the proceſs. | 
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; |; —30*x + 3ax — x* 
2221 +5) -T 10 1 + 5ax*—x* (4. 


a —2a*x + a*x* 5 


zar ga*x*—10a*x? 
3a ᷣ + ba*x*— Za IE 
+ 3a*x*— 70a + gax* 
+ 34%x*— ba*x? + gax* _ 
8 — &x* + 2ax*—x* 
— a'x*+2ax*—x* 
BR Ta HT 
So likewiſe, if a5 - be divided by a — x, the quo- 
tient will be at + a*x + a*x* + ax* +x* as by the work 
will appear. | 
a -&) & — * (a t aN +x* 
a — a*x 
a*x — * 
afx — a*x* 
De, ax — x5 


as xͤ* — & 
—— 


2 — x* 
| ax — 2 


O O 
Moreover, if it were required to divide 45 — ga*x* + 
2 * by a* — 34m + 3ax* — x*, the proceſs will 
and thus: 
4 Ss 4.4 SS. $f 43 2 2 3 
4 —34 1. e + ft + 3a + 3ax* + x 
gax — / — 30's + 24a" x*—a*x 
＋ 347 —ba*x*+ a*x* + 3a*x* 
+ 3a*x —08a*x* + ga*%x%— 2a%* 
1 * 34 — Sax + GA =S 
+ 3 — a + ga*x*—2ax5 
| + PETIT SI=a 
T4 —34 ] + 2ax%— x 
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But it is to be obſerved, that it is not always that the 


work will terminate without leaving a remainder ; and 
then this method is of little uſe; and in all theſe caſes, 
it will be moſt commodious to expreſs the quotient, in 
the manner of a fraction, by writing the diviſor under 


the dividend, with a line between them, as has been 


ſhewn in the method of notation. . 

It would be needleſs to offer any thing by way of de- 
monſtration to the two laſt rules, the grounds thereof 
being already ſufficiently clear from what has bcen de- 
Iivered in the laſt ſection, and the rules themſelves no- 
thing more than the converſe of thoſe there demon- 
ſtrated. —TI ſhall here ſhew the reaſon why, in diviſion 
(as well as multiplication) Jide ſigns produce +, and 
wnlike, —. In order thereto it muſt firſt be obſerved, 
that according to the nature of diviſion, every quotient 
whatever multiplied by the given diviſor, ought to pro- 
duce the given dividend ; whence it is evident, 

1. That +a) +ab{( +6; becauſe Ta mult. by +6, 

| ies + ah; 

2. That +a) —ab ( —þ; becauſe +a mult. by —b, 


gives — ab; 


3. That —a) 4 (-; becauſe — a mult. by -, 


gives aH; 
4. That — 3) —4b( +6; becauſe —a mult. by +6, 
| | gives — ab; 
And theſe four, are all the caſes that can poſſibly 
happen in reſpect to the variation of the ſigns. 


SECT10N: VE 
Of Tavelution. 
Nvolution is the raiſing of powers from any propoſed 
root, and may be performed by the following 
Rules. OA 


1. If the Quantity, or Root propoſed to be involved has 


no index, that 15, if it be not itſelf a power or ſurd, the 
| power 
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potber thereof will be repreſented by the ſame quantity 


under the given index, or exponent. 5 | 
Thus, the fifth power of à is expreſſed a*; and the. 


ſeventh power of a +z by a + 27. 
2*. But if the quantity propoſed be itſelf a power, or 


ſurd, it will be involved by multiplying its exponent by the 


exponent of the propoſed power. 3 
Thus, the cube. or third power of a“ is a*; the 


fifth power of x* is x** ; the fourth power of ax + yl 


is ar ; and the third power of a — 5 is 2— AI. 


35. A Quantity compoſed of ſeveral factors multiplied 
together, is involved by raiſing each factor to the power 


propoſed, 


1 1 


hus, the ſquare, or ſecond power of ab is 4b; 
the cube, or third power of 2b is 23, or 84? ; 


the fifth power of 3 * aa — ax * a +b +c is 
243 X aa —aa* Xa +b +45; and the ſquare, or 


; . ' . 1 T . 
ſecond power of the radical quantity a* X @ + x]? is 
a Xa . 


- a 8 4 


A « . 
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The firſt of the rules, here given, being mere nota- 
tion, does not require, nor indeed admit of a demon- 


ſtration: The ſecond may be explained thus; let A“ 
be propoſed to be raiſed to the power whoſe exponent 
is u: then I ſay, that the power itſelf will be truly ex- 


preſſed by A.: For ſince (by notatidn) A is the ſame 
thing as AXAXAXA, Cc. continued to m factors, 
This, raiſed to the zth power, or multiplied x times, 
will, (by the general obſervations at p. 13) be equal to 
AXAXAXAXAXA, Sc. continued to i times m 
factors, that is, to ma factors; which, by notation, 


is A | But the ſame thing may be otherwiſe demon- 
firated, in a more general.manner, by means of rule 5® 


D 3 in 
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4* A Fraftion is involved, by raiſing both the numerator 
end the denominator to the power propoſed. 


Thus, the ſecond power of = bo ; the third power 


b . bb 
372 2 8 
of 2 is 82 4 ; the fourth power of — 4 th 155 o 3 
3c 27c ES | 
| 2 41 
the ſquare of 1 or — is = the cube of is = ; 


8 ar 
aa + Xxx 213 6a + xx|* 


and the ſixth power of 


a — x a — x|? 

When any quantity to be involved has the ſign — 
prefixed, the power itſelf, if the index is an odd num- 
ber, muſt be expreſſed with the ſame negative ſign, but 
if an even number, with the contrary fign, or +. 

Thus the ſecond power of —a, or —@ Xx T a, is 
+ a (becauſe — into — produces +) : alſo the cube 


_— 


—_ — — — 


in multiplication: For, ſince powers raiſed from the 
ſame root are multiplied by addition of their in- 


dices, it is evident that the ſquare of A“ (or AX A) 
whether the exponent m be a whole number or a frac- 


tion, will be truly defined by A” : whence it likewiſe 
appears, that the cube of A (or A” + A”) will be de- 
fined by A*"; and the fourth power of A” (or A®"x A”) 
by A, &c. 


The Reaſon of the third Rule is alſo grounded on 


the ſame general obſervations : For, in the firſt ex- 
ample, where the ſquare of ab is aſſerted to be 4˙7, 
we know that ſquare to be ab x ab (by the definition of 
a ſquare), whicli quantity is there proved to be the ſame 
with axbX a „ b, or aa x bb. So likewiſe in the ſe» 
cond example, the cube of 2ab, or 2ab x 2ab x 2ab; 
will be =XaXxbx2Xaxbx2Xaxb = 2% 2 Xx 
2X axXaxaxbxbxb =8 xa x6) = 8983, ne 

tne 
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of — 2, or 4 X —@ is — 4 (becauſe + into — 
produces —) ſo likewiſe the fourth power of — 4, or 
-a Na is , and the fifth power, or + . X — 4, 
is — 45, &c. &. Hence it appears that all even Pow- 
ers, whether raiſed from po/itive or negative Roots, will 
be poſetive, | : | 3 

5%. Quantities compounded of ſeveral terms are involved 
by an actual multiplication of all their parts. 

Thus, if a + was propoſed to be involved to the 
ſixth power; by multiplying 44 into itſelf, we ſhall 
firſt have a* +2@b , which is the ſecond power ob 
a+b; and this, again, multiplied by a+6, gives a* +, 
3a*b + 3ab*+8#?, for the third power of a: whence, 
by proceeding on, in this manner, the ſixth power of 
a + b will be found to come out 4 + 64% + 15a** 
+ 20463 + 154 ＋ bab* + . See the operation. 

à + B, the root or firſt power, | 


0+ 3 
wa + 4b 
+ ab + 3 


a* + 2ab + 6, the ſquare, or ſecond power; 
a + b 
— — © — 3 


the caſe will be the ſame when radical quantities are 
concerned (as in the fourth example): For the ſquare 


3 2 = 1 2 1 3 * 6 
of a* Xa+x\?,ora* Xa+a#* xa Ka is 


1 3 1 | Fg 1 1 1 
a* X a K TFA K TTA S4 x4 X a + #\' x 
7 _ * Kaz 3 
a TI: but ar x 4 (by rule 5 in multiplication) 
8 1 : I a 2 
is Za Z a, and a + x7 Xa+x|* =a + x*; theres 
fore our ſquare, or its equal product, is likewiſe ex- 
preſſed by a x f. | 
N The 4th rule, or caſe, for the involution of fractions; 
is grounded on rule 3 in multiplication, and requires 
no other demonſtration than is there given. 
„ 15 
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a* + 24 b + ab* 
ITT 24b¹ + 52 
a+ ew 34b* + , the cube, or third power. 
a + 
4˙＋ 34 T 34 ＋ 2055 
+ 4b+ 30*b*+ 3ab3 +b* 


a Fqa% + ba*b*+ yab* +6, the fourth power: Dl 


4 ＋ 6 


a F4a'b+ bat + Y abs 


+ a*b+ 40*%*+ 64˙ J 4ab* + b. 


@* + 5a*% + 104*b*+ 104*b? + 5ab* + , the * power. 


LEP 


4 + 5a*b + 10a%* + 10a%?® + 5a 42 ab” 
—_+ ©b+ 5a%*+104*b*+ 104... 820.4 36 


Tb + 15a +200 + 154'6* +6ab* +, the 6th, 
or required power of a+6. 


So likewiſe, if it be required to involve or raiſe a & 
to the ſixth power, the Proceſs will ſtand thus: 
a—b 
a—b 
4— ab 

— ab + * 
a*—2ab + 18 ſecond power. 5 
a — 6 : 4 

2 ab* 4 

4 T 2468” — þÞ 
1 30 — 255 third power. 
i | 
a*— 20% + 34 — 40 
.- a*b + — Nw Jab* + b* 
a* . 5a — 4ab* + 57, fourth power. 
8 — 

4—44˙ + 645 — 4a*b* + ab* 

— ab + 440. — 6a*b* + 4ab*t—b* 

— 2 10a%*—104*b* + 5a. — 65, fifth power. 

ow — 
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| in 54 55 + 10a%h*—1 oa + ba b*— abh* © 


, $0%%*—100%* + 10a%*—gab* +b* 


power of a—b; and fo of any other. | 


But there is a Rule, or Theorem, given by Sir Haar 
Newton, (demonſtrated hereafter) whereby any «4h 
of a binomial a + b, or a — 6, may be exprefted in 
fimple terms, without the trouble of thofe tedious mul- 
tiplications required in the preceding operations; 
which is thus: A | 

Let u denote any number at pleaſure ;. then the z»th 


power of a +6 will be 4 +46 14 —à☚à( mn 


ay wo 
22 2.21.2 — N © — 2 — 189 
a 84 nates 2. 2 3524.2 * — 1 2 p 3. 
I. 2 » 3 | Lie $6 3 A 4 
2 N. — . 29 0 — 57 
” 1 = 2 : * _ 3 — 4. a 55, &c. 


. © 6-8 : 
And the th power of a—b will be expreſſed in the 


very ſame manner, only the ſigns of the ſecond, fourth, 


ſixth, &c. terms where the odd powers of b are involved, 
muſt be negative. 


An Example or two will ſhew the uſe of this general 
Theorem, 

Firſt, then, let it be required to raiſe a+6 to the third 
power, Here u, the index of the propoſed power, be- 


ing 3, the firſt term, 4“, of the general expreſſion, is 
equal to 4; the ſecond aa 5 = za; the third 


. „ab“; the four 


— — 


4 * Þ=6*; and the fifth Teen 


1 2 . 


” 
. 


Tb $a + 

4 , &c. = nothing. Therefore the third power 
of a+6 is truly expreſſed by @* + 3a*b+ 3ab*+ 5. 

Again, let it be required to raife.a+6b to the ſixth 

power. In which caſe the index, n, being 6, We ſhall, 


by proceeding as in the laſt example, have 4 e, 
9 Na 


— — — —__ — _ — _ — — — — 
— 


—_ — — = N 
5 —_ — — = þ.- — 
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nab = 6a'b, = — F. a ½ = gab, Kc. and 
conſequently a + bÞ = a* + 64% + 15a*b* + 2096? 
+ 15a*b* + 6ab* + b*; being the very ſame as was 
above determined by continual multiplication. 

Laſtly, let it be propoſed to involve c + xy to the 
fourth power. 

Here a muſt ſtand for cc, h for xy, and n for 4; then, 
by ſubſtituting theſe values, inſtead of a, b, and u, the 
general expreſſion will become <> + 4cxy + cr 
+4cfx** + x*z*, the true value ſought. | 

From the preceding operations it may be obſerved, 
that the unciæ, or coefficients, increaſe till the indices 
of the two letters @ and h become equal, or change va- 
lues, and then return, or decreaſe again, according to 
the ſame order: therefore we need only find the coeth- 
cients of the firſt half of the terms in this manner 
ſince, from theſe the reſt are given. 


mn 


SECTION vn. 


Of Evolution. 


Z olution, or the Extraction of Roots, being direfly the 
contrary to Involution, or raiſing of powers, is per- 


formed by converſe 1 viz. by the diviſion of indices, 


as Involution was by their multiplication. 

Thus the ſquare root of &, by dividing the exponent 
by 2, is found to be ; and. the cube root of x* by 
dividing the exponent by 3, appears to be x* : more- 
over, the biquadratic root of @ + * will be a + x] *; 
and the cube root of aa++ xx}* will be aa+ xx) )J. 

In the ſame manner, if the quantity given be a frac» 
tion, or conſiſts of ſeveral factors multiplied together, 
its root will be extracted, by extracting the root of each 
particular factor. | 


Thus 
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Thus the ſquare root of a*b* will be ab ; that of 


FTI ab 81Xa*X aa+xx* 

22 and that of — will be 
* a s 16 xa—x} | 
5 ho es 
990X427 ; Moreover, the ſquare root of aa — xx VE 


4&4 — 4 


will be -i; its cube root aa — ; and 
its biquadratic root, aa — ; and To of others. All 


which being nothing more than the converſe of the 


operations in the preceding ſection, requires no other 


demonſtration than what is there given. 

Evolution of compound quantities is performed by 
the following Rule. | 

Firſt, place the ſeveral Terms, whereof the given quan- 
tity is compoſed, in order, according to the dimenſions © 
ſome letter therein, as ſhall be judged moſt commodious ; then 
let the root of the firſt term be found, and placed in the 
quotient ; which term being ſubtracted, let the firſt term of 
the remainder be brought down, and divided by twice the 
firſt term of the quotient, or by three times its ſquare, or 
four times its cube, &c. according as the root to be ex- 
tracted is a ſquare, cubic, or biguadratic one, &c. and let 
the quantity thence ariſing be alſo wrote down in the guo- 
tient, and the whole be raiſed to the ſecond, third, er 
fourth, &c. power, according to the aforeſaid Caſes, reſpec- 
tively, and ſubtracted from the given quantity; and (if 
any thing remains) let the operation be repeated, by always 
dividing the firſt term of the remainder by the ſame diviſer, 

ound as above. ; 

Suppoſe, for example, it were required to extract the 
ſquare root of the compound quantity 2ax + a + x*: 
then having ranged the terms in order according to 
the dimenſions of the letter a, the given quantity will 
ſtand thus, a* + 2ax + x*, and the root of its firſt 
term will be 4; by the double of which I divide 2ax, 
(the firſt of the remaining terms) and add + x, the 


quantity thence ariſing to a (already found) and ſo have 


«+x in the quotient ; which being raiſed to the ſecond 
power, 


| 
[| 
1 
ll 
| 
1 
[| 
11 
1 


— — 
—ͤ— — — — 
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power, and ſubtracted from the given quantity, nothing 
remains; therefore a + x is the ſquare root required, 
See the operation. 


a* + 2ax + & (4 ＋ „* 


2a) 2ax 
a* + 20 + x*, ſecond power of a + x. 
8 


In like manner, if the quantity a* — 24˙ + 3a 
—-24x* + x* be propoſed to extract the ſquare root 
thereof; the anſwer will come out a* — ax + x*, as 
appears by the proceſs. 

a* —24a*x + 24*x*—24x* + x* ( -a K 
24*) —24*x 
a* —2a*x + a*x*, ſecond power of a*—ax. 
9 24) za , firſt term of the remainder. 
2“ — 2 ＋ za — 2 + , ſquare of a*—ax+ x*, 
„555 © © | 


Azain, let it be required to extract the cube root of 
a — b + 12ax*—8&x*, and the work will ſtand thus: 
a* — ba's + 12ax* — 8x* (a— 2x 


34] — Cal 
2 — ba*x + 12ax* — 8x?,, cube of a— 2x. 
- © 2 2 


Laſtly, let it be required to extract the biquadratic 
root of 16x* — 9 + 216x*%* — 216xy* + 8197, and 
the proceſs will ſtand as follows: 

16x* — gbx*y + 216x*y* — 2169 + 8% (2x — 3y 

32) — g6x*y 

16x* — Ob + 216K ̊ — 2165 + 80% 

3 0 0 * 


And, in the ſame manner the root may be deter- 
mined in any other caſe, where it is poſſible to be ex- 
tracted; but if that cannot be done, or, after all, there 
is a remainder, then the root is to be expreſſed in the 
manner of a ſurd, according to what has been already 
ſhewn. As to the truth of the preceding Rule, it is 
$00 obvious to need a formal demonſtration, every ope- 

ration 
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ation being a proof of itfelf. I ſhall only add here, 
at there 425 other Rules beſides that, for extracting 
the roots of compound quantities; which, ſometimes, 
bring out the concluſions rather more expeditiouſſy; but 
as theſe are confned to particular caſes, and would take 
up a great deal of room to explain in a manner ſuf- 
ficiently clear and intelligible, it ſeemed more eligible 
to lay down the whole in one eaſy general method, 
than to diſcourage and retard the Learner by a mul- 
tip'icity of Rules. —However, as the extraction of the 
ſquare root is much more neceſſary and uſeful than 
the reſt, I ſhall here put down one ſingle example 
thereof, wrought according to the common method of 
extracting the ſquare root, in numbers; which I ſup- 
poſe the reader to be acquainted with, and which he 
will find more expeditious than the general Rule ex- 
plained aboye. 


Examp. a* + 44*x + ba*x* +408 +x* (a* + 2ax +x* 
8 EIN 
24 E 2 ) 4a τ 
T4] TA THIS 
24 + 4 +x*) TZa r A + at 
442 12 4 
. 


* 2K. | — 0 0 
* 


— — — — — — 
SECTION VII. 


Of the Reduction of fractiona! and radica! Quan- 
_ titres. 5 


1 Reduction of fractional and radical quantities 
is of uſe in changing an expreſſion to the moſt 
{imple and commodious form it is capable of; and that, 
either by bringing it to its leaſt terms, or all the mem- 
bers thereof (if it be compounded) to the fame deno- 
mination, NETS 8 


A Fradtion 


465 REDUCTION OF 
A Frattion is reduced to its leaſt terms, by dividing 


both the numerator and denominator by the greateſt common 


diviſor. 


Thus, =, by dividing by 5, is reduced to — : 


be 
And 7 by dividing by ab is reduced to =: 


b 
Moreover, 200 will be reduced to 15 or 4d. 
a 


4 Vay will be reduced to. 
720, Van "= 


1244 — 2ab "7 
Thus alſo, — 4 — » by dividing every term 


of the numerator and denominator by 2a, is reduced 
6a — b | | 


84%x — 124%x* + bay? 1 

An — by dividing every term 

by 2ax, is reduced to 2 mak ff : 

I + 30% + 2475 
iv. £2 + 306 + 32 2 

Laſtly, * F Tab 255 , by dividing both the 
numerator and denominator by the compound diviſor 

8 + 6b, is reduced to © + 246d kf. 4 x 

| 42 + 20 

But the compound diviſors whereby a Fraction can, 


ſometimes, be reduced to lower terms, are not ſo eaſily 
diſcovered as its ſimple ones; for which reaſon, it ma 


not be improper to lay down a Rule for finding ſuch 


diviſors. 


Firſt, divide both the numerator and denominator by 
their greateſt ſimple diviſers, and then the quotients one by 
the other (as is taught in Caſe 7. Section 5.) always ob- 
ſerving to make that the diviſor which is of the leaſt di- 
menſions ; and if any thing remains, divide it by its great- 
«je fimple diviſor, and then divide the laſt compound di- 

4 


viſor 


8 AE ˙ m4 
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” viſor by the quantity thence ariſing ; and if any thing et 
N N divide it likewiſe by its greateſt ſimple 45. 


and the laft compound diviſor by the quantity thence ariſing : 
proceed on in this manner till nothing remains; fo ſhall the 
ai diviſor exactly divide both the numerator and denomi- 


nator, without leaving any remainder. 
Note, If, after you have divided any remainder by its 


{4 {imple diviſor, you can diſcover a compound one which 


will likewiſe meaſure the ſame, and is prime to the di- 


> viſor from whence that remainder aroſe, it will be con- 


- venient to divide, alſo, thereby. And, if in any caſe 


it ſhould happen that the firſt term of the diviſor does 
not exactly meaſure that of the dividend, the whole 


dividend may be multiplied by any quantity, as ſhall 
be neceſſary to make the operation ſucceed, 


Ex. 1. Let it be required to reduce the Fraction 
$45 + 104% + Fa meer; 


the greateſt common meaſure of its numerator and de- 


4 % 


nomiĩnator. Here, dividing firſt by the greateſt ſimple 


diviſors 54* and b, we have @*_+ 2ab + , and g* + 
2a*b + 2ab* + b*: and if the latter of theſe be divided 


by the former, the work will ſtand thus: 


4 + 2ab +6) 4 24˙ ＋ 20% +8 ( a 
a* + 24% + at? 


+ where the remainder is + 4 + b*; which be- 
ing divided by 6, its greateſt ſimple diviſor, gives 


* 
. 
% . 
» . 
. 2 


Lcd 


4 


42 ＋ 5; by this divide a* + 2ab + , and the quotient 
will come out a-+6, exactly; therefore the laſt diviſor, 
a + b, will exactly meaſure both quantities, as may be 
proved thus ; EE a SAS 
8+6) 54 + 104% + 5a%* ( 5a* + 59% 
rar 
- >. > 64%) -þ $4*0* 
a*b + 59*b* 
nk 5 * 


4 1 5) 
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#8 +3) 0% + 20: + 208 + * (a + aff + d 
ah + afl* 


In both which caſes nothing remains; therefore the 
q 5 
fraction given will be reduced to ann 


Er. 2. Let it be propoſed to reduce the fraction 
| af — ** 
FLEETS to its loweſt terms : then the 


work will ſtand as follows ; 
3 — dx—ax* T t 0 +0 +0 e 
a — a*x - + ax? 
Ox +0'x ax xt 
4. * -A + * 
Tax ＋ © —2x* 
a 10 — * a ox = ax? + ** (a—x 
a* — O — ax* 
— X + O + x* 
ax + 0+ 3 
ear 
From whence it appears that * + o- *, or 2. 2 
will meafure both . and a* — a*x — ax* Þ+ a*; 
and, by dividing thereby, the fraction Propoſed is re- 
a* — 
duced to — 


— 


2 2 n 2 f,, "= * m 3 


— „ CD... qu _ — —_ —c 


— 


Theſe Operations are founded on this Principle, 
That whatever quantity meaſures the whole, and one pers 
of another, muſt do the like by the remaining part. For, 
that quantity (whatever it is) which meaſures both 
the diviſor and dividend, in the firſt example, muſt 
evidently meaſure a* + 24˙ + ab* (being a multiple of 
the 


le, 
irt 


or, 
th 
uſt 
of 


the 
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Example 3. In the ſame manner the fraction 
; p 
x* — 2ax* — Ba*s* + 1Ba'x — Ba* 4 
| — uced to 
A x3 — ax" — 8a*x + 6a will be re 
A 2 — Sax P 
2 —̃ .— 5 2. See the proceſs. : 
© ax -L G. gag + 180% x—Ba*(+—20 
1 5 x*— ax*—B80*x* + ba's _ 
S2 T＋ O +120*x— B8a* 
D2 +2. x* + ia πͥe — 124 
remainder 24 — 4% T 47 
which divided by — 24), gives ＋ 24 — 24 for the 
next diviſor. | 
** 24 — 24") x* — ax* — ga + ba (x — 34 
x3 + 20x" — 24 78 
— 3ax — ba*x + 64 


. — ba'x + bat 


' — 


. 


O (9) 0 
» z --] a g T IS - Sa TA 
| * + 2ax%*—24"x* 


5a — 6a"x*+ 18a 
Sax — IO’ O 
+ 4a ⁰ + 84*x—8a? 
+ 40x + 8G*x—B8a* 
| 5 © O 
' Now if, by proceeding in this manner, no compound 
diviſor can be found, that is, if the laſt remainder be 
only a ſimple quantity, we may conclude the caſe pro- 
poſed does not admit of any, but is already in its loweſt 


WY * 


— — 


the former) : whence, by the Principle above quoted, 
the ſame quantity, as it meaſures the whole dividend, 
muſt alſo meaſure the remaining part of it, ab* + 43: 
but the diviſor, we are in queſt of, being a compound 
one, we may caſt off the ſimple diviſor 4*, as not for 
our purpoſe; whence a+6 appears to be the only com- 
pound diviſor the caſe admits of: which, therefore, 
muſt be the common meaſure required, if the example 
propoſed admits of any ſuch, 


3 4 
2 ＋ 

” 
I 


— 


— — — 


— 
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terms. Thus, for inſtance, if the fraction propoſed 
a* + 2a*x + Zar + 4* 


were to be — 3 it is plain, by i in- | 


a” + ax + * 
ſpection, that it is not reducible by any ſimple Aricdr 
but to know whether it may not, by a compound one, 
I proceed as above, and find the laſt remainder to be the 
ſimple quantity 7a : whence I conclude that the frac- 
tion is already in its loweſt terms. 

Another obſervation may be here made, in relation 
to fractions that have in them more than two different 
letters. When one of the letters riſes only to a ſingle 
dimenſion, either in the numerator or in the denomi- 
nator, it will be beſt to divide the ſaid numerator or de- 
nominator (whichever it is) into two parts, ſo that the 
faid letter may be found in every. term of the one part, 
and be totally excluded out of the other ; this being 
done, let tae greateſt common diviſor of theſe two parts 
be found; which will, evidently, be a diviſor to the 
whele, and by which the diviſion of the other quantity 
is to be tried; as in the following example, where the 

; | . * + ax? + bx* —24*x + ax — 2ba* 

fraction given is . — 
xx — bx + 24 — 2a 

Here the denominator being the leaſt compounded, and 

b riſing therein to a ſingle dimenſion only, I divide the 

ſame into the parts x* + 24x, and — bx — 2, _ 2ab ; which, 


by inſpection, appear to be equal to x + 24 * x, and 


x + 2a X — 5. Therefore x ++ 2a is a diviſor to both 
the parts, and likewiſe to the whole, expreſſed by 


* +£2aX x—b; ſo that one of theſe two factors, 


if the fraction given can be reduced to lower terms, 
muſt alſo meaſure the numerator : but the former 
will be found to ſucceed, the quotient coming out 
** = ax + 0 exattly « whence the fraction it- 
— ax + bx — 26 


ſelf is reduced PO 


terminate without a remainder, as upon trial will be | 
found, 


. 5 
Having 
= Hy 

9 FR. 

8 4A 24. a 


OY ; which is not re- : 
ducible farther, by Ps, ſince the diviſion does not | 
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Having inſiſted largely on the reduction of fractions 
to their leaſt terms, we now come to conſider their re- 
duction to the ſame denominator. . 

Fractions are reduced to the ſame denominator by multi- 
plying the numerator of each into all the denominators, ex- 
cept its own, for a new correſponding numerator, and all 
the denominators continually together, for a common deno- 
minator. 

— 4 . 
1 
7. =, and = 3 a 2 
b* 4d „„ baf 

24x 6a*s Sbxcd 


. . 
and 7 and 2 to and ward and fo 


Thus, — and 7 will be reduced to 


of others. 
But when the denominators have a common diviſor, 
the operation will be more ſimple, and the concluſion 
neater, if, inſtead of multiplying the terms of each 
fraction by the denominator of the other, you onal 
multiply by that part which ariſes by dividing by the 
common diviſor. As, if there were propoſed the frac- 


2 


f ab : 
tions — and ; then, the denominators having the 
ad cd 5 


factor 4 common to both, I multiply by the remaining 


factors a and c; whence the two fractions will be re- 
bbc aab 
duced to — and — | - 
ed to => nd = (where d remains as before, no 


thing having been done therewith). By the ſame 


* PN - b. 3 A 3 
method 52 and 427 are. reduced to — — 7 and 
; HDc 
25bex? an G . 7c aa + xxx 18 
E 20abcd ? 5be 3ab 2 15abc 


But, as has been before hinted, the principal uſe of 
this ſort of reduction is to transform com pound quan—ů 


titles to the moſt commodious forms of expreſſion; 


E 2 which, 
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which, for the general part, are more eaſily managed, 
(whether they are to be added, ſubtracted, multiplied, 
or divided) when all their members are brought to the 
ſame denomination. 

Thus the compound quantity - + — will be tranſ- 


iS d+b 
formed to —+ 75 or * ——— for it is evident, 
that the quotient which ariſes by dividing the whole, is 
equal to the quotients of all the parts, by the ſame 
diviſor. 


, COUNT ad — Be 
In the ſame manner will TY be = IT 1 


2xy 3 e __ 2xybd + lgaaxd — gaale 


ad” Res an” Los gaabd 
24x 2.4x L U 2dx + ab 
alſo: == + b, or — +, 1 9 = - 3 
a 20 e 
a—b a—b a—b * 
a® a* 


So likewiſe, by reduction, r ha he” & x 


a KN TTA Xa—x—2aXa+xXa—sx 
will be = — 


a — FX a+x 


| 
5 
2 
— 


e a V xy + a 
gxy + 5av xy + 10a* — Fx 


— and ſo in other caſes. 
: aV xy + a 


en. 
»» 
— "IO 
2a ek 


The reaſon of the two kinds of reduction hitherto 
explained, is grounded on this obvious principle, that 
the equimultiples, or like parts of quantities, are in the 
ſame ratio to each other, as the quantities themſelves, or, 
Vit that the quotient which ariſes by dividing one quantity 
11 by another, is the ſame as ariſes by dividing any part or 
140k multiple of the former, by the like part or multi py of the 
14 atter: 


. 25 
3 
= 
1. 

"+4 
1 2 
4 

4 E 
\$ 


_ — 
% 
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Beſides theſe, there are yet two other ſorts of re- 
duction which Authors have treated of under the head 
of fractions; which are, the reducing of a whole quan- 
tity to an equivalent fraction of a given denomination, and 
a compound fraction to a ſimple ene of the ſame value. 
Neither of theſe, indeed, are of any great uſe in the 
ſolution of problems, however it might be improper to 
leave them intirely untouched. : 

1% A whole quantity is reduced to an equivalent frac- 
tion by multiplying it by the given denominator, and writing 
the multiplier underneath the product, with a line between 
them. 

Thus the quantity a, reduced to the denominator 3, 


will be J. and the quantity c + 4, to the denominator 


: a+bXc+d c T be ad bd 
a + b, will be —x1 or — ED 0 
2% A compound fraction is reduced to a ſimple one of 
the ſame value, by multiplying the numerators together for 
a new numerator, and the denominators together for à new 
denominator. 
But by a compound fraction here, we are not to un- 


—— 
— 


latter : for in reducing to the loweſt terms, it is plain 
that, inſtead of the whole numerator and denominator, 
we only take that part of each which is defined by the 
greateſt common meaſure; whereas, in reduction to 
the ſame denominator, we, on the contrary, make uſe 
of equimultiples of thoſe quantities ; ſince, in multi- 
plying any numerator into all the denominators, except 


its own, we multiply it by the very ſame quantities by 


which its denominator is multiplied, 
The Rule, for reducing a compound fraction to 
a ſimple one, may be explained thus, It is is plain 


that the part of 7 defined by I, which ariſes by 
dividing by b, will be equal to 77 (the diviſor here 
E z being 
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derſtand one conſiſting of ſeveral terms, connected to- 
gether by the ſigns + and — (which is the general 
definition of a compound quantity) but ſuch an one as 
expreſſes a given part of ſome other fraction. 


Thus = of 3 will be equal to = ; and the © 


3 
C . ac 
t —_ 
par of T7 will be 74 


Of the Reduction of Radical Quantities. 


The Reduction of ſurd quantities, like that of frac- 
tions, may be either ts the leaſt terms, or to the ſame 
denomination. 

A radical quantity is reduced to its leaſt terms, by re- 
ſolving it into two factors, and extratting the roct of that 
which is rational. = 

Thus, V28 is reduced to V4 x V7; which, by 
extracting the ſquare root of 4, becomes 2V7 : alſo 
Va is reduced to V x V; which, by extracting 
the root of a, becomes % V. likewiſe JA, or 


8 r — — 
abe is reduced to Va Me, or aby bes; 


FS f. 3 
I . a 
moreover V —= is reduced to W 
C 
VERSE x VEST me 
b c 3 810% — 16265x 


mn ——_—. 


being b times as great) ; therefore the part of — de- 


fincd by A, being @ times as great as that defined by — : 
UV | Es. 


muſt be truly expreſſed by 5 X da, Or its equal 7 
as Was to be ſbetun. 


15 


* 
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1 ay e ax TA 2242 
is reduced to 7777 wi . 


; 4+ a + a*x* 


7 and ſo of any other: all which is 
* — 2 
evident from caſe 4 of multiplication, and caſe 3 of in- 


volution. But it is to be obſerved, that, in reſolving 


I 


any expreſſion in this manner, the factor out of which 
the root is to be extracted, is always to be taken the 
greateſt the caſe will admit of. It alſo may be proper to 
take notice, that this kind of reduction is chiefly uſeful 
in the addition and ſubtraction of ſurd quantities, and in 
uniting the terms of compound expreſſions that are 
commenſurable to each other, where the irrational part, 
or factor, after reduction, is the ſame in each term, 


Thus V18 + V 32 is reduced to 392 + 4V 2, or 


| 7723 and V 84* + 4/50a* — Via is reduced to 
20% 2 + S —bav23 =aV2, Moreover, by re- 


- duction, y 12's * 2 becomes y Se + 
20 


5 Gn 
2 2 3x 2 — 3x 
. 445855 33 


baxV &* + 2K + gax/ a*+2x* = 1 Sar T 2x 


Surd quantities, under different radical ſians, are re= 
duced to the ſame redica! fign, by reducing their indices to 


the leaſt common denominatar, 


* 1 | 
Thus @* and , reduced to the ſame radical ſign, 


LY . iS 2 
| will become a and 4“ (for the indices are here * and 
2, and theſe are equivalent to 3 and z, where both have 


1 


the ſame denominator). In the ſame manner 2) * and 


. 3* will become 20 and I, or 815 and . And, 


= 4 Z 
| unverſally, Am and B 7 , will, when their exponents 


E 4 are 


56s REDUCTION or, e. 


7 
are reduced to the ſame denomination, become Als; 
— | 
and B =q, | 
The principal uſe of this ſort of reduction, is, when 
quantities under different radical ſigns are to be multi- 
plied or divided by each other, 


— 


That the reduction of a radical quantity to another 
of a different denomination, by an equal multiplication 
of the terms of its exponent, makes no alteration in the 


value of the quantity, may be thus demonſtrated. 
1 | 


Let An" be any quantity of this kind; then, the 
terms of 1ts exponent being equally multiplied by any 
N 


number r, I ſay, the quantity Ar, hence ariſing, is 


equal to the given one A”, 
I 


For, if x be aſſumed = A», or, which is the ſame, 
if the value of x be ſuch, that «» = A; then, the uth 


root of x being x (by caſe 2 of ſeftion 6) and the nth 
I a 

root of A being A = (by notation), theſe two quantities 
* 3 ö 


x and An muſt, likewiſe, be equal to each other: 
and, if they be both raiſed to the mth power, the equa- 
lity will ſtill continue; but the mth power of the former 


(*) is & (by caſe 2 of involution) ; and the mth 
I m 


power of the latter (An) is An ( by notation) ; there- 1 
— 1 e 


fore x is = A“, But, & being = Ar, we have 
mr f mr. : 4 


v = A, ty notation; and conſequently A“ 


m 
= A" ; which was to be proved. 


* | 5 ++. 
* * 
Ws” "of 
"oF 1 
Mx) 4 
* * 
» 
N 
5 5 
— 
þ | 1 2 N 
# 7 
* * 
1 
— LS 
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Thus, VF multiplied by 16, or 5 into 1017, 
” will give 12515 „ T0015 or 12500 5: alſo Vax into 
Vas, or alt into S will give ai x a5 
or a: and Vax divided by Vir will give 
. = or 7 Laſtly, 2x multiplied into * Zar, 

> will give VA x Jaz, or VI Zart. 


* — 1 * * 
. = — * 12 
Pi * han A 4: No 


5 


— 2 — — 


1 


— _ — — _— * —_ — 8 
_— „ 


8 Serien m. 


| Of Equations. 
i ; N Equation is, when two equal quantities, dif- 
. ferently expreſſed, are compared together, by 


means of the ſign = placed between them. 

4 Thus, 8 — 2 = 6 is an equation, expreſſing the 

© equality of the quantities 8—2, and 6: and x =a +6 
zs an equation, ſhewing that the quantity repreſented 

h by x is equal to the ſum of the two quantities repre- 

9 ſented by a and 6. 

Equations are the means whereby we come at ſuch 
concluſions as anſwer the conditions of a problem ; 
wherein, from the quantities given, the unknown ones 
are determined; and this is called the reſolution, or 
reduction of equations, 


Redudlion of fingle Equations. 


Single equations are ſuch as contain only one un- 
known quantity ; which, before that quantity can be 
diſcovered, muſt be ſo ordered and transformed, by the 
addition, ſubtraction, multiplication, or diviſion, &c. 
of equal quantities, that a juſt equality between the two 
parts thereof may be fill preſerved, and that there may 
reſult, at laſt, an equation, wherein the unknown quan- 

| tity 


* 
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tity ſtands alone on one ſide, and all the known anes 
on the other. But, though this method of ordering an 
equation is grounded upon ſelf-evident principles, yet 
the operations are ſometimes a little difficult to manage 
in the beſt manner; for which reaſon the following 
Rules are ſubjoined. LY 5 

19. Any Term of an equation, may be tranſpoſed to the 
contrary fide, if its ſign be changed *. | 

Thus, if x +6 = 16; then will x = 16 — 6, that 

1, 10 

And, if x—4 28; then will x=8 + 4, or x=12: 

Alſo, if 3x = 2x + 24; then will 3x — 2x = 24, 

that is x = 24 : 

Again, if 5x—8 = 3x + 20; then will 5x — 3 = 

| 20 +8, or 2x = 28: 

Laſtly, if ax + bx —c + d—ex = f—g + hx — kx; 
then, by tranſpoſition, ax + bx — ex — hx + ks = 
f—-g+c—4d; where all the terms affected by x 
(the unknown quantity) ſtand, now, on the ſame fide 
of the equation, | 


2% If there is any quantity by which all the terms of the 
equation are multiplied, let them all be divided by thai 
quantity ; but if all of them be divided by any quantity, let 
the common diviſor be caſt away: | 


Thus, the equation ax = ab is reduced to x =b; 


alſo, 10x = 70 (or 10 X x = 10 X 7) is reduced to 
x=7; and & a + bx*, is reduced to x=a+5; 


II 


- & * + -S $I # 


* The reaſon of this rule is extremely evident; ſince 


tranſpoſing of a quantity thus, 1s nothing more than 
ſubtracting or adding it on both ſides of the equation, 


according as the ſign thercof is poſitive, or negative. 


Thus, in the equation x + 6 16 (which by tranſ- 
poſition becomes x = 16 — 6 = 10) the number 6 
is ſubtracted from both ſides; and, in the equation 
x— 4. = 8 (which by tranſpoſition becomes x = 8 + 4 
= 12) the number 4 is added on both ſides. 
: Moreover 


„ 
Et 

- 
57 
9 


A 


L * 


* 7. 


Fs . 
Moreover (ty the latter part of the Ru e) en 


+ ax abx* — acx* oY 
duced to x =b; and — =- 3 to ax = 
ax — dcn; which, if the whole be divided by ax*, 


” will be farther reduced to x = b — c> 


* 


32. If there are irreducible fractions, let the whale 
equation be multiplied iy the product of all their denomi- 
notors, or, which is the ſame, let the numerator of every 

term in the equation be multiplied by all the denominators, 
except its own, ſupps/ing ſuch terms (if any there be ) that 


9 tand without a denominator, to have an unit ſubſFibed. 


Thus, the equation x + = + - = II, is redu- 


ced to 6x + 2x + 2x = 66; and + => 


= 12 + 


=, to 40x + 8x + 16 = 480 + 5x —15: fo 


b 
likewiſe a = — — 


„is reduced to a*c — = as 


5 5 2 5 
ll, +.0 = {a abx + a*b + abs = 
acx + x*. 


4”. V, in your equation, there is an irreducible ſurd, 
wherein the unknown quantity enters, let all the other terms 
be tranſi ſed to the contrary ſide {by rule 3.) ; and then, 
F both fades be is:volved to the power denominated by the 
furd, an equati:1; will ariſe free from radical quantities; 


1 . unleſs there happen to be more ſurds than one, in which caſe 


the operation is lo be repeated. 


Thus, x +6 = 10, by tranſpoſition, becomes 
Vx(=10—6) =4; which, by ſquaring both ſides, 
gives x = 16. | | 


So, likewiſe, LY + xx —=c = x, becomes Vaa + xx 


Freer; which, {quared, gives aa + xx = cc + 2cx 


+ XxX, or da — cc =2cx (by rule 1). The Reaſons of 
2 | this, 
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this, as well as of the two preceding rules, depend on 
ſelf-evident principles : for, when tha equal quantities, 
on each ſide of an equation, are multiplied, or divided by 
the ſame, or by equal quantities, or raiſed to equal pow- 
ers, the quantities reſulting muſt neceſſarily be equal, 


5. Having, by the preceding rules (if there is occaſion), 
cleared your equation of frattional, and radical quantities, 
and fo ordered it, by tranſpoſition, that all the terms, wherein 
the unknown quantity is found, may ſtand on the ſame ſide 
thereof, let the whole be divided by the coefficient, or the 
fum of the coefficients, of the higheſt power of the ſaid un- 
known quantity. And then, if your equation be a {imple 


one (that is, if the firſt power or the quantity itſelf, 


be only concerned) the work is at an end; but if it be 
2 quadratic, or cubic one, &c. ſomething further re- 
mains to be done; and recourſe muſt be had to the par- 
ticular methods for reſolving theſe kinds of equations, 
hereafter to be conſidered in a proper place. f 

I ſhall here ſubjoin a few examples for the Learner's 
exerciſe, wherein all the aforegoing Rules obtain pro- 
miſcuouſly. 

Ex. 1. Let 5x — 16 = 3x + 12: then (by rule 1) 


Sens = 12 + 16, or 2x = 28: whence (by rule 5) 
2 


K aw = = 14. 
2 4 


Ex. 2. Let 20 — 3x—8=60— 7x: then — 37 
+7x = 60 —20 + 8, that is, 4x = 48; and conle- 


quently x = 4 = 12. 


Ex. 3. Let ax - gcc +d; then ax —=ix =d +6, © 


d ＋ 


Sg 


or a—cXxx=d+b; and therefore x = 


(ty 


rule 5.) 
Ex. 4. Let 6x* — 20x = 16x + 2x*: then, dividing 


by 2x (according to rule 2) we have 3x — 10 =8 + ; 
whence 3x — x = 8 + 10, that is, 2x = 18; and 


therefore x = 22 2 9. 


Er. 5 
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n .. 5. Let gax*— abx* = ax* + 2acx*: here, di- 
3 viding the * by ax, we have 3˙ —b=X*X+2c; 
; 2c + 
k "therefore 2 = 2c +b, and x = ? | 
| .. 6. Let 7 7 21: then (by rule 3) 4 + 3 
7 
| ; 252 
1 = 2523 and therefore æ = 11 2 38. 
d Xx 
65 Ex. 7. Let . 1 then, 
le lz + 12 + 8x + = 384 — br — 18; whence 
f, | ' — ä ——— * 
de 26x = 338, and x = "7 nk 
N Ex. 8. Let —5 =c: then ax - g cx; whence 
SY 
25 ax - cx l, and x = : , 
; 4 — 6 
's | 
o- Er. 9. Let = + 75 — d: then, bex + acx + 
1) abx = abcd, or bc + ac + ab x * S abcd; and conſe- 
; abcd 
5 1 quently c = TAT (by rule 5.) 
8 ax + ac* : — 
3x | Ex. 10. Let ax + R 2 a + x . then, ax + b* X 
le- a + x = ax* + ac, that is, a + ab* + ax* + b = 


a + ; whence a*x + ax* + bx A = ac* 
f ab*, or a*x + & = ac* - ab*; and therefore x = 
6, act — ab* 
1 4a + bb” 
1) =. 2 L a b | 
1 4. 11. et Tx T =1: then, ax + ab + bx 
'. Zax+xuxz whence — xy + by = - ab; which, by 
>» changing all the ſigns (in order that the higheſt power 
1 of x may be poſitive) gives xx — bx = ab. But the 
=> fame concluſion may be otherwiſe brought out, by firſt 
changing the ſides of the equation ax + ab + bx = ax 
0 4 ＋ xXx; 
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+xx; which thereby becoming ax + xx = ax + 45 
+ bx, we thence get x — bx = ab, the ſame as before. 


VI 
Ex. 12. Let * + 12 = 17 : then = 8 =. 5 
and V 5x = 15; whence, (by rule 4) 5x = 225, and 


therefore x = = 2 45. 
Ex. 13. Let VIZ T= 2 + Vu: then (by rule 4) 
12 T* =4 +4Vwx +x; whence, by tranſpoſition, 


$ = aVx; and, by diviſion, 2 = Vx; z conſequently 
& = *. 


| 2 
Ex. 14. Let 14 1 ere (by 
a” + x* 
rule z) D + a* + * 22; whence æ x 
Va + D a* —a?, and . X a* + x* = af — 20%, 
+ x* (by rule 4), that is, a + xt = af —24%s* + at; 


a* a* 
therefore 3a « = &*, and x = ==> = —, 
3 3 
24 
Is Vx = , 

Ex. 15, Let Vx +HVa+x rr Then 
Vax+xx+a+x=24, or V ax +xx ga-; whence 
ax + XX =« — 2ax + , and S 8 = 2. 

3* 3 


Ex. 16. Let Y 45 je S c: then, by cubing 
both ſides, x* — 4 = x* — gr? + 30 — & ; whence 


„ de di 
Z ex = H*x = a — &, and x*— ox = 34 35 y er 


viding the whole by 3c. 
Ex. 17. Let Vaa + xx = I **: then, by raiſ- 


ing both ſides to the fourth power, we have aa + wxl 
= '“, that is, a* + 2a%x* + af N ]; and 


* — a* b* 


conſe uently x* = = — =— 1g 
4 7 2da 2.aa 8 
Ex. 18. 
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| 3 . 

Ex. 18. Let Ve + wV bb + XX — A. Here 
1 +a=Va* + xy bb, + xx; which ſquared, gives “ + 
2ax + a“ = a +xV bþ + xx, or &. + 24x = xV bb +xx ; 
divide by x, ſo ſhall æ + 2a =y bb + wx; this ſquared 
again gives x* + 4ax + 44 = bb + xx; whence 4a 


bb 
= bb — 447, and therefore x = 5 


Of the Extermination of unknown quantities, or the 
reduction of two or more equations lo a ſingle. one. 


Tt has been ſhewn above, how to manage a ſingle 


equation ; but it often happens, that, in the ſolution of 


the ſame problem, two, or three, or more equations are 
concerned, and as many unknown quantities, mixed pro- 
miſcuouſly in each-of them ; which equations, before 
any one of thoſe quantitics can be known, muſt be re- 
duced into one, or ſo ordered and connected, that, from 
thence, a new equation may at length ariſe, affected 
with only one unknown quantity. This, in moſt caſes, 
may be performed various Ways, but the following are 
the moſt gencral. 
* 1®, Obſerve which, of all your un] notun quantities, is the 
leaſt involved, and tet the value of tat guantiiy be found 
in each equation {by the in2t99ds already explained) looking 
upon all the vet as knawn; let the values thus Found be put 
equal to each other (for they are equal, becauſe they all ex- 
preſs the Home ing); whence new equations will ariſe, 
out of which that guantity will be totally excluded; with 
which new eguat ens the oper ation may be repeated, and the 
unknown quantities exterinineted, one by one, till, at laſt, 
you came to an equation containing only one unknowi guan= 
7 5 | x | 

2%. Or, let the value of the unknown quantity, which 
you bond jirft exterminate, be found in that equation 
wherein it is the leaſt involved, conſidering all the ether 


quantities as known ; and let this value, and its powers, be 


fubJlituted for that guantity and its reſpective potters in the 
| other 
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other equations ; and with the new equations thus ariſing 
repeat the operation, till you have only one unknown quan- 
tity, and one equation. 
- 35. Or, laſtly, let the given equations be multiplied or 
divided by ſuch numbers or quantities, whether known or 
unknown, that the term which involves the higheſt power of 
the unknown quantity to be exterminated, may be the ſame 
in each equation ; and then, by adding, or ſubtracting the 
equations, as occaſion ſhall require, that term will vaniſh, 
and a new equation emerge, wherein the number of dimen- 
ons (if not the number of unknown quantities) will be di- 
miniſhed. 81 1 | | 3 
But the uſe of the different methods here laid down 
will be more clearly underſtood by help of a few ex- 


amples. | 
EXAMPLE TI. 
Let there be given the equations x + y = 12, and 5x + 
Jy = 50; oy dhe 5 
According to the firfl Method, by tranſpoſing y and 2y, ö 
we get » = 12 —y, and 5x = 50 — 35; from the laſt = 


: F y y of - 8 
3 — 
10 — = 
* = 4 
* * 9 | - = - * V 
v p . — — 
" = * 3 p 4 ol y p = = w_ Ln n ai 
9 r D % <RIE dal us, * CES 
* e * 1 q 
, * * * 3 . ba 5 % 


, | 
. of 4 s 

* n n 1 N — 
1 LY | Prom" 

* e 8 4 


1 * N 1 wal * * 
1 « F 2 


. l Aer 
of which equations, x = — Now, by equating | 


theſe two values of x, we have 12 — 5 = —— - 8 
and therefore 60 — 5y = 50 — 3ys from which y is 
given = == 53 and x ( =12—y=1I2—5) = . 5 3 

According to the ſecond Method; w being, by the firſt p 73 


equation, = 12 — y, this value muſt therefore be ſub- 7 
ſtituted in the ſecond, that is, 60 — 5y muſt be wrote 
in the room of its equal 5x; whence will be had 60 \ 


10 
55 + 35 = 50; and from thence y = 2 5, as before. 


But according to the third Method, having multiplied 
the firſt equation by 5, it will ſtand thus, 5x +5y=60; 
from whence ſubtracting the ad equation, 57+ 3y=50, 
there remains — — 25 o; 


whence y = 5, /till the ſame as before. 
| The 
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.OF EQUATIONS. bs 


The firſt of theſe three ways is much uſed by 
ſome Authors, but the laſt of them is, for the general 
part, the moſt eaſy and expeditious in practice, and is, 
for that reaſon, chiefly regarded in the ſubſequent ex- 


amples. 
EXAMPLE II. 


x + 8 = 124 
Let | 3 20. a 
Here, the ſecond equation being multiplied by 4 (in 
order that the coefficients of y in both equations may 
be the ſame) we have 12x — 85 80. 
Let this equation and the firſt be, now, added to- 
gether; whence y will be exterminated, there coming 


out 17 204; from which x = — = 12: therefore, 
/ 
— — 6 
by the firſt equation, y (= —— = 2402 = =) 


= 8, 
EXAMPLE III. 

; 5x — 35 = 90 
Gives 1 2x + 59% = ids. 

Here, multiplying the firſt equation by 2, and the 
ſecond by 5, in order that the coefficient of x*may be 
the ſame in both, there ariſes 

Iox — by = 180 
lox + 25 = 809. 
By ſubtraQting the former of which, from the latter, 


we have 31y=620: hence y = 220 = 20; and ſo, by 


90+3y __ 9&+60 


the firſt equation, ( ) = 30s 


But the value of x may be otherwiſe found, inde- 
pendent of the value of y; for, by multiplying the firſt 
equation by 5, and the ſecond by 3, and then addin 
them together, y will be exterminated, and you wil 


get 25x + 6x = 450 + 480; whence x = 31 30, 
F E X- 


the ſame as before, 
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EXAMPLE lv. 


£4 6 = $26 1 
Given 2 3 7 

— <=: 2, | 

5 9 | 
Here our equations, cleared of fractions, will be 


3* + 25 = 906 
x — 55 = o. 5. 
And, if from the triple of the former the latter be ſubk 
tracted, we ſhall have 6) + 55 = 288 — go, that is 


115 298; whence y=18; and x (= — = 20. 
EXAMPL E v. = 


” 1 
r 
Given 4 
XJ - x 29 —X 
— + >. 
5 3 4 
Here 4x — 96 = 2y + 64, and 
i2x + 12y + 20x — 480 = 30y — I5r + 1620; 
which, contracted, become | 
4x — 2y = 160, and 3 
47x — 18) = 2100: from the laſt of which ſubtraQ 7 
9 times the former; ſo ſhall 11x = 2100 — 1440 = 


4x—160 


+ 27. 


660 therefore x = 60, and 118 =2x — $0) 


= 40. 
EXAMPLE VI. 


ET ISNT 
Let x +2 * 14 . to find x, y, and z. 
35 + 2= I5 + 
By ſubtracting the firſt equation from the ſecond (in 
order to exterminate x) we have 2 — = 1; to which 
the third equation being added, y will likewiſe be 
exterminated, there coming out 22 = 16, or z = 8: 
whence y (=z—1) = 7; and (= 13—J) = 6. 


EXAMPLE 
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EXAMPLE VII. 


BE, y 2 

— 124 —= 62 

1 

Xx * E 
— r 
„ a a 


Here the given equations, cleared of fractions, become 


12x + & + 62 = 1488 
20x + 155 + 12z = 2820. 
zox + 24y + 20z = 4500. 


Now (to exterminate 2) let the ſecond of theſe equa- 
tions be ſubtracted from the double of the firit; and 
alſo the triple of the third from the quintuple of the 


ſecond ; whence 1s had 


4x +.-.5 = 156 
10x 1 35 = 420: 
from which 12x — 10 8 — 420, and x= 2 24. 


Therefore y (5 Ax) G3 and 2 ( = =) 


= 120. 
EXAMPLE VIII. 


# + 100 = 7 +. 3 
Let 5 y + 100 = 2x + 22 


| z + 100 = 3 + 37 

To the double of the firſt, let the ſecond equation 
be added; ſo ſhall the x's, on the contrary ſides, de- 
{troy each other, and you will have 300 + p=2y+ 4x, 
or 300 =y + 4z. Moreover, to the triple of the firſt, 
let the third equation be added, whence will be had 
2 + 400 = 6y + Zz, or 400 = 6y + 2%. 
New. if from the double of this laſt equation, the 
former, 200 = y + 4z, be ſubtracted, there will come 


7 | OO 
out $00 = 119; and, conſequently, y = 222 = 4571s; 
11 
F 2 there fore 
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300—y 


=75—== = 75 11) = 
63rr; and x (z 100 = 109xr — 100) Sr. 


EXAMPLE IX. 


therefore z (= 


Letx—y = 2, and xy + 5x — 6 = 120; to ex- 


terminate x. | 

By the former equation x =y + 2; (which value be- 
ing ſubſtituted in the latter according to the ſecond general 
method) it becomes y 2 X y +5 X y + 2 —6by=120, 
that is, y*+ 2y + 5y + 10 — 6y = 120, or y*+y = 110. 


EXAMPLE X. 


Let there be givenx + y = a, and x* + y* = b; to ex- 
terminate x. 


Here, by the firſt equation, x = a — y; and there- 


fore x* = = ; which value being wrote in the 


other equation, we have a—y}* + 2 5, that is, 


þ — aa 
2 


* —2ay+y*+3*=b; and therefore y* — ay = 


EXAMPLE XI. 


axy + bx + cy = 
ny for + gx + th = 4 c to exterminate y. 
Multiply the firſt equation by /, and the ſecond by a, 

and ſubtract the latter product from the former; whence 
you will have bfx — agx+c>fy — ahy=df — ak; which, 
df—ak + agx—bfx 
NS cf — ah 

Let this value of y be now ſubſtituted in the firſt 
equation, and there will ariſe 
adfx — a" kx + a*gx* — abfx* + ca — cak + cagx — bf x 4 

of —ab Es 

bx=d: which, multiplied by cf— ah, and contraQted, 
gives ag — bf X x* + df —=ak+g — bh xc - hd. 


by tranſpoſition and diviſion, gives y= 
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EXAMPLE XII. 

Suppoſing ax + bx + c = o, and for” + gx + 5 20; 
to exterminate x. 

Proceeding here as in the laſt example, we wy 7 55 
ah — fc 
+ e- agx - a S o; and, from thence, x r — 

pſtituti ah— fe bx ah— fe 

W hence, by ſubſtitution, a X Ba + — = 


Tego. This, by uniting the two laſt terms, and 
dividi | the whole by a Hs + . 
ividing y a, g * 
conſequently ah —fcl* + fb — ag * bh— g So. 
After the ſame manner x may be expunged out of the 
equations ax? + bx* + cx + d=0o, and i + gx + h =o, 


— O03 


& c. But, to ſhew the uſe of the above example, ſup- 


poſe there to be given the equations x* + yx — y* o, 
and x*+3xy — 10 =0: then, by comparing the terms 
of theſe equations with thoſe of the general ones, ax*+ 
bx T So, and fx* +gx + h=0; we have a=1, 
b=y, e - „, f=1, g = 3y, and þ = — 10; 
which values being ſubſtituted in the equation ah—fq* 
+ fb—agxbh—cg So, it thence becomes 
ww I 0 + yy l* + y — 3y X — 10 + 39 — Oz, that is, 
100 — 205 + * + 205 —by* = o; or, 100 2 5“; 
* ay y may be found, and from thence the value of 
x alſo, : 


SECTION: X. 
Of Proportion. 


Uantities, of the fame kind, may be compared to- 

£ g<cther, either, with regard to their differences, 
or according to the part or parts, that one is of the 
other, called their ratio, The compariſon of quanti- 


F 3 ties 
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ties according to their differences, is called ar:thmetical z 
but according to their ratios, geometrical. 

When, of four quantities, 2, 6, 12. 16, the dif- 
ference of the firſt and ſecond is equal to the difference 
of the third and fourth, thoſe quantities are ſaid to be 
in arithmetical proportion. But, when the ratio of the 
firſt and ſecond is the ſame with that of the third and 
fourth (as in 2, 6, 10, 30) then the quantities are ſaid 
to be in geometrical proportion. Morcover, when the 
difference, or the ratio, of every two adjacent terms (as 
well of the ſecond and third, as of the firſt and Tecond, 
Sc.) is the ſame, then the proportion is ſaid to be con- 
tinued: thus 2,4, 6, 8, Sc. is a continued arithmetical 
proportion; and 2, 4, 8, 16, Cc. a continued geome— 
trical one. Theſe kinds of proportions are alſo called 
Prog reſſions, being carried on according to the ſame 
law throughout, 


Arithmetical Proportion. 
THEOREM I. 


Of any four quantities, a, b, c, d, in arithmetical pro- 


greſſion *, 112 ſun: of the two means is equal to the ſum of 


the 1:5 extre'iles. 
For ſince, by ſuppoſition, 5 —a is = 4—c, there- 
fore is b + c = d + a, by tranſpoſition. 


. 


In any continued c 'thmetical progreſſion (5, 7, 0, II, 

2, 15) the ſur of the two extremes and that of every 
other two te; ms equal) dijlant from them, are equal. 

For ſince, by the nature of Frogreſſionals, the ſecond 


term excceds the firſt by juſt as much as its correſponding 


— 


— — 


* Although, in the compariſon of quantities accord- 
ing to their differences, the term proportion is uſed; yet 
the word progreſſion is frequently ſubſtituted in its room, 
and is, indeed, more proper; the former term being, 

in the common acceptation cf it, ſynonymous with ra- 
tio, which is only uſed in the other kind of compariſon. 
term, 
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term, the laſt but one, wants of the laſt, it is manifeſt 
that when theſe correſponding terms are added together, 
the exceſs of the one will make good the defect of the 
other, and ſo their ſum be exactly the ſame with that 
of the two extremes : and in the ſame manner it will 
appear, that the ſum of any two other correſponding 
terms muſt be equal to that of the two extremes. 
When the number of terms is odd, as in the pro- 
greſſion, 4, 7, 10, 13, 16, then the ſum of the two ex- 
tremes being double to the middle term, or mean, the 
ſum of any other two terms, equally remote from the 
extremes, muſt likewiſe be double to the mean. 


THE OR EM III. 


In any continued arithmetical progreſſion, a, a ＋ d, a 2d, 
a + 2d, a + 4d, Oc. the laſt, or greateſt term, is equal ta 
the fir/t (or leaſt), more the common difference of the terms 
drawn into the number of all the terms after the fir/t, or 
into the whale number of the terms, leſs one. 


For, ſince every term, after the firſt, exceeds that 
preceding it, by the common difference, it is plain that 
the laſt muſt exceed the firſt by as many times the com- 
mon difference as there are terms after the firſt; and 
therefore muſt be equal to the firſt, and the common 
difference repeated that number of times, 


THE ORT M IV. 


The ſum of any rank or ſeries of quantities, in continued 
arithmetical progreſſion (5, 7, 9, 11, 13. 15) is equal to 
the ſum of the two extremes multiplied into half the number 


of terms. 


For, becauſe (by the ſecond Theorem) the ſum of the 
two extremes, and that of every two other terms equally 
remote from them, are equal, the whole ſeries, conſiſt- 
ing of half as many ſuch equal ſums as there are terms, 
will therefore be equal to the ſum of the two extremes 
repeated half as many times as there are terms. The 
{ame thing alſo holds, when the number of terms is odd, 
as in the ſeries 8, 12, 16, 20, 24 ; for then, the mean, 
or middle term, being equal to half the ſum of any two 


4 terms 
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terms equally diſtant from it, on contrary ſides, it is ob- 
vious that the value of the whole ſeries is the ſame, as 

if every term thereof was equal to the mean, and there- 
fore is equal to the mean (or half the ſum of the two 
extremes) multiplied by the whole number of terms; 
or, to the whole ſum of the extremes multiplied by half 
the number of terms. 


823 4 . 
» 
* 


1 3 


: Geometrical Proportion. 


THEOREM I. 


If four quantities, a, b, c, d, (2, 6, 5, 15) are in geo- 
metrical proportion, the product of the two means, be, will 
be equal to that of the tws extremes, ad. 


For, ſince the ratio of à to þ (or the part which @ 
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is of 5) is expreſſed by , and the ratio of c to d, in 


like manner, by -— ; and ſince, by ſuppoſition, theſe two 
ratios are equal, let them both be multiplied by 3d, and 
the products g x bd and 5 & bd will likewiſe be equal; 


d 
. abd cbd 
that is —= = = or ad = ch (by caſe 2. ſect. 4.) 


b 
THANE M IE, 


If feur quantities, a, b, c, d, are ſuch, that the produtt 
of two of them, ad, is equal to the product of the other two, 
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be, then are thoſe quantities proportional. 1 
| For ſince, by ſuppoſition, the products ad and bc are 
| equal, let both be divided by dd, and the quotients Ri 
1 GS + 0 * 
| — (=) and = (=) wi * 
| = (7 ) 4 77 . 7) will alſo be equal; and f 
| therefore 4: ): : c: d. 1 
| THEOREM III. : 

| If four quantities, a, b, c, d 2, 6, 5, 1 5) are propor- be” 
[ tienal, the reftangle of the means divided by either extreme, 
| will give the other extreme, 5 


For, 
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For, by the ſecond Theorem, ad = bc (2 x 15 = 
6 * 5), whence dividing both ſides of the equation by 


6 * c 
a (2), we have 4 = (15 = 2). Hence, if the 


two means and one extreme be given, the other extreme 
may be found. | 


THEOREM IV. 


The products of the correſponding terms of two geometri- 
cal proportions, are alſo proportional. 

That is, if a:4:3c:d, and e: /:: g: B, then 
will ae: bf : cg: dh. 

a c 833 . 

For 7 = 75 and 7 = by ſuppoſition; whence 
7 7 7 4. by equal e and conſe- 
quently mw E. (by p. 18); that is, ae: bf: : cg: dh, 


— 


Hence it follows, that, if four quantities are propor- 
tional, their ſquares, cubes, &c. will likewiſe be pro- 
portional. 


THEOREM: --Y. 
If four quantities, a, J, c, d, (2, 6, 5, 15) are proportional, 


I. inverſely, b:a::d:c(6:2::15: 5) 
„en „nn: 171 
„3. compoundedly,a:a+b::c:c+d(2:8:: 5: 20 
S 1.4. dividedly, a:b—a::c:d—(2:4:': 5: 10 
0 5. mixtly, b+ a:b—a::d+c:d—c(8 : 4: : 20: 4 
6. by multiplication, ra: 76::c:d(2r:br:: 5: 15) 
5 a . 
7. by diviſion, 7 7614 2 7: : 515) 


Becauſe the product of the means, in each caſe, is equal 


to that of the extremes, and therefore the quantities are 


proportional, by Theorem 2. | 


I THEOREM 


4 OF PROPORTION, 
THEOREM VI. 


If three numbers, a, b, c, (2,4, 8) be in continued pro- 
portion, the ſquare of the firſt will be 19 that of the ſecond, 
as the firſt number to the third; that is, a“: :: c. 


For, ſince a:b::6b:c, thence will ac = bb, by 
Theorem 1 ; and therefore aac = abb, by equal multi- 
plication ; conſequently a*: b*: :a:c, by Theorem 2. 

In like manner it may be proved, that, of four quan- 
tities continually proportional, the cube of the firſt is to 
that of the ſecond, as the firſt quantity ro the fourth. 


THEOREM II. 


In any continued geometrical proportion (T, 3, 9, 27, 81, 
Ec.) the product of the two extremes, and that of every other 
two terms, equally diſtant from them, are equal. 


For the ratio of the firſt term to the ſecond, being 
the ſame as at of the laſt but one to the laſt, theſe four 
terms are in proportion; and therefore, by Theorem 1, 
the rectangle of the extremes is equal to that of their 
two adjacent terms: and, after the very ſame manner, 
it will appear, that the rectangle of the third and laſt 
but two, is equal to hat of their two adjacent terms, the 
ſecond and laſt but one; and ſo of the reſt, Whence 
the truth of the propoſition is manifeſt. 


THEOREM VIII. 


The ſum of any number of quantities, in continued geome- 
trical proportion, is equal to the ee of the redtangle 
of the ſecond and laſt terms and the ſquare of the firſt, di- 
vided the difference of the firſt and ſecond terms, 

For, let the firſt terra,of the proportion be denoted 
by a, the common ratio by r, the number of terms by 
2, and the ſum of the whole progreſſion by x: then it 
is manifeſt that the ſecond term will be exprèſſed by ar, 
or ar; the third by arxr, or ar“; the fourth by ar*xr, 


or a@r?, and the xth, or laſt term, by ar; and there- 


fore the proportion will ſtand thus, a + ar + ar* + ar 


22 =] — . 2 
+. „ a + ar =»; which equation, mul- 
tiplicd 
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tiplied by r, gives ar + ar ar ar. o+ art 
+ ar” =rx; from which the firſt equation being ſub- 
trated there will remain — a + ar” =rx—x ; whence 

n fin I Nm 
ar — a __ Tr X ar rs a ES —aaz 
Ss COR - 


7 1 1721 
as was to be demonſtrated. 


— * is 7 0 * — 
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The application of Algebra to the reſolution of nu- 
merical Problems, 


HEN a Problem is propoſed to be ſolved alge- 
braicaily, its true deſign and ſignification ought, 
in the firſt place, to be perfectly underitood, ſo that (if 
needful ) it may be abſtracted from all an biguous and 
unneceſſary phraſes, and ti conditions thereof exhibit- 
ed in the cleareſt light poilible. This being done, and 
the ſeveral quantities therein concerned being denoted 
by proper ſymbols, let the true ſenſe and meaning of the 
queſtion be tranſlated from the verbal, to a ſymbolical 
form of expreſſion; and the conditions, thus expreſſed 
in algebraic terms, will, if it be properly limited, give 
as many equations as are neceſlary to its olution. but, 
if ſuch equations cannot be derived without ſome pre=- 
vious operations (which frequently happens to be the 
caſe), then let the Learner obſerve this rule, viz. let 
him conſider what method or proceſs he would uſe to 
prove, or ſatisfy htmſelf in, the truth of the lolution, 
were the numbers that anſwer the conditions of the 
queſtion to be given, or affirmed to be ſo and ſo; and 
then, by following the very ſame iteps, only uſing un- 
known ſymbols inſtead of known numbers, the queſ- 
tion will be brought to an equation. 
Thus, if the queſtion were to find a number, which 
being multiplied by 5, and 8 ſubtracted from the pro- 
duct, 
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duct, the ſquare of the remainder ſhall be 144; then, 


having put a=$5,6=8, and c = 144, ſuppoſe the 
number ſought 


to be — JC 
then 5, or @ times that num- 
ber will be — 1 mw 


6 


from which 8, or ô being ſub- 

tracted, there remains c 2 ax—b 
which, ſquared, is — — 144 [a*x*—2axb + F, 

Therefore a*x*— 2axb+6b* is = c (or 144) according 
to the conditions of the queſtion. In the ſame manner 
may a queſtion be brought to an equation when two or 
more quantities are required, 

After the conditions of a problem are noted down in 
algebraic terms, the next thing to be done, is to con- 
fider whether it be properly limited, or admits of an in- 
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definite number of anſwers; in order to diſcover which, 3 
obſerve the following rules. 71 
RULE I. 0 

IWhen the number of quantities ſought, exceeds the num« 


Co 


ber of equations given, the queſtion (for the general part) 
75 capable of innumerable anſwers. 

Thus, if it be required to find two numbers {x andy) 
with this one ſingle condition, that their ſum ſhall be 
100, we ſhall have only one equation, viz. x + y = 1co, | 
but two unknown quantities, x and y, to be deter- 
mined ; therefore it may be concluded, that the queſ- 
tion will admit of innumerable anſwers. 


RULE II. 


But if the number of equations, g den from the condi- 
tions of the queſtion, is juſt the ſame as the number of quan- 
tities fought, then is the queſtion truly limited. 1 

As, if the queſtion were to find two numbers, whoſe 
ſum is 100, and whoſe difference is 20; then, x being 
put for the greater number, and y for the leſs, we ſhall 
have 4 + = 100, and - = 20 : therefore, there 
being here two equations and two unknown mags 1 
0 the 
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the queſtion 
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two numbers that can anſwer the conditions thereof. 


77 
is truly limited; 60 and 40 being the only 
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RULE III. 


pen the number of equations exceeds the number e 


. quantities ſought, either, the conditions of the problem are 
. inconſiſtent one with another, or what is propoſed, in general 


terms, can only be poſſible in certain particular caſes. 


But it is to be obſerved, that the equations underſtood 


here, as well as in the preceding rules, are ſuppoſed to 
be no ways dependent upon, or conſequences of one an- 
other. If this be not the caſe, the queſtion may be either 
unlimited, or abſurd, or perhaps both, at the ſame time 
that it ſeems truly limited; as will appear by the fol- 


lowing example. 

Wherein it is required to find three numbers, under 
theſe conditions; that the ſum of once the firſt, twice 
the ſecond, and three times the third, may be equal to a 
given number ; that the ſum of four times the firſt, 
Ave times the ſecond, and fix times the third, may be 
equal to a given number c; and that the ſum of ſeven 
times the firſt, eight times the ſecond, and nine times 
the third, may be equal to a third given number 4. 
Now, the three numbers ſought being, reſpeCtively, de- 
noted by x, y, and z, the queſtion, in algebraic terms, 
will ſtand thus, : 

x + 2y + 32 25 

4x + 5y + 62 c 

7x + dy + 9z d. 
Here, there being three equations and juſt the ſame 
number of unknown quantities, one might conclude the 
queſtion to be truly limited: but, by reflecting a little 
upon the nature and form of theſe equations, the con- 
trary will ſoon appear ; becauſe the laſt of them includes 
no new condition but what is compriſed in, and may be 
derived from the other two; for, if from the double of 
the ſecond, the firſt equation be taken away, the value 
of-7x+8x+9z will from thence be given = 2c — þ, 
Hence it is manifeſt, that giving the value of 7x + 85 
+ 92, in the third equation, contributes nothing to- 
wards 
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wards limiting the problem ; and that the problem itſelf 
is not only unlimited, but alſo impoſſible, except when 
d is given equal to 2c — 6b, 

Having laid down the neceſſary rules, for bringing 
problems to equations, and for diſcovering when the 
are truly limited, it remains that we illuſtrate what is 
hitherto delivered by proper examples, 


Arithmetical Problems. 


PROBLEM I. 
To find that number, to which 75 being added, the ſum 


ſhall be the quadruple of the ſaid required number. 


Let the number ſought be repreſented bj. .. x, 
then will its quadruple be denoted by . . 4x; 
whence, by the conditions of the queſtion, x +75=4x; 
this equation, by tranſpoſing x, becomes. . 75 ; 


from whence, dividing by 3, we have x = 22 =25, 


which is the number that was to be found (for it is plain 
that 25 + 25 X 3 = 25 X 4 = 100). 


PROBLEM II. 


What number is that, which being added to 4, and alſo 
multiplied by 4, the product ſhall be the triple of the ſum? 

Let the number ſought be denoted by . . x; 
ſo ſhall the ſum be denoted by , , . . . a+4 
and the product by . , . „„ 
whence, by the conditions of the queſtion, 4x = 


x +4 * 3; that is, 4x = 2x + 12; from which by 
tranſpoſition, x = 12. 


PROBLEM III. 


To find two numbers ſuch, that their ſum ſhall be Zo, 
and their difference 12. 


If x be taken to denote the lefſ>r of the two numbers; 
then, by adding the difference 12, the greater number 
will be denoted by x + 12; and ſo we ſhall have 
2x + 12 = 30, by the queſtion. 

From which equation, 2x = 30—12 = 18; and con- 


2 ſequently 


* 0 
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| By ſequently x = 22 =9: whence the greater number 

* 2 ä 
14 8. (x + 12) is alſo given — 21. 
HO PROBLEM IV. 
; 5 To divide the number 60 into three ſuch parts, that the 
= fr/t may exceed the ſecond by 8, and the third by 16. 
EE © Let the firſt part be denoted by x; then the ſecond 
will be x —8, and the third x —16: the aggregate of 
all which, or 3x — 24 is = bo, by the queſtion. 

8 

Hence 3x = 60 + 24 = 84, and x = = — 28: ſo 

that 28, 20, and 12, are the three parts required. 


PROBLEM V. 


The ſum of 6601. was raiſed (for a certain purpoſe) 
by . „ 8 G TT D 2 B E 
twice as much as A; C as much as A and B; and D as 
much as B and C: what did each ferſen contribute? 

Let the ſum or number of pounds advanced : 

by A, be called * 
then will the number of B's pounds be denoted by 2x, 
that of C's by — — — — — — — ze, 
and that of D's by — — — — — — 5x; 


the ſum of all which is given equal to 6601. that is, 
IIx = 660: from whence x = _ '= 60. Therefore 


60, 120, 180, and 3001. are the reſpective ſums that 
were to be determined. 


PROBLEM VI. 

A certain ſum of money was ſhared among five perſons, 
A, B, C, D and E; whererf B received 101. leſs Han 
A; C11. more than B; D 5 l. leſs than C; E 151. 
more than D : moreover it appeared, that the ſhares ef the 
two laſ? together were equal to the ſum of the ſhares of the 


other three: What was the whale jum ſhared, and haw 
much did each receive? | 
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Let x denote the ſhare of A: 
x — 10 B, 
tben 9 * + o will be the ſhare of 8. 
x + 16 E; 


and therefore 2x + 17 = Jx — 4s by the queſtion : v | 
from whence, by tranſpoſition, 21 = x; ſo that 21, 
11, 27, 22, and 37 J. are the ſeveral required ſhares; 


amounting, in the whole, to 1181. 


PROBLEM VII. 


To find three numbers, on theſe conditions, that the ſun | 


of the firſt and ſecond ſhall be 15; of the firſt and third 
16; and of the Foy and third 15 | 


If the firſt number be denoted hb x; then it is plain, 3 
by the queſtion, that the ſecond will be repreſented by 


15 — x, and the third by 16 — x. But the ſum of 
theſe two laſt is given equal to 17 ; that is, 31 —2x = 
17 ; Whence, by tranſpoſition, 14 = 2x; and conſe- 


quently x = 5 =7. Hence 15 — * 8, and 16—z 


= 9; which are the other two numbers required. 


PROBLEM VIII. 


To find that number, which being doubled, and 16 ſub- 
tracted from the product, the remainder ſhall as much ex- 
ceed 100 as the required number itſelf is leſs than 100. 

The number ſought being denoted by x, the double 
thereof will be repreſented by 2x ; from which ſubtraQ- 
ing 16, the remainder will be 2x— 16; and its ex- 
ceſs above 100, equal to 2x — 16— 100 : therefore 
2x — 16 — 100 = 100 — x, by the queſtion ; whence 


3x = 216; and conſequently x = 2 = 72. 


PROBLEM IX. 


To divide the number 75 into two ſuch forks that three 

times the greater may exceed ſeven times the leſſer by 15. 
Let the greater part be = x; then will the leſſer 
part 
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W part = 75 — x, and we ſhall have 3x — 15 = 
74S 75-=xX7; or, which is the ſame, 3x —I5=525—7x: 
from whence 10x = 540, and conſcquently x = 54. 


PROBLEM X. 


Two perſons, A and B, having received equal ſums of 
money, A out of his paid away 251. and B of his 601. 
and then it appeared that A had juſt twice as much 

money as B: what money did each receive? 
5. Suppoſe x to denote the ſum received by each per- 
& ſon; then A, after paying away 25. had x — 25; 
and B, after paying away 601. had x— 60: hence 
= x — 25 = 2x — 120, by the queſtion; and therefore, 
120 — 25 = 2x — x, that is, 95 = x. | 

PROBLEM XI. 

To find that number, whoſe 5 part exceeds its æ part 
by 12. | 

Let the number ſought be repreſented by x; then 


T1254 WER X I 
== will T7 * = 12, by the conditions of the problem; 
which equation (by multiplying every numerator in- 
tds all the denominators, except its own) gives 4x 
= — 3x = 144, that is, x = 144. 


. PROBLEM XII. 


= That ſum of money is that whoſe 4 part, * part, and 
le part, added together, ſhall amount * 94 * 19 a 
t- RE if „ be the number of pounds required, then will 
r- = 


| ; | 4 + —+ = 94 : from whence, by reduction, 20x + 
© BE 15% + 12x =94 x 60, that is, 47x = 94 x 60; and 
therefore x 2 Xx 60 = 120, | 


PROBLEM XIII. 


XV In a mixture of copper, tin, and lead, one half of the 
_—= hee— 161b. was copper; one third of the whole — 12 lb. 
in; and one fourth of the whole + 41b. lead: what quan- 
tity of each was there in the compoſition ? 

G Let 


e 
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Let x denote the weight of the whole; 


* 6] 985 
p be the weight 


has will 4 44 ö of the tin, 


4 + 4 Lead; 


and, if all theſe be added together, we ſhall have 
7 * 2 2 — 24 = x, by the queſtion. Hence by 
reduction, 12x + 8x + 6x — 576 = 24x; therefore 
2x = 576, and x = 572 = 288. $0 that there were 


128 Ib. of copper, 841b. of tin, and 761b. of lead. 


PROBLEM XIV. 
Mat ſum of money is that, from which 5 1. being ſub- 
tracted, two thirds of the remainder ſhall be 401. ? 
Let x repreſent the required ſum ; then, 5 being ſub- 
tracted, there will remain x—5; two thirds of which 


. — 2x — 10 
will bex—5 Xx 2, or we 4 and ſo by the queſtion, 


we have = 40: whence 2x — 10 = 120; 


PROBLEM XV. 


Nat number is that, which being divided by 12, the 


quotient, dividend, and diviſor, added all together, ſhall 
amount to 64 


Let x = the required number ; ſo ſhall ; 
— + x + 12 = 64, by the conditions of the queſtion. 


Whence x + 12x = 52 X 12, or 13x = 624; and con- 


ſequently x = = = 48. 
| 2 P R O- 


E 


1. 


1- 


to the ResoLuUTtoN of PropLEeMs. $3 
PROBLEM XVI. 5 
"Ts find two numbers in the proportion of 2 te 1, fo that, 
if 4 be added to each, the two ſums thence ariſmg ſhall be in 
proportion as 3 to d. | F 1 

[at x denote the leſſer number; then the greater will 
be denoted by 2x; and fo, by the guęſtion, we ſhall have 
2x +4ix+4::3:2 From whence, as the product 
of the two extremes, of. any four proportional num- 
bers, is equal to the product of the two means, (/ce 
Section io. Theorem 1.) we have the following equation, 
Viz. 2x +4 X2=x + 4 X 3, that is, 4x +8 = 
23x + 12; whence x = 4, and 2x = 8: which are the 
two numbers that were to be found. | 

PROBLEM XVII: 

A prizg of 20001. was divided between two perſons, 
whoſe ſhares therein were in proportion as 7 to 9 : wha? 
was the ſhare of each? h LES 

If x = the ſhare of the firſt, then that of the ſecond 
will be 2000—x; and we ſhall have x : 200 : 7 : 9. 

Hence, by multiplying the extremes and means, 
gx = 14000 — Fx; from which x is found = * = 


8751. and 2000 — x = 11257. 


PROBLEM XVIII. 

A bill of 1201. was paid in guineas and moideres, and 
the number of pieces of both ſorts was juſt 100; to find 
bow many there were of each. 8 

If x = the number of guineas, then will 100 — „ be 
the number of moidores : therefore, he number of 
ſhillings in the guineas being 21x, and, in the moidores, 
27 X 1cO— x, we have 21x + 27 X 100 — x = 
120 Xx 20 = the ſhillings in the whole ſum: hence, 
by multiplication, 21x ＋ 2700 — 27x = 2400; and 


F'= == = 50, 


G 2 5 6. 
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PROBLEM XIX. 


A labourer engaged to ſerve 40 days, on theſe conditions, 
that for every day he worked he was to receive 20 pence, 
but that, for every day he played, or wag abſent, he was to 
forfeit 8 pence; now, after the 40 days were expired, it was 
found that he had to receive, upon the whole, 380 pence : 
the queſtion is, to find haw many days of the forty he worked, 
and haw many he played. 

Let the number expreſſing the days he worked, be re- 
preſented by x; then the number of days he played will be 
expreſſed by 40 — x: moreover, ſince he was to receive 
20 pence for every day he worked, the whole number of 
pence gained by working, will be 20x; and for the like 
reaſon, the number of pence forfeited by playing, or 
being abſent, will be 8 x 40—x, or 320 — 8x; which 
deducted from 20x, leaves 28x— 320, for the ſum total 
of what he had to receive: whence we have this equa- 
tion, 28x — 320 = 380; from which 28x = 380 + 
320 = 700, and conſequently x = _ =» 25, equal 
to the number of days he worked; therefore 40 — 25 
= 15, will bg the number of days he played, 


PROBLEM XX. 


A farmer would mix two ſorts of grain, viz. wheat, 
worth 48. a buſhel, with rye, worth 28. 5d. the buſhel, 
fo that the whole mixture may conſiſt of 100 buſhels, and 
be worth 3s. and 2d. the buſhel: now it is required to find 
how many buſhels of each fort muſt be taken to make up 
ſuch a mixture. | 8 

Let the number of buſhels of wheat be put = x, and 
the number of buſhels of rye will be 1oo - but the 
number of buſhels multiplied by the number of pence 
per buſhel, 1s equal to the number of pence the whole 
is worth; therefore 48x is the whole value of the wheat, 


aud 30 Xx 100 — x, or 3000 — Zox, that of the rye; 
and conſequently, 48x + 3000 — 3ox, the ſum of theſe 
two, the whole value of the mixture: which, 4y the 
geſtion, is equal to 100 x 38, or 3800 pence : hence 

we 
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we have 48x + 3000 — 30x = 3800; and therefore 


* == = 444, the number of buſhels of wheat; 


whence the number of buſhels of rye will be 100 — 
445 = 555+ 
PROBLEM XXI. 


A farmer ſold, to one man, 30 buſhels of wheat and 40 
of barley, and for the whole received 270 ſhillings ; and te 
another he ſold 50 buſhels of wheat and 30 of barley, at the 
ſame prices, and for the whole received 340 ſhillings : now 
it is required to find what each fort of grain was ſold at 
per buhel. : 

Let x and y be, reſpectively, the number of ſhillings 
which a buſhel of each fort was fold for; then, from 
the conditions of the queſtion, we ſhall have theſe two 
equations, viz. | 

3ox ＋ 40y = 270, 
50 + 30% = 340; 
from 4 times the ſecond of which ſubtract 3 times the 


firſt, ſo ſhall 110x = 550; and conſequently x = = 
| I 
= 5: moreover, by ſubtracting 3 times the ſecond, from 


5 times the firſt, you will have 110% = 330, and there- 


= 230 — 

my = OW 
Far {SPREE OX 227% 
50 Xx 5 + 30 Xx 3 = 340. 


PROBLEM XXII. 

A fon aſting his father how old he was, received the 
following reply ; My age, ſays the father, 7 years ago, tvs 
juſt four times as great as yours at that time; but 7 years 
hence, if you and I live, my age will then be only double ta 
yours & it 1s required to find from hence, the age of each 


perſon. 

et x repreſent the age of the ſon ſeven years be- 
fore the queſtion ; then the age of the father, at that 
time, was 4x, by the conditions of the queſtion; and, 


G 3 it 
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if each of theſe ages be increaſed by 14, it is plain that 
x + 14 and 4x + 14.will reſpectively expreſs the two 
ages 7 years after the time in queſtion ; whence, again, 
by the problem, we have 4x + 14 = 2 x x + 14; from 
which x = 7, and 4x = 28; therefore 5 + 7 = 14. 
and 28 + 7 = 35, are the two ages required. 


For 3$—=7= .=—7 * 4 
35 F 7 = 14 + 7 X 2. 
PROBLEM XXIII. 


A gentleman hired a ſervant for 12 months, and agreed 
to allow him 201. and a livery, if he ſlaid till the year 
was capired; ut at.the end of 8 months the ſervant went 


away and receives 121 and the livery, as a proportional 


part of bis wages: the queſtion is, what was the livery 
valued at © 55 

Let x be the value fought; then 20 + x will be the 
whole wages for 12 months, and 12 ＋ x the part there- 
of wnich hc received for 8 months. 

But, he wages being in the ſame proportion as the 
times in which they are earned, or become due, we 
ther-ioie have, as 12: 8: : 20 T: 12 + x; whence 


12> 12 T * = 8420 + x, or 144 + 12x = 160 + 8x, 
(by I heor. I. p. 72) conſequently 12x — 8x = 160 — 


I 
144, and x = — = 41. 
44 4 4 


O 


PROBLEM XXIV. 

Four per ſens, A, B, C, D, ſpent twenty ſpillings in 
cemtany t geiler; wherecof A propojed io pay 3; B 
C; ana D fart; but, when the money came to be 
collected, they found it was not ſufficient to anſwer the in- 
tended furpoje : the queſiion then is, to find how much each 
per ſon nuſt contribute, to 15.488 up the whole reckoning, ſup- 
Peſing their ſeceral // ares to be io each other in the propor- 
tion above [ſpecified ? 

Let x be the ſhare of A; then it will be, as 


* 
1 35 or, as 4: 31 :x: S the ſhare of B; and, as 
1 p _ 4 


1 


=O. A. 
" Y Wa _ . * 


* 


I. os 
4 "a 1 * 
e A5 


* 


. 
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1:4, or, as 5: 3 : x : * = the ſhare of C; alſo, as 


* 
1: Lot, 4 * — = the ſhare of P. 


x 
Therefore, by the queſtion, x + 4 + - + — = 204 


whence, 40x + 30x + 24x + 20x = 800, that is, 114 


= 800; and conſequently x = = = 74, the ſhare 


of A; therefore ( 21 that of B will be = 545 : that 
of C 5 = 415; and that of D (=) = 377» 


PROBLEM XXV. 


A market-woman bought in a certain number of eggs, at 

2 a penny, and as many at 3 a penny, and ſold them all out 

again, at the rate of 5 for two pence, and loſt Four jpence 
by fo doing : what number of eggs did ſbe buy and ſell? 

et x be the number of eggs of each price, or ſort ; 


then — will be the number of pence which all the firit 


„5 8 
ſort coſt, and — the price of all the ſecond ſort; but 
$ 


the whole price of both ſorts together, at the rate of 
5 for two pence, at which they were fold, wi! be 


* A. 
5 (for as 5: 2: : 2x (the whole number of eggs): 
5 
. | 
hence, by the queſtion, ” + — — * = 4; whence 
15* + 10 — 24x = 120, and therefore x = 129. 


— — nk 
F —_— — — a — ene — — 
* TY 5 F * 2 =60+40—96 = 4, 


PROBLEM XXVI. 


A compoſition of copper and tin, containing 100 cubio 
'nches, being weighed, its weight was found to be 505 
84 | ounces ; 
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ounces : how many ounces of each metal did it contain, 
ſuppaſing the weight of a cubic inch of copper to be 55 
ounces, and that of a cubic inch of tin 4, ?. 

Let x be the number of ounces of copper ; then 
5o5 — x will be the number of ounces of tin, and we 


ſhall have 


5 : I (cubic inch): 2575 inches of copper, 
| 7 
505 — Xx 


55 pay FER Fe. inches of tin, 
4 


Therefore 5 + 22 
5: 44 
Whence 4% x x + 5 X 505 = 5x4 * 100, thatis, 
17 XX 21 X SOS —xX,__ 21 X17XI00, __ 21XI17X25 
D eee, 
4 "IE 4X4 4 
which, by rejecting the common diviſor, becomes 
17x + 21 X 505 —x = 21 X 17 * 25 = 8925, 


of 17x — 21 = 8925 — 10605 = — 1680. From 
1680 


= 100, by the gueſiion, 


whence x = = 420; and 505 — x = 8; 


which are the two numbers required. 


The ſame otherwiſe. 


Suppoſe x to be the number of ſolid inches of cop- 
per; then the number of inches of tin being 100 — x, 
we have 51 X x + 44 * 100 — x = 505, that is 
g3x + 425 — 43x = 505, or x = 505 — 425 = 80; 


which, multiplied by 57, gives 420, for the ounces of 
copper. 


PROBLEM XXVII. 


A ſhepherd, in time of war, fell in with a party f 
ſoldiers, who plundered him of half his flock, and half a 
ſheep over; afterwards a ſecend party met him, whg took 
half what he had left, and half a ſheep over; and, ſoon after 
this, a third party met him, and uſed him in the ſame 
manner ; and then he had only five ſheep left : it is required 
10 find what number. of ſheep be had at firſt, 1 

FAY Let 
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Let x (as uſual) be the number ſought ; then, ac- 
XX cording to the queſtion, the number of theep left, after 
being plundered the firſt time, will be expreſſed by 
i — X 1 

L; the half of which is 
X—T & —_ 
1) x7 
WE will be the number of ſheep left after being plun— 


. f 1 * — 3 
= dcred the ſecond time: in like manner, if from ——= 


8 
4 (the half of oe) you, again, take 2, there will re- 


» from 


* 


37 * * 
, or 
ws” 2 


XX whence ſubtracting 2, the remainder ( 


Xx — — 


8 — 2 or , the number of ſheep re- 


_ .. 5 
Se, maining at laſt. Hence we have 8 * 33 there- 


main 


* 


fore x — 7 = 40, and x = 47. 
PROBLEM XXVIII. 


The difference of two numbers being given, equal to 4, 
and the difference of their ſquares, equal to 40; to find 
the nun bers, | 

Let the leſſer number be x; then, the difference be- 
ing 4, the greater muſt conſequently be x + 4, and its 
ſquare xx + 8x +46, from which xx, the ſquare of 
the leſſer being taken away, the difference is 8x + 16: 
therefore 8x + 16 =40; which, reduced, gives K 3; 
whence x + 4 = 7; therefore the two required num- 
bers are 3 and 7. 

All the problems hitherto delivered are reſolved by a 
numeral exegeſis, wherein the unknown quantities, only, 
are repreſented by letters of the alphabet ; which 
ſeemed neceſſary, in order to ſtrengthen the Beginner's 
idea, at ſetting out, and lead him on by proper grada- 
tions: but it is not only more maſterly and elegant, 
but alſo more uſeful, to repreſent the known, as well 
as the unknown quantities, by algebraic fymbols ; ſince 
'rom thence a general theorem is derived, whereby 


3 all 


. 
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all other queſtions of the ſame kind may be re. 
ſolved. 

As an inſtance hereof, let the laſt problem be again 
reſumed; then, the given difference of the required 
numbers being denoted by a, the difference of their 
ſquares by &, and the leſſer number by x; the greater 
will be x + a, and its ſquare x* + 24 + a from 
which, x*, the ſquare of the leſſer number, being de» 
ducted, there remains 2xa + a* = þ : whence, if aa 
be ſubtracted from both ſides, there will remain 2ax = 


6 4 | 
b — aa; this, divided by 2a, gives x = „5 and 


h . 
conſequently x ＋ a = 2 * 2. Hence it appears, 


that, if the difference of the ſquares be divided by 
twice the difference of the numbers, and half the dit— 
ference of the numbers be ſubtracted from the quotient, 
the remainder will be the leſſer number; but if half 
the difference of the numbers be added to the quotient, 
the ſum will give the greater number. Thus, it the dit- 
ſcrence (a) be 4, and the difference () of the ſquares 


40 (as in the caſe above) ; then bod the difference 


of the ſquares, divided by twice the difference of the 
numbers, will be 5; from which ſubtracting (2) half 
the difference of the numbers, there remains 3, for the 
leſſer number ſought : and, by adding the ſaid half 
difterence, you will have 7 = the greater number. In 
the {ſame manner, if the difference of the two numbers 
had been given 6, and the difference of their ſquares 


60, the numbers themſelves would have come out 2 and 
8: and ſo of any other. 


PROBLEM XXIX. 


Having given the ſum of two numbers, equal to 30, 
and the difference of their ſquares, equal to 120; to find 
the numbers, 

Put 4 go, and g 120, and let x be the leſſer num- 
ber ſought, and then the greater will be a— x ; whoſe 

ſquare 


5 = 2 „ YT: . 
= a - N : * 
3 9 . 34 . ” 
* q 4 9 

G GK 4 +4 +4 


ag _”__/ - —U 0 * — go 


— WW wo wo. 0, a TSF 


ha Sl 


ik \> * 


WW Therefore the greater (a—x) will be = 4 — 2 5 
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We: a ſquare is aa — 24 + x* from which the ſquare of the 
leſter being ſubtracted, we have a* —2ax = b; this re- 


a b 


= duced, gives x, the leſſer number, = — — — = 13. 


2  ” I 
a 


b a 3 


= = 17. But if the greater number 


22 2 22 
bad been firſt made the object of our enquiry, or been 


put S x, the leſſer would have been @— x, and its 


ſquare a* — 2ax + x*, which ſubtracted from x* leaves 


b a 


E 2ax - =b; whence 2ax ⁰ a, and x =— + — 


2a 2 
= 17, the ſame as before, 


PROBLEM XXX. 


F one agent A, alone, can produce an effect e, in the 
time a, and another agent B, alone, in the time b; in how 
long time will they both together produce the ſame effect? 

Let the time ſought be denoted by x, and it will be, 


2a wite: 1. the part of the effect produced by A: 


(Theor. 3. p. 72) alſo, as Y: X:: e: A. the part pro- 


duced by B: therefore 7 7 = e. Divide the whole 


by e, and you will have — + — =1; and this, re- 
b 
727 re After the ſame manner, if 
there be three agents, A, B, and C, the time wherein 
they will all together produce the given effect, will 
abe 
ab + ac + bc 
Example. Suppoſe A, alone, can perform a piece of 
work in 10; B, alone, in 12 days; and C, alone, 
in 16 days; then all three together will a the 
5 | ame 


duced, gives x = 


Come out = 
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fame piece of work in 4% days; for in this caſe, 
a being = 10, b = 12, c = 16, it is plain that 
abc IO X 12 X 16 


— — — — — . + 
ab + ac + be (0X12 10 X16 + 12x 160) . 


PROBLEM XXXI. 
Two travellers, A and B, ſet out together from the 
ame place, and travel both the ſame way; A goes 28 mile; 
the firſt day, 26 the ſecond, 24 the third, and ſo on, de- 
ereaſing two miles every day; but B travels uniformly 
20 miles every day : naw it is required to find how many mile 
each perſon muſt travel before B comes up again with A? 


Let x = the number of days in which B overtakes 
A ; then the miles travelled by B, in that time, will 
be 20x; and thoſe travelled by A, 28 + 26 + 24 + 22, 
&c. continued to x terms; where the laſt term (ö 


Section 10. Theorem 3) will be equal to 28 —2 x x —1, 
or 30—2x; and therefore the ſum of the whole pro- 
greſhon equal to 28 + 30 — 2x X zx, or 29x — * (by 
Theorem 4). Hence we have 20x = 29x — x*; whence 
20 = 29 —x, and x = 9: therefore 20 x 9 = 189 
is the diſtance which was to be found. 


PROBLEM XXXII. 

To find three numbers, ſo that + the firſt, 4 of the ſe- 
cond, and + of the third, ſhall be equal to 62; + of the 
firſt, 1 of the ſecond, and 5 of the third, equal to 47; 
and 7 of the firſt, 3 of the ſecond, and ; of the third, equal 


70 38. 
Put a = 62, b = 47, and c = 38, and let the num- 
ders ſought be denoted by x, y, and x; then the condi- 


tions of the problem, expreſſed in algebraic terms, will 
ſand thus, | 


FR 2 
1 
x y 2 
. 
5 
* y 2 
t. 
3 


W hich, 


W a oe. et-.2. vt wn 


Abi wa 
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Which, cleared of fractions, become 
6x + 4y + 32 124, 
20x + 15y + 12z = 606, 

15* + 12y + 102 = oc. _ 

And, by ſubtracting the ſecond of theſe equations 
from the quadruple of the firſt, (in order to exterminate 
= =) we have 4x + y 48 — 605; moreover, by taking 
WS 2 times the t ird from 10 times the firſt, we have 15 * + 
= 4y = 120a — 180c; this ſubtracted from 4 times the 
= laſt, leaves x = 724 — 240b + 180c = 24; whence 


WE > (48: — 60% — 4x) = 60, and z (DES) 


= 120. 
24 60 120 | | 
2 1 2 ＋ 4 12 1 204 30 = 62, 
For +2 += 8 + 15 + 24 = 47» 
24 00 - 20 
7 771 5 6 + 12 + 20 = 38. 


| 
L 


— = SS MG. 6 AER. comm ob. ane 


PROBLEM XXXIII. 


= A gentleman left a ſum of money to be divided among 
== four ſervants, ſo that the ſhare of the firſt was ⁊ the ſum of 
+ RX the /hares of the other three; the ſhare of the ſecoud 
be + of the ſum of the other three; and the ſhare of the 
bird ; of the ſum of the other three; and it was alſo found 
il that the ſhare of the firſt exceeded that of the laſt by 141: 
== the queſtion is, what was the whole ſum, and what was the 
are of each perſon ? : 
i- Let the ſhares be repreſented by x, y, z, and u, re- 
11  ſpettively, and let a= 14; then, by the queſtion, we 
= {hall have | 


Which 
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Which equations, cleared of fractions, become 


2x = y + 2 + u, 6208 
3y = x + 2 + uz ME 

4% = x + y + 2, 1 

4 — x — a a | LF. 

Now, if x be added to the firſt, y to the ſecond, ani 177 
à to the third, we ſhall get (æ +y + z TA) = g 166 * 
* * 1 
= 52; and from thence = = E, and y = 2 3 Which 11:20 
values being ſubſtituted in the firſt equation, we har 
„ . 
gx = 4 ＋ 5 „ but, by the «Rn 


ani ? 


> 19x 
20* Wy 


equation, # = x— à; therefore x'—@ = 


20a 3 
#.= 7 ＋ 40: conſequently y (=) — JO, 2 5 22 +74 


= 24, and u, (x — 14) = 26; and the whole un 1 
( TYTZ TA) = 1201. . 


PROBLEM XXXIV. . 


4 
ol 


To find four numbers, ſo that the firſt together with hal : 4 
the ſecond may be 357 ( a), the ſecond with ' of the thin . 
equal to 476 (b), the third with - of the fourth equal 8 
595 (e), and the fourth with +. of the firſt equal to 7514 (4) 

The required numbers being denoted by x, y, z ani 
u, and the conditions of the queſtion expreſſed in alge X 


2 Te: 


2 — 2 os hos, pp og pe 


*." CY 
w > «@ * 
mine 


braic terms, we have the four following equations: 

* be 

2 1 

gy + — = 65, . 
3 7 
4 4 = 

— ..Cg Wy 

4 A 

+ == 

&:+ = 2 ; 
5 2 = :; 
== 4 


From the firſt whereof we get x = a— 2 and 


* 
3 

1 

MN 
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* 5 4 , 

be 14 from the ee 22 WIN whence 0165 The = 5d — Fu, 
I 18 2 

744 "4% ' 

#56 


2 
therefore 24 — 10d + 10 = b — Fed x: 2 2 2 


| 4 

4 bl 
10 

hence 35 — ba + 30d — 30 = © 7 and 126 — 


4 = ba + 30d -— 30u; but, by the third, z = c — 


* 


$ 


+ 1204 — 1202 = 4c — 1; conſequently 2 = 
* + 1204 — — 4c 


MARE 119 
. 2 2 
111 n eee. 


= 6763; whence z e—; 


Otherwiſe, 


Let the firſt of the required numbers be denoted by x 
(as above); then, the ſum of the firſt and ; the ſecond, 
eine given equal to a, it is manifeſt that 2 the ſecond 
| WE muſt be equal to a minus the firſt, that is = a — Xx, and 
: 7 therefore the ſecond number = 2a — 2x: moreover, the 
5 . ſum of the ſecond, and 3 of the third, being given = b ; 
A it is likewiſe evident that + of the third mull be equal 


aa gu the third number itſelf = Pp 6a Fi 6x.-. In; 
the ſame manner it will appear that + of the fourth 
72 1 number =c— 3b + ba— 5x; and conſequently the 
fourth number itſelf, = 4c — 12 + 244 — _ : 


'$ 1 by the queſtion, * 125 + 244 — 24x + TY 


i 3 a —— Dp 2 
= d, and therefore x = = 24 IDS » + — 


8190; as above. 


FROBLEM: XXXV. 

To divide the number o (a) into feur ſuch parts, that, 
if the firſt be increaſed by 5 (b), the ſecond decreaſed ly 
4 (c), the third multiplied ty 3 (4), and the fourth di- 

Videa 


to h minus the ſecond, that 1 is =b6 — 2a + 2x, and con- 


— — — 
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vided by 2 (e), the reſult, in each caſe, ſhall be exactly the 


fame. | 
/ Let x, y, x and u, be the parts required ; then, by the 
gue/tion, we ſhall have theſe equations, viz. 
x Ty TZ T «= a, and 
x+b=y—c=d ==: 
Whence, by comparing dz with each of the three 
other equal values, ſucceſſively, x = dz — b, y = dz, 
Tc, and « =dez; all which, being ſubſtituted, for 
their equals, in the firſt equation, we thence get dz— 
b + dz +c + z + dez = a; whence dez + 2dz + 2 
þ nm 
=a +b—e and = = FIT = . There 
fore x ( dz - 5) = 16; ( dx Tc) = 253 and 
u (= dez) = 42. 


PROBLEM XXXVI. 


77 A and B, together, can perform a piece of work in 
8 (a) days; A and C together in g ( days, and B and 
C in 10 (c) days; how many days will it take each perſon, 
alone, to perform the ſame wort? 
Let the three numbers ſought be repreſented by x, 
y and z, reſpectively: then it will be, as x (days): 4 


(days) : : 1, the whole work, to = the part thereof 


a 


performed by A in à days; and, as y: 4: : 1: =, the 


part performed by B, in the ſame time; whence, Ly the 
a a 


queſtion, == + 7 = 1 (the whole work). And, by 
proceeding in the very ſame manner, we ſhall have | 


ORD . b | 
theſe two other equations, viz, — + = = 1, and 


— + — =1: let the firſt of theſe three equations 


7 
be divided by a, the ſecond by ö, and the third by c, 
and you wlll then have 1 


— 


4 
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„ 
* T $77: 
E 
"HE Cal? A 
—. oY 
F 
| CTR 7 2 c | 
which added all together, and the ſum divided by 2, give 
I I 1 1 1 x 
_ + s = —_ + = + 7 from whence, 


coach of the three laſt equations being ſucceſſively ſub- 
RX tracted, we get e 


8 2 5 E ee. 
5 Ta: x - 2abc , 
1 1 1 
7 — 1 T 
2 I bw H 
_— + o 5 = 2 2 „ ence 
1 2abc 5 1440 . 
— — be + ac + ab © — 90 + 80 + 72 © 575 
NINE RR OR TT 
, 2 ae © go—80 +72 © "7ers 
a Ef | 2 25 2 abe 5 1440 we RY 34 
fn — bc + ac—ab 90 + 80 — 72 1445" 
; Otherwiſe. | 
R Let the work performed by A in one day be de- 
noted by x; then his work in @ days will be ax, and in 
he days it will be bx; therefore the work of B in @ days 
A will be I —ax; and that of C, in 3 days, I — bx by 
by : the conditions of the problem; whence it follows 
e 1 w work of B, in one day, will be expreſſed by 
— ne | — — g 
ad „ and that of C, in one day, by — , but 
ns the ſum of theſe two laſt is, by the queſtion, equal to = 
ef the whole work, that is, = + T2 
4 H whence 


EI * , -” > Can = = 
a —̃ — — — 2 . 220” — 4 = 
= i * . n £ * * 1 


i 
4 
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| I T _ bc + ac — ab 
whence x = = * 88 zac » Equal 


to the work done by A in one day; by which divide 


2abc 
x (the whole) and the quotient, I ara Will give 


the required number of days in which he can finiſh the 
whole, 


PROBLEM XXXVII. 


To find three numbers, on theſe conditions, that a tim 
the firſt, b times the ſecond, and c times the third, ſhall le 
_ to a given number p; that d times the firſt, e time: 
the ſecond, and f times the third, ſhall be equal to another 
given number 9; and that g times the firſt, h times th 
ſecond, and k times the third, ſball be equal to a third give 
number r. 


Let the three required numbers be denoted by x,) . 


and z, and then we ſhall have 


ax + by + cz = þ, 
dx + ey + fz = q, 
gx + by + kz r. | 
From d times the firſt of which ſubtract @ times the 
ſecond, and from g times the firſt ſubtract à times the 
third, and you will have theſe two new equations, 
bay — ary + dz. — afz = dp — aq 
Yom 175 — aby + cg — akz = gþ — ar; 
or, which are the ſame, | 
d —aeXy + cd — af X z = dp — ag, 
e eee 4 
Multiply the firſt of theſe two equations by the cocfi- W 
cient of y in the ſecond, and vice verſa, and let the lat 


of the two products be ſubtracted from the former, and you 


will next have cd—af x bg —ah x z—bd—az xg -= 
— ar; 


* 2 = bg — ah x dþ — aq — ba—ae X gþ 3 
— * dp — ag —b4 — ae X gp ==. 5 
cd — af X by — ah — bd — ae * cg — at 5 
whence x and y may alſo be found. 


therefore z = 


Exampl. 


and 
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Example. Let the given equations be 
x+ y + 2 = 12, 
2x + Jy + 42 = 355 
f..... 1.5 | : FORO 
Or, which is the ſame thing, let 4 - = ly — Is 
5 12, 4 2, 2 3, f=444 = 38, g. = 3» 2 = ©» 
4 = and r = 83 If theſe valucs being | ubſtituted 
2-6) 24- 823 30 83 


2-4 3 6-2-34 3-10 


1 | Fa _ = = — 5 8 ; whence, alſo, we find 
er RE J (= 2 — 4 ==) = == — — 
% RR bd — ae ; GY 
„ R— 1 6 
M = = =4, nnd x (= * I Ne 
2) 4 e exhibited a variety of examples of the uſe and 
application of Algebra, in the reſolution of problems 
== producing ſimple equations, I ſhall now proceed to give 
ſome inſtances thereof in ſuch as riſe to quadratic equa- 
tions; but, firſt of all, it will be neceſſary to premiſe 
- = ſomething, in general, with regard to theſe kinds of 
tne | 1 


E equations. 


It has been already obſerved, that quadratic equations 
are ſuch wherein the higheſt power of the unknown 
quantity riſes to two dimenſions; of which there are 


two ſorts, viz. ſimple quadratics. and adfected ones. 


A ſimple quadratic equation, is that wherein the ſquare 
enly of the unknown quantity is concerned, as xx = ab; 
but an adfected one is, when both the ſquare and its 
root are found involved in different terms of the ſame 


aequation, as in the equation x* + 2ax = bb. The re- 
ſolution of the firſt of theſe is performed by, barely, 


extracting the ſquare root, on both ſides thereof: thus 
in the equation x* = ab, the value of x is given = V 26 
(for if two quantities be equal, their ſquare roots muſt 
neceſſarily be equal). The method of ſolution when 
the equation is adfected, = likewiſe by extracting the 


2 ſquare 
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ſquare root ; but, firſt of all, ſo much is to be added to 
both ſides thereof as to make that where the unknown 
quantity is, a perfect ſquare; this is uſually called com- 
pleting the ſquare, and is always done by taking half 
the coefficient of the ſingle power of the unknown 
quantity, in the ſecond term, and ſquaring it, and 
then adding that ſquare to both ſides of the equation, 
Thus, in the equation xx + 2ax = bb, the coefficient 
of x in the ſecond term being 24, its half will be a, 
which, ſquared and added to both ſides, gives x* + 2ax 
Ta = + a*; whereof the former part is, now, a 
perfect ſquare. The ſquare being thus completed, its 
root is next to be extracted; in order to which, it is to 
be obſerved, that the root, on the left-hand fide, where 
the unknown quantity ſtands, is compoſed of two 
terms, or members; whereqf the former is always the 
ſquare root of the firſt term of the equation, and the 
latter the half of the coefficient of the ſecond term: 
thus, in the equation, x* + 2ax + a* = b* + a, before 
us, the ſquare root of the left hand fide, * + 2ax ＋ a*s 


will be expreſſed by x + a (for x + axx+a=xt+ 
2ax + a*). Hence it is manifeſt that x + a = 
Vb* + a*, and therefore x = /b* + a* — a; from 
which x is known. Theſe kinds of equations, it is alſo 
to be obſerved, are commonly divided into three forms, 
according to the different variations of the ſigns: thus 
* + 22x = , is called an equation of the firſt form ; 
** — 2ax = , one of the ſecond form; and x*— 2ax 
= — one of the third form; but the method of 
extracting the root, or finding the value of x, is the 
ſame in all three, except that, in the laſt of them, the 
root of the known part, on the right hand ſide, is to 
be expreſſed with the double ſign + before it, x having 
two different affirmative values in this caſe. The reaſon 
of which, as well as of what has been ſaid in general, 
in relation to theſe kinds of equations, will plainly ap- 
pear, by conſidering, that any ſquare, as x*— 2ax + 
a, raiſed from a binomial root, x — 4 (or a—x) is 
compoſed of three members; whereof the firft is the 
ſquare of the fuſt term of the root; the tecond, a rect- 

angle 
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angle of the firſt into twice the ſecond ; and the third, 
the ſquare of the ſecond : from whence it is manifeſt, 
that, if the firſt and ſecond terms of the ſquare be 
given or expreſſed, not only the remaining term, but 
the root itſelf, will be found by the method above de- 
livered, 3 5 

But now, as to the ambiguity taken notice of in the 
third form, where ** — 2ax = — 57, or x* — 2ax + 
a* =a* —b*; the ſquare root of the left-hand fide 
may be either x— a, or a—x (for either of theſe, 
ſquared, produce the ſame quantity) therefore, in the 


former caſe, x =a + Vat — , and in the latter, 


x=a—Va*—b*; both which values anſwer the con- 
ditions of the equation. The ſame ambiguity would 
alſo take place in the other forms, were not the root (x) 
confined to a poſitive value. | 

When the higheſt power of the unknown quantity 
happens to be effected by a coefficient, the whole equa- 
tion muſt be divided by that coefficient ; and if the ſign 
of that power is negative, all the ſigns muſt be changed; 
before you ſet about to complete the ſquare. 

All equations, whatever, in which there enter only 
two different dimenſions of the unknown quantity, 
whereof the index of the one is juſt double to that of 
the other, are ſolved like quadratics, by completing 
the ſquare: thus, the equation * + 2ax* = b, by 
completing the ſquare will become x* + 2ax* + a 
=b + a*; whence, by extracting the root on both ſides, 


+ 4 Vs + a*; therefore x => Vb + 4 — @, 
and conſequently x = * DTA - 4. 


Theſe things being premiſed, we now proceed on in 
the reſolution of Problems. 


PROBLEM XXXVIII. 


Ts find that number, to which 20 being added, and from 
which 10 being ſubtracted, the ſquare of the ſum, added t 
twice the ſquare of the remainder, ſhall be 17475. 

Let the number ſought be denoted by x ; then, by 

H 3 condi- 
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conditions of the queſtion, we ſhall have x + 20] * + 2 
X x 100 = 17475; that is, * + 40x + 400 + 24 
— 40x + 200 = 17475; Which, contracted, gives 3x* 
= 16875, Hence & = 5625 ; and conſequently, x = 
* 5625 75. | 


PROBLEM XXXIX. 

To divide 100 into two ſuch parts, that, if they be mul- 
thplied together the product ſhall be 2100. | 

Let the exceſs of the greater part above (50) half the 
number given, be denoted by x; then 50 + x will be 
the greater part, and 50 —x the leſſer; therefore, by 
the queſtion, 50 + x X 50 — &, or 2500 — x* = 2100; 
whence x* = 400, and conſequently x =v/400 = 20 ; 
therefore 50 + x = 70 = the greater part, and 50 — x 
= 30 = the leſs. TY 19 


PROBLEM XL. 


Mat two numbers are thoſe, which are to one another 


in the ratio of 3 (a) to 5 (b), and whoſe ſquares, added 
together, make 1666 (c)? | s 


Let the leſſer of the two required numbers be x; 


bs 
then, a:b:;x: _ the greater ; therefore, by 
222 | 
the queſtion, x? — c; whence a'x* + Þx* = ac, 


| TW a*c ; 5 a 
and Cf. I conſequently 2 5 7 5 


a: 
aV IS = 21 = leſſer number, and — = 35 = 
the greater, . 


PROBLEM XLI. 
To find two numbers, whoſe difference is 8, and product 
240. N 8 
If the leſſer number be denoted by x, the greater will 
be x +8; and ſo, by the gue/tion, we ſhall have x* + 8x 
: = 240. 
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= 240. Now, by completing the ſquare, « + Bx 
+ 16 (=240 + 16) = 256 ; and, by extracting the 
root, x + 4 =V 256 = 16: whence x = 16 —4= 
12; and x +8 = 20; which are the two numbers 
that were to be found. 


PROBLEM XLII. 


To find two numbers whoſe difference ſhall be 12, and the 
fum of their —_— 1424. 

Let the leſſer be x, and the greater will be x + 12; 
therefore, by the prablem, x + 12]* + * = 1424, or 
2x* + 24x + 144 = 1424 ; this, ordered, gives & + 
12x = 640 ; which, by completing the ſquare, becomes 
x* + 12x + 36 (=640 + 36) = 676; whence, extract- 
ing the root on both ſides, we have x + 6 (676) 
26; therefore x = 20, and x + 12 = 32, are the two 
numbers required. | 

8 | 25 + 20* = 1424. 


PROBLEM XLIII. 


To divide 36 into gta ps parts, that the ome may 
exceed the firſi by 4, and that the ſum of all their ſquares 
my be 464. 

et x be the firſt part, then the ſecond will be x + 4; 
and, the ſum of theſe two being taken from (36) the 
whole, we have 32 — 2x, for the third, or remaining 
part; and ſo, by the gueſ/tion, x* + x + 41* + 32— 2x\* 
= 464, that is, 6x* — 120x + 1040 = 464 ; whence 
6* — 120x = — $576, and x* — 20x = — 96. Now, 
by completing the ſquare, x* — 20x + 100 (= 100 
— 96) = 4; and, by extracting the root, x — 10 = 
F 2. Therefore x = 10 = 2, that is, x = 8, or x = 
123 ſo that 8, 12, and 16 are the three numbers re- 
quired, 


PROBLEM XLIV. 


To divide the number 100 (a) into two ſuch parts, that 
their product and the difference of their ſquares, may be 
equal to each other. | 

| H 4 ; Let 
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Let the leſſer part be denoted by x, then the greater 


0 — * 7 
will de a— x, and we ſhall have a—x x x =a—sl 
x,, that is, ax —x* = a* — 2ax; whence & — 3ax 


= —a*; and, by completing the ſquare, x* — 3a 


+ 25 = (—# + cy. . of which the root being 


a aa 
extracted, there comes out x — * —_— y 54 and 
2 . Se 1 ; 4 3 p 


therefore x = E + y 52 But x, by the nature of 
the problem, being leſs than a, the upper ſign ( +) gives 


a aa | 
x too great; ſo that x = — — 5 15 = 38,19658 


Sc. muſt be the true value required. 


PROBLEM XLV. 
The ſum, and the ſum of the ſquares, off two numbers 


being given; to find the numbers. 

Let half the ſum of the two numbers be denoted b 
a, half the ſum of their ſquares by 5, and half the dif- 
ference of the numbers by x; then will the numbers 
themſelves be repreſented by a — x, and a + x, and 
their ſquares by a* — 2ax + x*, and a* + 2ax + x*; 
and ſo we have a“ —2ax + x* + a* + 2ax + x* = 2b, 
by the queſtion, Which equation, contracted and divided 
by 2, gives a + x* ; whence x* =b — 47, and 
conſequently x = Vb . Therefore the number 
ſought are a— I, and a + V . 


PROBLEM XLVI. 


The ſum, and the ſum of the cubes of two numbers being 
given; to find the numbers. | 


Let the two numbers be expreſſed as in the preceding 
problem, and let the ſum of their cubes be denoted by 
c. Therefore will a - + a + K c, that is, by 
jnvolution and reduction, 241 + bax* = c; whence 

1 Braids * 


J T• Ve. 0 


PROBLEM XLVII. 
The ſum, and the ſum of the biquadrates (or 4th powers) 


of two numbers being given; to find the numbers. 

The numbeis being denoted as above, we ſhall here 
have a—alf+ a + g d, that is, 24 + 122 + 
2x*=4d; from which, by tranſpoſition and diviſion, 
* + 6a*x* = !d — at; and, by completing the ſquare, 
* + 6a*x* + g = 2d + BafF; whence x* + 33 = 
Vid Sa“; and, conſequently, x=V — 30? TVT 8a*. 


PROBLEM XLVIII. 


The ſum, and the ſum of the 5th powers of two num- 
bers being given; to find the numbers, 

The notation in the preceding problems being ſtill 
retained, we ſhall have 245 + 20a%* + loax* = e; and 


"ESR » 
therefore, x* þ 247 = ——— and x* 4 4 = 


22 10 
e a* p + 
* * whence x * — 4 . — 2. 


PROBLEM XLIX. 


Mhat two numbers are thoſe, whoſe product is 120 (a), 
and if the greater be increaſed by 8 (b), and the leſſer by 
5 (c), the product of the two numbers thence ariſing ſhall 
be 300 (d)? 

If the greater number be denoted by x, and the 
leſſer by y, we ſhall have 


xy:.= az. and 


x D e d, by the conditions of the queſtion. 

Subtract the firſt of theſe equations from the ſecond, and 

you will have x +b Xy + c—xy =d — a, that is, 

6 + by + be =d—a; where both {ſides being multi- 
| _ 


plied 
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plied by (in order to exterminate y), we thence haye 

cx* + bxy + bex = dx — ax; but xy being = a, there- 

fore is hy = ab, and conſequently, by ſubſtituting this 

value in the laſt equation, cx* + ab + bex = dx — ax; 

whence cx + bcx + ax — dx = — ab, and therefore 
M Eo 


* b TT -T which, by making f = 


c c 
3 (S 28), will become „-f. 
c c 


b 
hence x* — I F. = — = + ff x —4 f=t 


A 


; ab * ab 


= 12; and conſequently y (=) = 10, or = 7,5, 


_ ——— 
12 + 8 * 10 + 5 = 300. 


6 X = 120 
- "Alſo 4 22.25.48 
1 EA + 5 = 300« 


PROBLEM L. 


To find two numbers, fo that their ſum, their produck, 
and the difference of their ſquargs, may be all equal to one 
another, | | 

The greater being denoted by x, and the leſſer by y, 
we havex +y = xy, and x + y = -*: the laſt of 
theſe equations, divided by x + y, gives 1 = #— y; 
whence x = 1 + y; this value, ſubſtituted for æ in the 
firſt equation, gives 1 + 2y = y + y*; therefore y*— x 


= 1, andy =i T V; conſequently x (1+y) = 


+45. 


PROBLEM LI. 


To divide the number 100 (a) into two ſuch parts, that 
the om of their ſquare roots may be 14 (b). 
et the greater part be x, and the leſſer will be a— x; 


therefore, by the problem, V ＋ VA =I; and, 
x | by 
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by ſquaring both ſides x + oY ano an 4 a—x = bb; 
whence, by tranſpoſition and diviſion, V ax — xx = 


— : therefore, by ſquaring again, ax — xx 


w—_— l 4 
b—4 ax 4 2 ( ot FREY of 
1 * 4 Den 7 


b 
= V2a g 64 = the greater part; whence a — * 
= 36 = the leſler part. 


„ PROBLEM LIL 


A grazier bought in as many ſheep as coſt him 60 l. out 
of which he reſerved 15, and ſold the remainder for 54. l. 
and gained two ſhillings a head by them : the queſtion is, 
2 a_ ſheep did he buy, and what did they coft him a 

ea 

Let the number of ſheep be «; then if, 1200, the 
number of ſhillings which they all coſt, be divided by x, 


Se 5 
—_ wil), it is evident, be the number 


the quotient, 


of ſhillings which they coſt him apiece; and fo 

the number of ſhillings they were ſold at per head will 
1200 

be —— 


+ 2, by the queſtion ; and therefore this, mul- 


tiplied by x — 15, the number of ſheep fo ſold, will give 


18000 
1200 + 2% — - 


— 30, equal to the whole number 


of ſhillings which they were all ſold for ; that is, 1170 


1 8000 


2K — —= 1080: hence we have 1170x + 2:x* 


— 18000 = 1080, 2x* + gox = 18000, x* + 45 = 
go00, and x = 9506.25 — 22.5 = 75, the number 


of ſheep ; and conſequently : 
price of each. 


200 125 
77 = 16 ſhillings, the 


PR O- 
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PROBLEM LN. 

Two country- women, A and B, betwixt them brought 109 
(c) eggs to market , they both received the ſame ſum for their 
eggs, but A (who had the largeſt and beſt) ſays to B, Had 
1 brought as many eggs as you I ſhould have received 
18 (a) pence for them; but, replies B, Had I brought 15 
more than you, 1 fhould have received only 8 ( pence for 
mine : the queſiton is, to find how many eggs each perſon 
had. 

If the number of eggs which A had be = x, the 
number of B's eggs will be e- x; therefore, by the 


problem, it will be, e — *: 4: : *: — > the num- 
ber of pence which A received; and as x: :: c—x: 
Rs — = the number of pence which B received; 


whence, again, by the problem, — = — — and 


0c — 


therefore ax* =b x c — xt = be — 2bes + bx'; 
2bcx Zr 


. 


— 


be? S* * 


which equation, ordered, gives * + 


from whence x comes out ( of 


be ) = SV ab — be 
a—b' a=—b 
be otherwiſe, more readily, derived from the equation 


ar =b x ah, without the trouble of completing 
the ſquare; for the ſquare root being extracted on both 


ſides thereof, we have x V -K KN 7; whence 

cyb_ 
wa+y) 
= 40, as before. 


= 40. But the value of x may 


xVatxy/b=cy/b, and conſequently x = 


„ fes 00/4 
IS N 8 94 


R O- 


= ⏑ 


2 n iT Sz 


— ww. *. 
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PROBLEM LIV. 


One bought I20 pounds of pepper, and as many of ginger, 
and had one pound of ginger more for a crown than » 


pepper 3 and the whole price of the pepper exceeded that of 


the ginger by fix crowns : how many pounds of pepper had 
he for a crown, and haw many of ginger ® 

75 the number of pounds of pepper which he had 
for a crown be x, and the number of pounds of ginger 
will be x + 1; moreover, the whole price of the pep- 


; 120 
per will be —— crowns, and that of the ginger P77 


R I20 I20 
therefore, by the queſtion, TD ETTS 6; whence 
120x + 120 — I20x = 6x* + 6x, and therefore x* + x 
= 20; which, ſolved, gives x = 4 = the pounds of 
pepper, and x + I = 5 = thoſe of ginger, 


PROBLEM LV. 

To find three numbers in arithmetical progreſſion, wheresf 
the ſum of the ſquares ſhall be 1232 (a), and the ſquare 
= of the mean greater than the product of the two extremes 

Let the mean be denoted by x, and the common dif- 
terence byy; then the numbers themſelves will be x — y, 
x, and x + y; and fo, Ly the problem, we ſhall have 
theſe two equations, 

x—y +x*+x+y 4, and 

x*=x —yxx+y +d: theſe contracted, become 
3 ＋ 2 S a, and x* X — y* + þ; from the latter 
whereof we get y. = b = 16; and conſequently y = 
Vb = 4; which, ſubſtituted for y in the former, gives 


a — 2b 
3** + 2b = a; whence x* = » and therefore 


e 


a — 2b : 
x = " = 20; ſo that the three required num- 


bers are 16, 20, and 24. 
16" + 20* + 24 = 1232, 
For 18 16x 24 = 


110 The APPLICATION of ALGEBRA 


PROBLEM LVI. 

To find two numbers whoſe _—— ſhall be 10 (a), 
and i 600 (b) be divided Ly each of them, the difference 
of the quotients ſhall alſo be equal to 10 (a). | 
The leſſer number being repreſented by x, the greater 


will be OE by x + az and therefore, by the pro- 
b 
blem, —_—— = a; which, freed from fractions, 


gives bx + ba — bs = ax + ax, that is, ba = a + 
a*x ; whence, dividing by a, and completing the ſquare, 
we have x* + ax + 3 4* = b + 4 a*; therefore x + 4242 
Vb ++ a*, and conſequently x= Vþ+:a*—4La=20, 
the leſſer number; whence x + @ = 3o, the greater 
number, 


PROBLEM LVII. 
To find two numbers whoſe ow is 80 (a), and, if they 
be divided alternately by each other, the ſum of the qua- 
tients ſhall be 31 (6). 

If one of the numbers be x, the other will be 2 — x, 


x 42 — 4 15 

3 + . ich 
equation, brought out of fractions, becomes x* + 4 
2ax + x* = abx — bx*; and this, by tranſpoſition, 
gives 2x* + bx — 2ax — abx = — af, that is, 
2 +bxx*—2 + bx ax = — ; whereof both ſides 
being divided by 2 + , we have x* — gx = — 


and we ſhall therefore have 


; whence, by completing the ſquare, «“ — ax + 


2+b6 TERS 

2 2 2 F rh RG 

a a a a a 

— = —— „ F 

$ 204 STE: 3 4 471 
a WE. a® 

F 


a n or = 20; which 
two, are the numbers that were to be found. 


PROBLEM LVIII. 
To divide the number 134 (a) into three ſuch paris, 


that once the fir/t, twice the ſecond, and three times the | 


third, 
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third, added together, may be = 278 (b), and that the a 
of the ſquares of all the three parts may be = 6036 (c). 

Let the three parts be denoted by x, y, and z, reſpec- 
tively ; then, from the conditions of the problem, we 
ſhall have theſe three equations, 

x FF y + 2 4, 
x + 2y + 32 = b, 
x*+y*+ 2 . 

Let the firſt of theſe equations be ſubtracted from the 
ſecond, whence y ＋ 22 =b — 2, ory =b — 4 — 223 
alſo, if the double of the firſt be ſubtracted from the 
ſecond, there will come out x — x =b — 24, or x & 
+ 2a — b: wherefore, if F be put =6 — a (= 144), 
Z - 24 ( 10h, and for y and x, their equals f—2z 
and z — , be ſubſtituted, our third equation, x* -+ y* 
+ * = c, will become zz — 2gz + gg + ff — 4fz 
+ 4zz + zz = c; which, ordered, gives z* — 


8 
2 „ z = — 8 2 ; whence, by putting 5 = 


3 LES (= = „and completing the ſquare, &c. z is 


3 1 
| found = . + „. 7 eo 7 * 
| 50: therefore y (=f— 22) = 44, and x (22 — 2) 
40. | 
PROBLEM LIX. 


A traveller ſets out from one city B to go to another C, 
| at the ſame time as another traveller ſets out from C for 

B; they both travel uniformly, and in ſuch proportion, that 
the former, four hours after their meeting, arrives at C, 
and the latter at B, in nine hours 80 not the queſtion 


is to find in how many hours each perſon performed the 
| Journey, © | 


D 
B— ——|——C 
Let D be the place of meeting, and puta= 4, b=9, 
and x = the number of hours they travel before they 
meet: then, the diitances gone over, with the ſame uni- 
form motion, being always to each other as the times in 


which 
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which they are deſcribed, we therefore have, BJ) + 
DC : : x (the time in which the firſt traveller goes the 
diſtance BD): a (the time in which he goes the dif. 
tance DC): and, for the ſame reaſon, BD: DC:: 3 
(the time in which the ſecond goes the diſtance. BD) 
: x (the time in which he goes the diſtance DC): 
wherefore, ſince it appears that x is to à in the ratio of 
BD to DC, and b to x in the fame ratio, it follows that 


*: 4: : h: *; whencex* ab, and x = Vab (=6); 
therefore a + Va = 10, and 6 + Vab=1 5, are the 
two numbers required, | 


PROBLEM LX. 


There are four numbers in arithmetical progreſſions 
whereof the product of the extremes is 3250 (a), and that 
of the means 3300 (b) : what are the numbers? 

Let the lefler extreme be repreſented by y, and the 
common difterence by x; then the four required num- 
bers will be expreſſed by y, y + x, y + 2x, andy + zx: 
therefore, by the gugſlion, we have theſe two equations, 
viz. 

1 + 3%, or y* + 3 S a, and 
TX * + 2x, or * + 2xy + 2x* = ; whereof 
the former being taken from the latter, we get 2x* = 


b — a 
2 
find y from hence, we have given y* + gxy= a (by the 
firſt ſtep); therefore, by completing the ſquare, &c, 


gx 2 
7. e and ſo the four num- 


5 — a: and from thence x = * = 5. But, to 


bers are 50, 55, 60, and 65. 
| PROBLEM LXI. 
The ſum (30), and the ſum of the ſquares (308) of three 


numbers in arithmetical pregreſſion being given; to fin 
the numbers. | 

Let the ſum of the numbers be repreſented by 36, 
the ſum of their ſquares by c, and the common differ- 


ence by x; then, ſince the middle term, or number, 
from 
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from the nature of the progreſſion, is = 6, or I of the 

whole ſum, the leaſt term, it is evident, will be ex- 
preſſed by þ — x, and the greateſt by þ + x; and 

therefore, by the queſtion, we have this equation, 


7 — K + 6? 53 b + a)}* = c:; which, contracted, 
gives 30. + 2K =c; whence 2x* = © — 36*, and 


3 


x'= Therefore 8, 10, and 12, are the 


three numbers ſought. 
PROBLEM LXII. 
Having given the ſum (b), and the ſum of the ſquares 


(c) of any given number of terms in arithmetical pra= 
270 ien; to find the progreſſion. 

et the common difference be e, the firſt term x + e, 
and the number of terms : then, by the queſtion, we 
ſhall have 
44+ wes „%% „ 4. X + ne = b, and 


x + el* T T2“ 14 ＋ 3 . 
But (by Section 10. Theor. .) the ſumof the firſt of theſe 
. And the ſum of the 


ſecond (as will be ſhewn further on) is = * + 


n. 1 14 I. 21 +1. e h 
n,n +2 x4.+ = FA : therefore ous 


two equations will become 


11 + = A ERLOON and 


— — — 


N11. 21 +1 


2 2 93 
ux A. i TI. 4e +5 F "=, 


Let the former whereof be ſquared, and the latter mul- 
tiplied by x, and we ſhall thence have 


s [2 
ET. +- — C =, and 
EIN TSLLGNT 8 

[ let 
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let the firſt of theſe be ſubtracted from the ſecond, ſo 
Wall i #.2u+ 11. e* 


— — uc 3, 
6 4 
: * Irn 
6__ 4 
Zu I 87 — 633 — 6 
1 * 7 ＋ 4 a 
6 4. 24 
£ 25-1 2, 3+. $o=T:: Brow 
age EEE 12 2 3 
1 8 1 — * 22 
Therefore _ — 2 bi *, and e = 
F Oey 2b* b . . | 
= ; whence x (= —* 4 :) is known, 


n* X 2 —1 2 


Example + Let the given number. of terms be 6, their 
ſum 323, and the ſum of their ſquares 199 z then, by 
writing theſe numbers, reſpectively, for u, b, and c, we 
ſhall have e = x; whence x = 2, and the required 
numbers 3, 4, 5, 6, 7, and 8. 


PROBLEM LXIII. 
Two poſt-boys A and B ſet out, at the ſame time, from 


two cities oo miles aſunder, in order to meet each other : 

A rides bo miles the fir/t day, 55 the ſecond, 50 the third, 
and fo on, decreaſing 5 miles every day: but B goes 40 
miles the firſt day, 45 the ſecend, 50 the third, &c. in- 


creaſing five miles every day; now it is required to find in 
what number of days they will meet. 


In order to have a general ſolution to this problem, 
let the firſt day's diſtance of the poſt A be put = m, 
and the « dt ſtance which he falls ſhore each day of the 
preced in = 4; alſo the firſt day's diſtance of the poſt 
B =p, and ihe diſtance which he gains each day Se; 
and let x be the required number of days in which the 
meet : then the whole diſtance travelted by A will be 
ex pre led by the following arithmetical progreſſion, 


m +mn—d + m— 2d + m— 3d, &c. and that of B by 
p + 


ons 
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, + 2+ þ + 2e + þ + ze, &c. where each pro- 
* is to be continued to x terms. But the ſum of 
the firſt of theſe progreſſions (by Sect 10. Theor. 4.) is = 
A 2 7 LE 4 and that of the ſecond = px + 
EE — LES: therefore theſe two laſt expreſſions, add- 
ed together, muſt, by the conditions of the queſtion, 
be equal to 500 miles, the whole given diſtance ; which 
we will call b, and then we ſhall have p + m x x + 


* N 1X TX, K N. 2 | 

8 2 | S b, or fs A _ —  þ. by 

writing F = p + m, and gg —d: which equation is 

reduced to gx* — gx + 2fx = 2b, or * — s + 
h | 

7 . ; whence, by completing the ſquare, &c., x 


| 2b | | 
comes out = VEL! — £4, But, in 
the particular caſe propoſed, the anſwer is more ſimple, 
and may be more eaſily derived from the firſt equation 


; XXx—TXe—d 


+ m:X x + — \=b; for, e being d, 


» 


YXx—IXe—d . . 
Jos 5 = will here entirely vaniſh out of the 


b 
** 


equation; and therefore x will be barely = = 


£00 


7 7 8 25 · The ſame concluſion is alſo readily de- 


rived, without algebra, by the help of common arith- 
metic only: for ſeeing the ſum of the two diſtances tra- 
velled in the firſt day is 100 miles, and that the poſt B 
increaſes his diſtance, every day, by juſt as much as the 
poſt A decreaſes his, it is evident, that between them 
both, they muſt travel 100 miles every day ; therefore, 
if 500 be divided by 100, the quotient 5 will be the 

14 number 
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38 of days, in which they travel the whole geo 
miles. 


PROBLEM LXIV. 


Two perſons A and B ſet out together from the ſame 
place, and travel both the ſame way : A goes 8 miles the 
firſt day, 12 the ſecond, 16 the third, and ſo on, increaſmg 
4 miles every day : but B goes 1 mile the firſt day, 4 the 
ſecond, g the third, and ſo on, according to the ſquare of the 
number of days : the queſtion is, to find how many days each 
muſt travel before B comes up, again, with A. 


Let (4) the common difference of the progreſſion 8, 12, 
16, &c. be put = e, and the firſt term thereof minus the 
ſaid common difference = mm, and let the number of 
terms, or the days each perſon travels, be expreſſed by 
x: then the ſum of that progreſſion, or the number of 


X I Xc 
miles which A travels will be x x m + = mn — 2 


(by Sec. 10. Theor, 4.) And (by what follows hereafter) 
the ſum of the progreſſion 1 +4 +9. + + . x*, or the di- 


X2x+1 
ſtance travelled by B, will appear to be — . — : 


a 3 1X 2 1 
therefore, Ly the queſtion, we have — LY G 4 


XXxX+ 1X8: 


2 


= ex Te 
tracted, gives — 85 * 21 + 3 whence 


= mx + which, divided by x and con- 


X + * zu 1 and, by com- 


16 
A 


16 


. 
= 
0 
5 
* 
3 
* 
* 
* 
* 
* 
* 
BY 
2 2 
1 
bs 
. 
* 
"#; 
= 
£9 4 
f 


U 
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3 A ROY v 48m + I 321 


. 


, and #4. 8 


4 4 4 
* 2 = 7, the number of days 


4 
required, 


PROBLEM LXV. 


The ſum of the ſquares (a), and the continual product 
(b) of four numbers in arithmetical progreſſion being given; 
to find the numbers. 


Let the common difference be denoted by 2x, and 
the leſſer extreme by y — 3x; then, it is plain, the 
other three terms of the progreſſion will be expreſſed by 
- x,y + x, and y + 3x reſpeCtively ; and ſo, by the 
queſtion, we have | 
=p +3—zF+x +21 +3 + S a,and 
yu In. Ky XI TX Xp +30: 52 Oy 
that 1s, by reduction, | 

4y* + 20x* = a, and 
* — Io + e = ; 
from the former of which y* = 3a - 5x* : and there- 
fore y* = pza® — a + 25x*: theſe values being 
ſubſtituted in the latter, we have 54 — la + 25 
— 5ax* + So + gx* = b, and therefore x* — 2 
b a* ; 5 
= N 75 71 ; whence, by completing the ſquare 


5 ax* 25 a? hb 42 


13 PRO. 
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PROBLEM LXVI. 
The difference of the means (a), and the difference 7 the 


extremes (b) of four numbers in continued geometrical pro- 
portion veing given ; to find the numbers. 


Let the ſum of the means be denoted by x ; then the 
x + a 


greater of them will be denoted by 


by 
1 * T4 x—a K 4 x — à 
if 


, and the leſler 
XxX — 2 


: whence, by the nature of proportionals, it 


- * the leſſer 


X — 0 „ 3 a Xx a * 
extreme, and - Ls 2 2 Ly 2 — Ky „the 
c 2 2 Kos 2x — 20 


greater extreme: therefore, by the problem, we have 
x + 4a? x — at 


2x — 2a 2.x + 2a 
x— a =2b Xx—a XxX x + a, that is, 6x*a + 24 = 


=}; and conſequently x + al — 


— ba 3 
20 Xx*—a'; whence * = — — „and conſequently 


PROBLEM LXVII. 
The ſum, and the ſum of the ſquares of three numbers in 


geometrical proportion Jeing given; to find the numbers. 


Let the ſum of the three numbers be donoted by az 
and the ſum of their ſquarcs by 6, and let the numbers 
themſclves be dencted y x,y, and ze then we ſhall have 
„„ Ty —————— 

1 4- * + * = b, 

ee ene 
Tranſpoſe y in the firit equation, and ſquare both 
ſides, ſo ſhall ** + 2xz + z* = — 24% T „; from 
whence ſubtracting the ſecond equation, we have 242 
* =a* — 24% + *—b but, by the third, 2% 
= 2y* ; therefore y* = a* — 2ay + z*—b; and conſe- 
quently 


3 *- i 5 N 5 x 
4 DEF". . * F 4 — * 9. * 
n 


1 . . — BEER 42. 
nne Oe > 


1 r dy Gs, 
4 8 * „ 
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23 4 5 
quently y = 2 _ * Now, to find x 


and z, y may be looked · upon as known; and ſo, by the 
ſecond equation, we have given x* + 2 = b . 
from which ſubtracting 2xz = 2y*, there ariſes & — 
2xz + z* = þ — 33*; where, the ſquare root being 


extracted, we have x —z = — 3y*: but, by the 


firſt equation, we have x + z =a—y hence, by 
adding and ſubtracting theſe laſt equations, there reſults 


2x =a—y+Vb— 3zy,and 22 =a—y —Vb—3)9. 


PROBLEM LXVIII. 


The ſum (s), and the product (p) of any two numbers 
being given; to find the ſum of the ſquares, cubes, bigua- 
drates, &c. of thoſe numbers. | 


If the two numbers be denoted by x and y; then will 
* 1 
25 A =_ c by the problem. 
The former of which, ſquared, gives xx + 2xy + yy; 
from whence ſubtracting the double of the latter, we 
have x* + y* =s* — 2p, the ſum of the ſquares: 

Let this equation be multiplied by x + y = 5; fo 
ſhall & + zy xx +3 + = $* — 2455p, that is, x* + 
Xs +y* =5* — 25þ (becauſe xy=þp, and x +y=5), 
and therefore & + y* = $3 — 35p, the ſum of the cubes. 

Multiply, again, by x + y = s, then will & + ay 
xXx + t= — 39%, or +p Xs — 2þ + 
„* = 5*— 35*þ (becauſe x* + y* = 5* — 2p). Conſe- 
quently ** + y* = . — 4p + 25%, the ſum of the bi- 
guadrates. 

Hence the law of continuation is manifeſt, being 
ſuch, that the ſum of the next ſuperior powers will be 


always obtained by multiplying the ſum of the powers 
laſt found by s, and ſubtracting, from the product, the 


ſum of the preceding ones multiplied by p. And the 

ſum of the th powers, expreſſed in in a general manner, 

— . 9 1 3 my , nate 1 
2 2 


+4 7 — 


will bes“ - + n. 
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... e 
858 2 3 4 
Co 


— 


PROBLEM LXIX. 


The ſum of the ſquares (a), and the exceſs (b) of the 
Product above the fum of two numbers being gien ; to find 
the numbers. 


Let the ſum of the numbers be denoted by s, and 
their product by r then the ſum of the ſquares will be 
* — 21 ( by the laſt Problem ), and we ſhall have r —s 


=b, and 8 — 21 = a, whence, by adding the double 
of the former equation to the latter, * — 25 = a + 2b; 


and conſequently V +2b + 1 + 1. From which 
r (=b +5) is likewiſe known; and from thence the 
numbers themſelves, 


PROBLEM LXX. 
The ſum (a), and the ſum of the ſquares (b) of four 


numbers, in geometrical progreſſion, being given; z to find 
the numbers. 


If x and y be taken to denote the two middle num- 
bers, the two extreme ones, by the nature of progreſ- 


ſionals, will be truly repreſented by was and E. 


Put the ſum of the two means = s, and their rect— 
mg Sr; ſo ſhall the ſum of the two extremes 


(= + +=) be =a—s, and their rectangle alſo = r 


( by ths nature of the queſtion). But (5y Problem 68) 
the ſum of the ſquares of any two numbers whoſe 
ſum is 5s, and rectangle , will be = 55 — 2r; and 
(for the very ſame reaſon) the ſum of the ſquares of our 
other two numbers (whoſe ſum is à -, and rectangle 


r) will be =@ — TY Therefore, by adding 
theſe aggregates of the ſquares of the means and ex- 
tremes together, we get this equation, 2. $* + 


a — 9 —4r . 


Moreover, 


* 


wed n 


2 LL, 3 10 


© 


1 3 
2 . 
'S 
* 
4 
* 1 * 2 
a > 8 
} 
*& 
* 
. 
3 
"3 


to the RESOLUTION of PROBLEMS, 121 


| IE 
Moreover, from the equation, T + 2 = 2 — , 


we get * T =axyXa —s$s=rxXa—5s: but (iy the 
ſame Prob. juft now quoted) x* + N= $3 — 35r; therefore 
$ 


25 + 4 
ing ſubſtituted for , in the preceding equation, we 


3 
have * ＋ 7 = 4 5. This, ſolved, gives 


25 + a 


5 = 92 ont. + = e LY whence every thing 
2 44a 24 


elſe is readily found. 


PROBLEM LXXI. 

The ſum (a) and the ſum of the fquares (b) of five 
numbers, in geometrical progreſſion, being given, to find the 
numbers, 

Let the three middle numbers be denoted by x, y, 


xXx ZE 
and z then the two extreme ones will be — and 71 


$7 — 25 = ar — Sr, or 1 ; Which value be- 


and therefore we ſhall have 


xXx 22 1 

— +x+y+ 3+ —= 4a, 

4 | 2 N by the queſtion, 

—+ TY ++*+—=b 

py” COLD y go | 
Put x T2 then, by the firſt equation, 1 + 5 


= 4 — u—y. Whereforc, ſeeing the ſum of the two 
extremes is expreſſed by a — 4 — y, and their rectangle 
by y* (/ee Theor. 7. Sect. 10), the ſum of their ſquares will 
(by Problem 68) be = a— u — y|* — 25*: and, in the 
very ſame manner, the ſum of the ſquares of the two 
terms (x and z) adjacent to the middle one (y) will be 
= — 2y*. Whence, by ſubſtituting theſe values, 

N 3 27 * 


our equations become +«+y= a, and 


{7 — 
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4 — 1 — 5. — 25 ＋ * — 25 T ; which, b 
e are 1 to 5 * 
aa — 2au — 2ay Þ+ 2uu ＋ 2uy — 2 = b, 

and gy — un — uy + yy. = 0. 
To the former of which add the double of the latter, 


| ſo ſhall aa — 2 = b; and therefore u 2 — 5 
; 24 


From whence, and yy + a — 4 X y = un, the value of 


7 (= Th += 75 — 7 -) is likewiſe given, 


PROBLEM LXXII. 


The ſum (a), the ſum of the ſquares (b), and the ſum 
of the cubes (c), of any four numbers in geometrical pro- 
Portion being given; to find the numbers. 


Let half the ſum of the two means be x, and half 
their difference y; alſo let half the ſum of the two 
extremes be x, and half their difference v, and then 
the numbers themſelves will be expreſſed thus, z — v, 
x —y,x + y, z + v: whence, by the conditions of 
the problem, we have £ 
* - T -= + x+y +2+ vv = 4, 
z — t = +z2+v*=3, 

* — b +x—j+x++2z+v8 c, 
r oxy Rx + ( Theor. Is 
p. 72); which, contracted, are, 

2 + 2& = 4 

2 + 207” +3 +24. 6; 

2%* + 62 + 2x* + Gx = c, 


2 — UV = * — 


Let x* — z* + , the value of y*, in the laſt of theſe 
equations, be ſubſtituted inſtead of y*, in the two pre- 
ceding ones, and we ſhall have 

22 + 2v' + 2x* + 2x* — 22* + 2v* = 3, and 

22* + 62 + 2x* + G — 6xz* + bxv*=c; 
which, abbreviated, become 

4x* + 4v* = b, and 

22" + 8:3 — Gx + 6x + 6z x c. 


Let 


1 
8 
by 
8 


e OH B48 OO 
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Let 150 — *, the value of v“, in the former of theſe 
equations, be ſubſtituted, for its equal, in the latter, 
and we ſhall next have 2z* + 8x* — G + 6x + bz X 
75 —=x*=c; if for z, in the laſt equation 
4% — x = Cc; moreover, if for Z, in t e la equation, 
its equal !@ — x be ſubſtituted, there will come out 2 x 
TE OP WW = XI er + 34X4,b—axx=c; 


a® ab 
that 1s, 6* — 34x + 7 = Sc; therefore x* — 
ax c b * a 
— =— — —- — -; and conſequent] — - Gbps 


2 


b 


af. Wh” 8 
2 — , whence, 2, v, and 9, are likewiſe 


oF 0: - 46 
known, | 


The ſame otherwiſe. 


Let the ſum of the two means = s, and their re&- 
angle Sr; fo ſhall the ſum of the two extremes = @ 
— , and their rectangle alſo =» (by the gueſtion ): 
from whence, and Prob. 68, it is evident, that the ſum 
of the ſquares of the means will be = 5 —, 2x, and 


the ſum of the ſquares of the extremes = a — A? 
— 27; alſo, that the ſum of the cubes of the means 


will be = $3 — grs, and that of the extremes = 4 - 5s[* 


— 3r Xx 2 — 5: by means whereof, and the condi- 
tions ot the problem, we have given the two following 
equations, 

vis. 52 + a--s* —4r =b,or, 25 —295—4r =b—aa; 
and; 1 42 — . —zra ge, or, Jas” — ga"s— 3ar c - a5: 
divide the former by 2, and the latter by 33, and then 


ſubtract the one from the other, ſo ſhall r = 2 1 


6 


ob 1 whence the value of s (= 
39 


We — + + DB, by the firſt equation) is alſo 
2 


given, 


v | 
| 
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. . goes : 2 13 
given, being (when ſubſtitution is made) —- 


* 


aa b 20 


PROBLEM LXXIII. 
Having given the ſum (a), and the ſum of the ſquare - 
%, of any number of quantities in geometrical progreſſion; | 
to determine the progreſſion. : 


Let the firſt term be denoted by x, the common ratio 
by z, and the given number of terms by z : then, by © 
the conditions of the problem, we ſhall have $ 
„ T * + xx T „ 1 DD 6, * * 
* + x2 + * K TE +2222 * =b i. 
Multiply the firſt equation by 1 — z, and the ſecond 
by 1 2 3 ſo ſhall 

Xx —xZ Sa & — , and 
4 — x2" N 1— 23. 
Divide the latter of zh-/e by the former; whence will 


be had x + xz" = - x 1 + z- let this equation and 
the firſt be now multiplied croſs-wiſe, into each other, 
in order to exterminate x; ſo ſhall ax1+z = 
T T2 12 T4 i. 


If n be an even number, put am Sn; then our laſt 
equation, when multiplication by 1 + z is actually 


made, will ſtand thus, J. X1+z" 1 4 22 4 22 
„ e 22 + ; which, divide 


2 + 


ed by 2˙, becomes 5 + —— + Z” = — 5 
2 2 


2 
6 


— 2 


"i. 2 
9 DES ＋ 5 * 2% + 22 „„ „ 4 22 


+ 2% 


8 


— 2 


2% 


4 
* 
4 
* — 
4 
ry 
. 
CS 
_ 
. 
* 4 
A 

""X 
* 
, 

74 

" 

* 

7 

* 


to the RE SOLUTION of PROBLEMS. 125 


+ ey + aj Let s be now put (== + Sz) — 


the ſum of the halves of the two terms of the ſeries 
adjacent to ( 2) the middle one; then, the rectangle of 
theſe quantities being 1, the ſum of their ſquares (or 
half the ſum of the two terms of the ſeries next to 
thoſe) will be = s* 2 (by Problem 68); and the ſum 


(>> + 23) of half the two next terms to theſe laſt = 
2 
$3 — 355 &c. &c. 
aa 


Hence, by making 4 = _—_— = and putting the 


value of = + z" (as expreſſed in the ſaid problem 68) 


=Q, and then ſubſtituting above, Sc. our equa- 


tion becomes dQ =I +5 + f—2+5 — 3; + 


* — 45* + 2, &c. continued to m terms; whence the 


value of s may be determined. 


Thus, let u, the number of terms given, be four; 


I 
| thenm being =2, Q (= — + #*) will be —2; 


and our equation will, here, bed XxX * — 2 = x + x. 


If n be = 6, Q(= I +=") will be =#— 37; 


1 and we ſhall haved X 5 — 5=1 +5 + f—2 = 


*+s— 1; and ſo in other caſes, where x is an even 


number. 


If n be an odd number, put 2m n - ; and let both 
ſides of the equation 


h a 6 
X T NZXT T1 


be divided by t + z; fo ſhall 


— 


- 


axI=Z + 2g. 8 E = —XI TZ TZ +2 


— 


| (becauſe 1 +2 X 12 1 - 4 2 22 42 


— I 
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2 12 + 3 — 2 = „ WY a + 4 
„e e "+8" - 
142 ): whence, by tranſpoſition, and ſubſtituting m, 


. "REM 7 
a= Sx1+# +2 cc. 1 84+ = * 


—1 aa ＋ 5 


a 1 „ e put = c, and let 


* 


the whole equation be divided by a — 2 * xu; then will 


r * * 


c X 5 + . * + » + Os. + Wo 


Now, if m be an even number, the powers of 2 it 
the former part of the equation will be the even ones 
and thoſe in the latter the odd ones; but if mz be an odd 
number, then, vice verſd. 

In the firſt caſe our equation may be wrote thus, 


* : — . +2 * + 
2" 3 2 2 * 


— 


— 


Mo] 


— 1 * 179% KA 2 212 54 ＋ 2 


2 


c X 
W 1 8 1 3 f 1 


1 f 
— — 53 — 355 2 + gt — ST — 45* + 2, Se. WC ſhall, 


by ſubſtituting theſe values in each ſeries (proceeding 
from the middle both ways) have 1 + 5*— 2 4 
* — 45* + 2 + Se. = e into 51 — 35 + (Fc, 
But, in the ſecond cafe, where zz is an odd num- 
ber, and the even powers of z come into the ſecond 
ſeries, we ſhall, by the very ſame method, have 


4 3 45 — 8 +55 + Cc. c into 17 
* — 25 ＋ f—45* +2 + &c. 


3 * 


„ „ . wi Ky r 8 
eee VTVVrt. LE re LE, LO Ret 


. 
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In both which caſes the terms are to be ſo far conti- 


nued, that the exponent of , in the higheſt of them, 
may be = — . = if u, the given number of 


terms, be 3, then m 6 


>) being = 1, the equa- 


tion belongs to caſe 2, and will be 5s = 2 barely. If 
n= 5) then m =2 ; ; and therefore 1 + f — 2 = ©, 
or 5*— 1 =cs, by caſe 1. If n be 7, m will be 35 
and ſos + SF — 3 =c XI +sf—2, or ff — 25 = 

c * 5* — I, by caſe 2. Laſtly, if z = 9, then m = 4, 
and therefore 1 + — 2 + f—48* +2 =cXx5 +8 — 25, 
or “ — 25* + I = X 5* — 25, by caſe 1. 


PROBLEM LXXIV. 


© Having given the ſum (a), and the ſum of the cubes (b), 
* of any number of terms in geometrical progreſſion ; to deter- 

mine the progreſſion. | 

By retaining the notation in the laſt problem, and 


rn 


vs, 
„ n 
r 


ym 


Ger Ho Cd CIT OO, * 
e 


us, > proceeding i in the ſame manner, we here have 
** 3 HT x2" — 
J 4 | 
— 3,37 .3 
not x33 — 4 


3 b="+ aA” +x3%... +22 = —_ 


I 2 —1 
E Theorem 8. Sect. 10). 
Divide the laſt of theſe equations by the former, ſo ſhall 


"oY 
7 
4 : 


3 x2 —I X23" —1 29 4. * 
hall, WE = K* x = =a* x +7 (be- 
Jn = Q * X 2 — 1 A +2Z+1T 
an : I 2 — 1 2 * 9 1 
2 7 auſe * + z + I, and . =2"" + 
Ac. | 981 I r 
nun 2 1 1). Let this equation, and the ſquare of the firſt, 
CON us E — 22 +I 
4 A x „be now multiplied, croſs- 
gg 22 +1" 
1 TW viſe, in order to exterminate x ; whence will be had 
bd 2 — 22 +71 * ＋ 2 ＋ 1 
n "IN * T ou = 42 * os 5 ic 
In a 2 — 22 + 1 E TX +1 Wien, 


the 
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the numerators being divided by z”, and the denomina- 
tors by z, will ſtand thus, 


I I 
x 2 += &" +2 9 

b * = = & K — =, Put (as 
e S713. +: 


before) the ſum of z and — =5s; then, their rectan- 


1 
gle being 1, the ſum of their th powers (2* + ary 


will be had in terms of 5 (from Problem 68), which 
ſum let be denoted by S; fo thall our equation become 


8 — 2 * 
* = 0". _— whence the value of s may, 


in any caſe, be determined. 
Thus if (u) the given number of terms be 3; - then 


S {the ſum of the cubes of z and =) being = 35 


GETS 7 — 3 - 
we have 1 — g = ] that is 
by diviſion, b X ＋ 25 +1 4 * 7 


If the number of Ew de 45 then will S = 5*— 
8 
45* 23 and therefore þ x ——— —— * N N 
which, by an actual livifien of the 9 is re- 
duced tob x ＋ 29 a x f—$*— 35 + 3. 
Again, taking 1 = 5, we have S =5* — 553 + 55; 
. WOW Me | hs 2 1 
— 4 x wes OY. 
. IE. is 5 We 
which: by diviſion, is reduced to h X 5* + 253 —s5*—25 +1 
=a x — 5 — 4 +45 +1: and ſo of others; 
where it may be obſerved, that the values of S — 2, 
and 8 + 1, will be always diviſible by their reſpective 
denominators ; except the latter, when 7 is either 2, or 


a multiple of 3. 


and therefore þb x 


PR O- 


r LR EI EIT a 
1 ˙ im N 
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PROBLEM LXXV. 


De ſum of any rank of quantities (a + b + « + 4 + 
s + &c.) being given = P, the ſum of all their rectan- 
gles (ab + ac + ad &c, + be + bd &c. + cd &c. 
= Q, the ſum of all their ſolids (abc + abd + abe &C. 
+ acd + ace &c, + bd &c.) = R, &c. &c. it is pro- 
oſed to determine the ſum of the ſquares, cubes, biqua- 


drates, &c. of thoſe quantities. 
þÞ=b + c + d &c. = ſum of all the quan- 


tities after the firſt-(a), 
I/ S be Id + be &c. + cd + ce &c = the 
Put ſum of their rectangles, 
r = bed + bee &c. + cde &c, = the ſum of 
their ſolids. 


Ec. Ee. 
Then will P = a + p, 
222 pa + 75 
R = ga ＋T r, 


S n 52, 
| T. de.: 

hy ſquaring the firſt of which equations, we have 
2 P44 2ap + þ*; from whence the double of the 

ſecond being ſubtracted (in order to exterminate 24p), 

there reſults P* — 2Q = 4 + þ* — 24. Where 
5 — 2Q expreſles the true ſum of all the propoſed 
ſquares a* + b* * + d* &c.; becauſe, all the 
quantities 4, &, c, d, &c. being concerned exactly alike 
in the original, or given equations, they muſt neceſ- 
farily be alike concerned in the concluſions thence de- 
rived; fo that if ſubſtitution for p and 4 were to be ac- 
tually made in the equation P*— 22 = a* + p*— 29, 
here brought out, it is evident that no other dimen- 
hons of b, c, d, e, &c. beſides the ſquares, can remain 
therein, as no dimenſions of @, beſides its ſquare, has 
place in this equation. 
: In order to find the ſum of all the cubes, 
1% bat A (SP) =a + p = ſum of the roots, 
and B (= P*—2Q) g + p* — 29 = ſum of the 
& /{quares; then, by multiplying the two equations toge- 
o. | ther, we have PB = 43 TH 5˙4 — 294 + b — 25. 


From 
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From whence (to exterminate pa“ the next inſe- 
rior power of à after the higheſt, a*) let QA = pa* + 
pa + ga + p (the product of the equations Qand A) 
be ſubducted; and there will remain PB — QA = 

a* — 34a + Pp — 35%. Fo this laſt equation (in or- 
der to take away the next inferior power of a) add 
three times the equation R = ga + r, ſo ſhall PB — 
QA + 3R = & 3% + 37. From whence 
it is evident that PB — QA + ZR muſt be the re- 
quired ſum of all the cubes af + þ3 + ef + 4 &c. 
for reaſons already ſpecified with reſpect to the preced- 
ing caſe. 

o determine the ſum of the biquadrates, put 
CS + þ* — 35% + 3r = the ſum of all the cubes; 
then multiplying by the equation P = @ + þ (as be- 
fore), we get PC = a* + pa* + pa — 3pga + gra + 
* — 3þÞ*q + 3pr. From which (to exterminate pa?) 
ſubtract QB = pas + p*a— 2þpga + ga* + pq — 295 
(the product of the equations Q and B); ſo ſhall 
PC — QB = a*— 4% — pga + gra + 5. — 47 + 
2þr + 24* to this add RA = ga + pga + ra Ap; 
then will PC — QB + RA = af + gra + pf — 48 
+ 4pr + 24*: laſtly, ſubtract 48 = 4ra + 4s, ſo ſhall 
PC — QB + RA — 48 g + p*— 4˙% + 4pr + 
24* — 4s = D, the ſum of all the biquadrates. 

In like manner (the laſt equation being, again, mul- 
tiplied by P = a + , the preceding one by Q = pa 
-+ q, &c, &c.) the ſum of the fifth powers will be 
found = PD — QC + RB — SA + 5T: from 
whence, and the preceding caſes, the law of continua- 
tion is manifeſt; the ſum (F) of the ſixth powers being 
PE - ODT RC - SB + TA — 6U; and the ſum 
() of the ſeventh powers = PF — QE + RD — 
SC + TB — UA + 7W, Oc. Oc. 

But, if you would have the ſeveral values of B, C, 
D, E, &c. independent of one another, in terms of the 
given quantities P, Q, R, 8, T, &c. then will 
B — v pms 2Q), ; 

C = P' — 2PQ + ZR, 
D = ÞP* —- 4P*Q + 4PR + 28 — 48, 
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E = P* 5 PQ. + 5P*R + 5PQ* — 5PS — 5 R 


+ 5T, &c. &c, which values may be continued on, 
at pleaſure, by multiplying the laſt by P, the Jaſt but 
one by — Q, the laſt but two by R, the laſt but three 
by — 8, Cc. and then adding all the products toge- 
ther; as is evident from the equations above derived. — 
Theſe concluſions are of uſe in finding the limits of 
equations, and contain a demonſtration of a rule, given 
for that purpoſe, by Sir Zſauc Newton, in his Univerſal 
Arithmetick. 


SE CTFT1i ON: XII. 
Of the Reſolution of Equations of ſeveral dimenſions. 


EFORE we proceed to explain the methods of re- 
ſolving cubic, biquadratic, and other higher equa- 
tions, it will be requiſite, in order to render that ſub- 
jet more clear and intelligible, to premiſe ſomething 
concerning the origin and compoſition of equations. 

Mr. Harriot has ſhewn how equations are derived 
by the continued multiplication of binomial factors into 
each other: according to which method, ſupppoſing 
* — 4, x— , - c, x — d, &c. to denote any num- 
ber of ſuch factors, the value of x is to be ſo taken 
that ſome one of thoſe factors may be equal to nothing: 
then, if they be multiplied continually together, their 
product muſt alſo be equal to nothing, that is, x — 4 
Xx—bX xX—c XX &c, = 0: in which equation 
x may, it is plain; be equal to any one of the quan- 
tities a, b, c, d, &. ſince any one of theſe being ſub- 
ſtituted inftead of x, the whole expreflion vaniſhes. 
Hence it appears, that an equation may have as many 
roots as it has dimenſions, or as are expreſſed by the 
number of the factors, whereof it is ſuppoſed to be pro- 


duced. Thus, the quadratic equation x - X x— b 
So or * 5 * + ab So, has two roots, a and 
K 2 b 
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b; the cubic equation x—a X x —b X x—c o, or 


— q ab 
33 + 2 oe + ac 1 — abc = ©, has three roots, 
be ; 

a, b, and e; and the biquadratic equation, x — a * 
* - NK - „ x—d o, or 


— 


. 
* = * + ad+ be 3 x + abcd o, 
— bd + cd —— 


has four roots, a, b, c, and d. From theſe equations 
it is obſervable, that the coefficient of the ſecond term 
is always equal to the ſum of all the roots, with contra- 
ry ſigns; that the coefficient of the third term is always 
equal to the ſum of their rectangles, or of all the pro- 
ducts that can poſhbly ariſe by combining them, two 
and two; that the coefficient of the fourth is equal to 
the ſum of all their ſolids, or of all the products which 
can poſſibly ariſe, by combining them three and three; 
and that the laſt term of all, is produced by multiply- 
ing all the roots continually together. And all this, 
it is evident, muſt hold equally, when ſome of the 
roots are poſitive and the reſt negative, due regard 
being had to the ſigns. Thus, in the cubic equation 


— 4 

X—aXx—bXx+c=0, or * + 15 + 

| ELD | + c 
+ ab | 
— ac ex + abc = © (where two of the roots, a, b, are 
— bc 
poſitive, and the other, — c, is negative) the coefficient 
of the ſecond term appears to be — a — þ + c, and that 
of the third, ab —ac — bc, or ab +a Xx -C +b X — 6&0 
conformable to the preceding obſervations. Hence it fol- 
lows, that, if one of the roots of an equation be given, 
the ſum of all the reſt will likewiſe be given; and that, 
in every equation where the ſecond term is wanting, the 


ſum of all the negative roots is exactly equal to that of 


all the poſitive ones; becauſe, in this caſe, they my 
| ally 
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Aly deſtroy each other. But when the coefficient of the 
ſecond term is! poſitive, then the negative roots, taken 
togethc:s, exceed the poſitive ones. But the negative 
roots, in any equation, may be changed to poſitive 
ones, and the poſitive to negative, by changing the 
ſigns of the ſecond, fourth, and ſixth terms, and ſo on, 
alternately. Thus, the foregoing equation 


—ald 4 
(x—aXx—bXx+c=)x*+ —b Eck rt al 
+ c — bc | 


= ©, by changing the ſigns of the ſecond and fourth 


| a + ab 
terms, becomes x* + + 6 5 — ac x — abc = ©, or 
— bc 
x+aXxx+bXx—c=0; where the roots, from + a, 
+ , and — c, are now become — a4, — 6, and c. 
Moreover the negative roots may be changed to poſitive 
ones, or the politive to negative, by increaſing or di- 
miniſhing each, by ſome known quantity. Thus in the 
quadratic equation x* + 8x + 15 = o, where the two 
roots are — 3 and — 5 (and therefore both negative) 
if z — 7 be ſubſtituted for x, or which is the ſame, if 
each of the roots be increaſed by 7, the equation will 
become z —7]* +8 x z— 7 +15 So; that is, z* — 
bz +8 o, or 2z—2 X Z — 4 = 0; where the roots 
are 2 and 4, and therefore both poſitive. This method 
of augmenting, or diminiſhing the roots of an equation 
is ſometimes of uſe in preparing it for a ſolution, by 
taking away its ſecond term; which is always perform- 
ed by adding, or ſubtracting +, 4, or ; part, &c. of the 
coefficient of the ſaid term, according as the propoſed 
equation riſes to two, three, or four, c. dimenſions. 
Thus, in the quadratic equation * - 8x + 15 So, let 
the roots be diminiſhed by 4, that is, let x — 4. be put 
=2,0r x = 4 + z; then, this value being ſubſtituted 


for x, the equation will become z 4 x Z + 4 + 
15 S o, or * — 1 = ©; in which the ſecond term is 
wanting. 1 | 


— C 


K 3 Likewiſe, 


2 - — 


oy So — — — 


— 4 x 2 


2222 ·¹·—öꝛ 
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Likewiſe, the cubic equation z3 — az* + bz — c 20, 
by writing x = — 3a + K, and proceeding as above, 


+ 2 ab 
will become * # #7 ts 1 * o; and ſo 
42 "A&I "Ou 


of others. 


Hence it appears, how any affected quadratic may be 
reduced to a ſimple quadratic, and ſo reſolved without 
completing the ſquare; but this, by the bye. T now 
proceed to the matter propoſed, viz. the Reſolution of 
cubic, biquadratic, and other higher equations; and 
ſhall begin with ſhewing „„ | 


How to determine whether ſome, or all the roots of an equa- 
tion be rational, and, if fo, what they are. | 


Find all the diviſors of the laſt term, and let them 
be ſubſtituted, one by one, for x, in the given equation; 
and then, if the poſitive and negative terms deſtroy each 
other, the diviſor ſo ſubſtituted is manifeſtly a root of 
the equation; but if none of the diviſors ſucceed, then 
the roots, for the general part, are either irrational or im- 
poſſible : for the laſt term, as is ſhewn above, being al- 
ways a multiple of all the roots, thoſe roots, when rati- 
onal, muſt, neceſſarily, be in the number of its diviſors. 

Examp. 1. Let the equation x* — 4x* — 7x + 10 
=-0, he propoſed ; then, the diviſors of (10) the laſt 
term being + 1,—1, + 2, — 2, +5, — 5, + 10, 
— 10, let theſe quantities be, ſucceſſively, ſubſtituted 
inſtead of x, and we ſhall have, e 

I — 4— 7 + 10= ©, therefore I is a root; 
—1— 4+ 7 +10=12, therefore — 1 is no root; 

8 —16—14 + 10= — 12, therefore 2 is no root; 
— 8 — 1614 lo go, therefore — 2 is another root; 
125-100 — 35 + 100, therefore 5 is the third root. 

It ſometimes happens that the diviſors of the laſt 
term are very numerous; in which caſe, to avoid trou- 
ble, it will be convenient to transform the equation to 
another, wherein the diviſors are fewer; and this is beſt 

| FEISS Is | effected 
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effected by increaſing or diminiſhing the roots by an 
unit, or ſome other known quantity. 

Examp. 2. Let the equation propounded bey! 4y? — 
83 + 32 = ©; and, in order to change it to another 
whoſe laſt term admits of fewer diviſors, let x + 1 be 
ſubſtituted therein for y, and it will become * — * — 
ibx + 21 = ©; where the diviſors of the laſt term are, 
1 — I, 3, — 3, 7, — 7, 21, and — 21; which being, 
ſucceſſively, ſubſtituted for x, as before, we have, 

1— 6—16+21=o, therefore 1 is one of the roots; 

i— 6 + 16 + 21 = 32, therefore — 1 is not a root; 
$1 —54—48 + 21 =0, therefore 3 is another root. 
But the other two roots, without proceeding further, 
will appear to be impoſſible; for, thsir ſum being equal 
to—4, the ſum of the two poſitive roots (already found), 
with a contrary ſign (as the ſecond term of the equation 
is here wanting), their product, therefore, cannot be 
equal to (7) the laſt term divided by the product of the 
other roots, as it would, if all the roots were poſſible, 
However, to get an expreſſion for theſe imaginary roots, 
Jet either of them be denoted by v, and the other 
will be denoted by — 4 — v; which, multiplied toge- 
ther, give — 4v —v* = 7; whencey = — 2 + vV — 3, 
and conſequently — 4 —v = — 2 — — 3. Now 
let each of the four roots found above, be increaſed by 
unity, and you will have all the roots of the equation 
propoſed. 

When the equation given is a /iteral one, you may 
{till proceed in the ſame manner, neglecting the known 
quantity and its powers, till you find what diviſors ſuc- 
ceed ; for each of theſe, multiplied by the ſaid quantity, 
will be a root of the equation. Thus, in the literal 
equation x3 + gax* — 4e — 124* = o, the numeral 
divifors of the laſt term being 1, — 1, 2, — 2, 3, — 3, 
Sc. I write theſe quantities, one by one, initead of x, 
not regarding az and ſo have | 

1 + 3—4—12 = — 12, therefore à is not a root; 
—1+ 3+4—12=— 6, therefore — a is no root; 

38 +12 —8—12 = 0, therefore 24 is one of the roots; 

| N K 4 —8 
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— 8+12+ 8-—12= o, theref. — 2à is another root; 
27 +27 —12—12= 30, therefore 3a is not a root; 
wy +27 +12—12= o, therefore—3a is the third root. 
he reaſon of theſe operations is too obvious to need 
a further explanation. I ſhall here ſubjoin a different 
way, whereby the ſame concluſions may be derived, 
om Sir Iſaac Newton's Method of Divifors; which is 
thus: 5 
Inflead of the unknown quantity ſubſtitute, ſucceſſively, 
three, or more adjacent terms of the arithmetical progreſs 
ien 2, 1, o, — 1, — 2; and, having collected all the 
terms of the equation into one ſum, let the quantities thus 
reſulting, tcgether with all their diviſors, be placed in a 
line, right againſt the correſponding terms of the progreſſion 
2,1, 0, — 1, — 2; then ſeel among the diviſors an arith- 
metical progreſſion, whoſe terms correſpend with, or ſtand 
according to the order of the terms 2, 1, o, — 1, — 2, 
of the firſt progreſſion, and whoſe common difference is 
either an unit, er ſome diviſor of the coefficient of the 
higheſt power of the unknown quantity (x) in the given 
equation. IF any ſuch progreſſion can be diſcovered, let 
that term of it which ſlands againſt the term o, in the firſt 
Progreſſion, be divided by the common difference, and let the 
quotient, with the ſign + or — prefixed, according as the 
progreſſion is increaſing or decreaſing, be tried (as above) 
by ſfub/lituting it for x in the propoſed equation. 
Thus, let the propoſed equation be & — * — 1ox 
+ 6 = 0; then, by ſubſtituting ſucceſlively the terms 
of the progreſſion 2, 1, o, — 1, inſtead of x, there will 
ariſe — 10, — 4; 6, and 14, reſpectively ; which, toge- 
ther with their diviſors, being placed right-againſt the 
correſponding terms of the progreſhon 2, 1, 0, — 1, 
the work will ſtand thus: | 
2.|.— 10-|-1-2- 5-10] 5 
1j-—-4]T-2:6: 4 
TTT 
TC 
Now, fince the coefficient of the higheſt power (xs 
is, here, only diviſible by an unit, I ſeck, among the di- 
vifors, a collateral progreſſion whoſe common difference 
| 7 | 13 
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is an unit; and find the only one of this kind to be 5, 4, 


* + 4x — 10 So, we ſhall, by proceeding in the 
, ih 155 =, . ( ins 


2— 68. 2.3. 6 1 
1— 91. 3.9 3 
o- 10]. 2. 5. 10 3 
—11—21 11.3.7 21 7 
— 21— 54. 2. 3. 6. 9 &c. g 


In which caſe, I diſcover, among the diviſors, the 
increaſing arithmetical progreſſion, 1, 3, 5,7, 9; whoſe 
third term, 5, ſtanding againſt the term o in the firſt 
progreſſion, being divided by 2, the common difference, 
and the quotient (3) ſubſtituted for x, the buſineſs 
ſucceeds, the poſitive and negative terms deſtroying each 
o iD | | 

Moreover, if the equation x* + * — 29x* — gx + 
180 = © were propoſed, the work will ſtand as follows: 


2 | F [1121517 


11441. 2. 3. 4. 6. 8. 9 12 &c. 2346 
180 T. 2. 3. 4. 5. 6. 9. 1o&c. 3435 
—T|160[1.2.4-.5. 8. 10. 16. 20 Kc. 44524 


—2 9011. 2.3.5 ' 9 - 10.15&c.[5]6|1]3 


Here are diſcovered no leſs than four progreſſions, 
whoſe terms differ by unity; whereof the terms corre- 
ſponding to the term o, in the firſt progreſſion, are 3, 4, 
3, and 5: therefore, the two former progreſſions being 


aſcending ones, and the two latter deſcending, I try the 


quantities + 3, + 4, — 3, — 5, one by one, and find 
that they all ſucceed. 

And after the ſame manner we may proceed in other 
caſes; but, in order to try whether any quantity thus 
found is a true root, we may, inſtead of ſubſtituting 
for x, divide the whole equation by that quantity con- 
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„.. 


nected to x, with a contrary ſign ; for, if the diviſion 
terminates without a remainder, the ſaid quantity js 
manifeſtly a root of the equation. 

Thus, in the laſt example, where the equation is 
* + x* — 29x* — 9x + 180 = o, the numbers to be 
tried being + 3, + 4, — 3 and — 5, I firſt take —; 
and join it to x, and then divide the whole equation, 
+ x* — 29x* — 9x + 180 (So) by x— 3, the quan- 
tity thence ariſing, and find the quotient to come out 
a* + 4x* — 17x — 60, exattly, Therefore + 3 is one 
of the roots, 

Again, in order to try + 4, the ſecond number, I 
divide the quotient, thus found, by x — 4, and there 
comes out x* + 8x + 15 ; therefore ＋ 4 is another 
root : laſtly, I try — 3, by dividing the laſt quotient by 
x + 3, and find it alſo to ſucceed, the quotient being 
x + 5. See the operation at large. 


x—3)x*+ x*—29x*-9x + 180(x* + 4x*— 174 — 60 
x*— 2x7 
+ 4+* — 2947 
+ 4x* — 12x? 
— 17x — gx 
— 17x” + 51x 
— box + 180 
— box + 180 
O O 


x—4) x* 4 — 17 — 60 ( + 8x + 15 
& —4x 
+ 8x*— 17x 
8 — 22x | 
+ 15x — 60 
+ 15x — 60 
„ 8 


— —__— 


: x +3) 


E( 
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ir 
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s +3) * ＋ 8K +15 (x+5 
— 2 


As another inſtance hereof, let there be propoſed the 
equation 2* — 3x* + 16x — 24 = 0; then, expound- 
ing x by 2, 1, o, and — 1, ſucceſſively, and proceed- 
ing as in the foregoing examples, we have 
27 1212.3. 4. 6.12 +2]—1 
I — 1.3 + + 1 
5 . 6. 8 &c. +2 + 3* 
—1]—4511-3-5+-9:15-45 J+5SI+5S 


Therefore, the quantities to be tried being 4 and 7, 
I firſt attempt the diviſion by x - 4; which does not 
anſwer : but trying x — 2, or (its double) 2x — 3, 
I find it to ſucceed, the quotient being * + 8, ex- 
actly. 
The reaſon why the diviſors, thus found, do not al- 
ways ſucceed, is, becauſe the firſt progreſſion 2, 1, o, 
— 1 is not continued far enough, to know whether the 
correſponding progreſſion may not break off, after a 
certain number of terms ; which it never can do when 
the buſineſs ſucceeds. Thus, in the laſt example, where 
we had two different progreflions reſulting, had the 
operation, or ſeries, 2, I, 0, — 1, been continued only 
two terms farther, you would have found the firſt of 
thoſe progreſſions to fail; whereas, on the contrary, 
the laſt (by which the buſineſs ſuccceds) will hold, 
carry on the progreſſion 2, 1, o, — 1 as far as you 
will, The grounds of which, as well as of the 
whole method, upon which the foregoing obſerva- 
tions are founded, may be explained in the following 
manner. | 
Let there be aſſumed any equation, as a + bx* + 
ex Þ dx + e = ©, wherein a, b, c, d, and e, repreſent 
any whole numbers, poſitive or*negative, and let px + g 
cenote any binomial diviſor by which the ſaid expreſſion. 
| ax* 


l 
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ax* + bx* + cx + dx Te is diviſible, and let the quo. 
tient thence ariſing be repreſented by * + 5x* + tx + v, 
or, which is the ſame in effect, let ax* + l + of + 
dx + e = px + q X rx +5x* + tx + v. | This being 
premiſed, ſuppoſe x to be now, ſucceſſively, expounded 
by the terms of the arithmetical progreſſion 2, 1, o, —1, 
— 2 (as above) ; and then the correſponding values of 
our diviſor px + 4, will, it is manifeſt, be expounded 
by 2þ +6 +46 —Þ + 9 and —2þ ＋ 9 reſpec 
tively; which alſo conſtitute an arithmetical progreſſion, 
whote common Yifference is p; which common differ- 
ence () muſt be ſome diviſor of the coefficient (a) of 
the firſt term, otherwiſe the diviſion could not ſucceed, 
that is, p could not be had in a, without a remainder, 

Hence it appears that the binomial diviſor, by which 
an expreſſion of ſeveral dimenſions is diviſible, muſt al- 
ways vary as x varies, ſo as to be, ſucceſſively, expreſſed 
by the terms of an arithmetical progreſſion, whoſe com- 
mon difference is ſome diviſor of the firſt, or higheſt 
term of that expreſſion. 

It alſo appears, that the ſaid common difference is 
always the coefficient of the firſt term of the general di- 
viſor; and that the term (4) of the progreſſion, which 
ariſes by taking x S o, is the ſecond term. Therefore, 
whenever, by proceeding according to the method above 
preſcribed, a progreſſion is found, anſwering to the con- 
ditions here ſpecified, the terms of that progreſſion are 
to be conſidered only as ſo many ſucceſſive values of 
ſome general diviſor, as px + qg. Whence the reaſon 
of the whole proceſs is manifeſt, | | 
After the ſame manner we may proceed to the in- 
vention of trinomial diviſors, or diviſors of two dimen- 
fions : for, let mx* + px + 4, be any quantity of this 
kind, wherein u, p, and g repreſent whole numbers, 
poſitive or negative, and let the terms of the progreſ- 
lion 3, 2, 1, o, — I, — 2, — 3, be wrote therein, one 
by one, inſtead of x; whence it will become gm + 3 
+4 4m +2þ+gq ½ ＋ p +9, © Mp +4, 4 — 
2þ + q, and gm — 39 + , reſpectively; where n mult 
be ſome diviſor of the coefficient of the firſt term of the 

given 
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given expreſſion; otherwiſe, the diviſion could not ſuc- 
ceed, Hence it appears, 

1 That the coefficient (m) of the firſt term of the 
diviſor muſt always be ſome numeral diviſor of the co- 
efficient of the firſt term of the propoſed expreſſion. 

2%, That the product of that coefficient by the ſquare 
of each of the terms of the aſſumed progreſſion, 3, 2, 1, 
o, -— I, — 2, — 3, being ſubtracted from the corre- 
ſponding value of the general diviſor, the remainders 
(32 +6 25 ＋ 4, p 4, 7, fo — 2p ＋ 9, — 35 
+ 9) will be a ſeries of quantities in arithmetical pro- 


the ſecond term of the diviſor. 

3*, And that the term ( f Jof this progreſſion, which 
ariſes by taking x = ©, will always be the third, or laſt 
term of the ſaid diviſor. From whence we have the 
following rule. Inſtead of x, in the quantity propoſed, 


8 ſubſtitute, ſucceſſively, four or more adjacent terms of the 
. progreſſion 3 29 I; „ ——_ I a 35 and from all 


the ſeveral diviſors of each of the numbers thus reſulting, 


| ſubtraF the foeres of the correſponding terms of that pro- 
1 


greſſion multiplied by ſome numeral diviſor A the higheſt 
term of the quantity propoſed, and ſet down the remainders 
right-againft the correſponding terms of the progreſſion 3, 


2, I, o, — I, — 2, — 3; and then ſeek out a colla- 
| teral progreſſion which runs through theſe remainders; 


which being found, let a trinomial be aſſumed, whereof the 


lateral progreſſion ; and whereof the third term is equal to 
that term of the ſaid progreſſion which ariſes by taking 
x = 0; and the expreſſion ſo aſſumed will be the diviſor to 
be tried. But it is to be obſerved that the ſecond term 
muſt have a negattve or poſitive fign, according as the pro- 
greſſuun, found among the diviſers, is an increaſing or a de- 

creaſing one. | 
hus, let the quantity propoſed be x* — x* — 5 + 
121 — 6; and then, by ſubſtituting 3, 2, 1, o, — 1, 
— 2, ſucceſſively, initead of x, the numbers reſulting 
will be 39, 6, 1, — 6, — 21, and — 25 reſpectively ; 
which, 


greſſion, whoſe common difference is the coefficient of 


coefficient of the firſt term is the foreſaid numeral diviſor ; 
| that of the ſecond term, the common difference of this col- 
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which, together with all their diviſors, both poſitive arid 
negative, I place right-againſt the correſponding terms 
of the progreſſion 3, 2, 1, 0, — 1, — 2, in the follow: 
ing manner : 
3139 * RY 0: 6:2 6 WY. 6 o ( OI 
2 . ZoZo Ho = I = 2 , == 3.— 6 
1 1.1 
| O 6. ZoZo Yo = |) = 2 0, cn 3.— 6 
— 1121. 7.3. 1.—1.—3.— 7.— 21 
— 2126. 13.2. 1. — 1. — 2. — 13. — 26 
Then, from each of theſe diviſors I ſubtract the ſquare 
of the correſponding term of the firſt progreſſion mul- 
tiplied by unity (as being the only numeral diviſor of 
the firſt term), and the work ſtands thus: | 
3130. 4.—6.—8.— 10.— 12.—22.—48 +4|—6 
21 2.—1.—2.—3.— 5.— 6.— 7,10] +2 6 
Tj 0.—2.— — +0 
Of 6. 3. 2. 1.— 1.— 2.— 3.— 6| —2 
—1 120. 6. 2. 0.— 2.— 4.— 8.—22 —4| +6 
—2122. 9.—2.—3.— 5.— 6.—17.—30—6 +9 


Here I diſcover, among the remainders, two colla- 


teral progreſſions, viz. 4, 2, 0, — 2, — 4, — 6, and 
— 6, — 3, o, + 3, +6, +9; therefore the quantity to 


be tried is either x* + 2x — 2, or & — 3x + 3% by 


both of which the buſineſs ſucceeds. | | 
This invention of trinomial diviſors is ſometimes of 


uſe in finding out the roots of an equation when they 


are irrational, or imaginary. 'Thus, let the equation 
given be * — 4* + 5x* —4x +1=0; and let æ be 
ſucceſſively expounded by the terms of the progreſſion 
3, 2, I, o, and the numbers reſulting will be 7, — 3, 
— 1 and 1; which, together with their divifors, being 
ordered according to the preceding directions, the ope- 
ration will ſtand as follows: 


317. 1.—1.—7—2.—8.—10— 16 
2 


3 F 7 
111.—1 * * O, — 2 * * 


O011.—1 * * 1.21 * * 


Here we have two progreſſions, — 2, — 1, o, 1, and 
—8, — 5, — 2, 1; therefore the quantity to be tried 
is either x*— x + 1, or x*— 2x + 1; but I take the 


firſt, 


. TT tt en eld -_ , " Ts "a „ © ao 
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firſt, and having divided x* — 4* + 6x* — 4K +1 
thereby, find it to ſucceed, the quotient coming out 
„ — 3x + 1, exactly. Therefore & — 4x* + 5x*— 
4x + 1 being univerſally equal to * — x + 1 * 
* — 3x + 1, let **—x + 1 be taken =o, and alſo 
* — 2x + 1 = from the former of which equations 
we have x =2+=V —3; and from the latter x = 3 = 
% Therefore the four roots of the given equation 
are 1 +V , - 1, 3+v5 and 1 — V7 


whereof the two laſt are irrational and the two firſt 


imaginary. And in the ſame manner, the roots of a 
literal equation, as 2* — 442 + 54 — 44 + af = o, 
where the terms are homogeneous, may be derived: for, 
let the roots be divided by a, that is let x be put = 


2 X . : 
or ax S; and then, this value being ſubſtituted for 


2, the equation will become x* — 4x* + 5x* — 4K +1 
=0; from which x will be found, as above ; whence 
z(=ax) is alſo known. | 

Having treated largely of the manner of managing 
ſuch equations as can be reſolved into rational factors, 
whether binomials, or trinomials, I come now to ex- 
plain the more general methods, by which the roots of 


equations, of ſeveral dimenſions, are determined ; and 
ſhall begin with 


The reſolution of cubic equations, according to Cardan. 


If the given equation has all its terms, the ſecond 
term muſt be taken awzy, as has been taught at the be- 
ginning of this ſection; and then the equation will be 
reduced to this form, viz. x* + ax = b; where à and 4 
repreſent given quantities. Put x + xz; and then, 
this value being ſubſtituted for x, our equation becomes 


* + 3 + 3)z* +8 ＋ ANN T b, Or 3) + 2 
＋ 3 X TS TAN T=. Aſſume, now, 3yz 


= —a,; ſo ſhall the terms 3yzz x y ＋ S and a XT z 
deſtroy each other, and our equation will be reduced to 
„zg . From the ſquare of which, let tour times 
the cube of the equation yz = — 4a be ſubtracted, and 
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we ſhall have 9 — 29% + 2 g bi + e; and there 
fore, by extracting the ſquare root, on both ſides, y* — 


3 8 : 
23 = * 3 + = which added to, and ſubtracted 


| 7 3 
from y* + z* = b, gives 25 =b + VI + oy and 


„ „ 
2: =b 5 15 hence y =— + 7 


55 a” | OR 2 


Which is Cardan's Theorem: but the fame thing may 
be exhibited in a manner rather more commodious for 
practice, by ſubſtituting for the ſecond term its equal 


. ©] „„ 
and z = —— 7 + 27 ; and conſequently x ( 


— | 


OL —_ = - ==z, becauſe yx = — 
2 + 27 


4a). And this being done, our Theorem ſtands thus; 


5 7 317 2 
V — 30 


7 7 1 * 
"i 7 7 


Example I. Let the equation y* + 352 + gy = 12 be 
propounded; and, in order to Ae the From Aut 
thereof, let x — x be put = y; ſo ſhall ĩ— 134 
3Xx—1* +9gxXx—1T=13, or * + 6x = 20 
therefore, in this caſe, a being = 6, and 5 = 20, we 


have x ut + y + 7 — 2 ) — 
2 „ 
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10 +V100 ＋ 8 — — xx = 20,3922” 
10 +Vroo +8" 
OE = 2.732 — 732 =2;.and conſequently 


20, 302307 


„(SX —-1) = I. 
Exam. 2. If the equation given be)“ — 3) — 257 
— 8 So; then, by writing x + 1 for , it will be- 


come x +1* — 3 TI — 2 Xx + 1— 8.= 0» 
or & — 5x = 12: therefore, @ being = — 5, and 


þ = 12, x will here be equal to6 + 365 — TESVT nn 


1 6 + V36 — 270F = 0+ $:0009'7 + 6 + 5,9009)7 


= = 2,20376 + „73624 = 3; and conſequently * 
(x + 1) = 4: which is the uy poſſible value of 
„ in the given equation. And it will be proper to take 
notice here, that this method is only of uſe in caſes 


| where two, of the three roots, are impoſſible (except when 
1 3 


they are equal); for — + = being, in all other caſes, 


a negative quantity, it's ſquare root is manifeſtly im- 
| poſſible. 

1 ſhall now give the inveſtigation of the fame ge- 
| neral theorem, for the ſolution of cubics, by a different 
| method; which is allo applicable to other, higher equa- 
tions. | 

Suppoſing, then, the ſum of two numbers, z and », 
to be denoted by s, and their product (zy) by p, it 
| will appear (from Prob. 68. p. 119) that the ſum of 
ve cbeir cubes (23 + 5) will be truly expreſſed by 3 — 
| 305. 

A If, therefore, 2 + y* be aſſumed = , we ſhall al ſo 


US, 


+ 
20; have 32 — 35 = be but, zy being Sp, or y = — our 
we 


3 
ürſt equation, 2 + y* = b, will become 2? + - =; 
from which, by completing * ſquare, Sc, z is found 
; — 5 
5 
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20 + V 56 D; whence y (= £) is given = 


— — - and conſequently s (= z + ) 
2 5 — fp) 


+ * I bþ — p37 + P —: which IS, 


NT i 1þ + V 


2 
evidently, the true root of the equation 3 — 3þs =6, 


From whence the root of the equation & + ax =6b, 
wherein the ſecond term is Poſitive, will be given, by 
writing x for s, and 34 for — ; whence x is found 


= xb + yt 4+ uy —_ 


4 77 


7 
5 


1 4 
2 4 | 
+ 12 + = 


the ſame as before. 

In like manner, if things be ſuppoſed as above, and there 
be, now, given 25 + y* = 6; then, by the problem t bert 
referred to, we likewiſe have 5? — 5 + 5p*'s = b, 


But the firſt equation, by ſubſtituting & for its equi 


3 
, becomes 25 + 7 


25 b whence 2!* — 32 = — ff, 


2 =2b +Vib —p, and z= 2 + V% - D; 
and conſequently s (= X T y = z + — — 


b + el — p35 * 3 
151 V3} — 
root of the equation 3 — 5p5* + 5p*% = 35. Which 


by ſubſtituting 'x for , and — — for p, gives x = 


890 


= the true 


wil wn 


T 


„** 
1 ® . 


wh _ 


WP ; 
1 


true root of the equation x* y A 


Generally, 


fa 
re 


ally, 
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Grnerally, ſuppoſing z" + „ E b, or 2 + 2 85 
2 


(becauſe * — , We have 221 — by" — — 3 


whence 2 16 + Vi bb — p, and z = 


14 + V3Ub e therefore s (2 45 = = + 2) = 


1b + V4 th — pls 4 —— * — which 
|; zb + V3 bb — pl 

is the true root of the equation “ — npg? + x; 

28 2 = 22 3 2 2 —6 
2 * 8 2 n 3 P's 1 

n—5 1 —6 n—7 


3 


fer — Sc. ( ＋ 7 


1 . n p 89 » : : | a re By 
This equation, by writing x for , and _ for — 5, 


becomes x" + ax"? + — a+ + Bd; 


3 an. 426-48 | 
; þ 2 R 
= 5 and its root x 0 


5 =7+ Wherein the two preceding 
n * * 2 nd | 
7 * T 


Theorems are included, with innumerable others of the 
lame kind ; but as every one of them, except the firſt, 
iequires a particular relation of the coefficients, ſeldom 


$ occurring 
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occurring in the Reſolution of problems, I ſhall take 
no further notice of them here, but proceed to 


The Reſolution of biguadratic equations, according to Des 
Cartes. 


Here the ſecond term is to be deſtroyed as in the ſo- 
lution of cubics; which being done, the given equation 
will be reduced to this form, x* + ax* + bx + c = 0; 
wherein a, b, and cmay reprefentany quantities whatever, 


poſitive, or negative. Aſſume x* -þ px + q«x* + rx #5 
= x* þ ax* + bx + c; or, which is the ſame, let 
the biquadratic be conſidered, as produced by the mul- 
tiplication of the two quadratics x* + px + q = o, and 
x*+ rx + 5 = 0: then, theſe laſt being actually mul- 
tiplied into each other, we ſhall have &“ + a + bx 


| 5 
e T 5 * + 18 + 2 * + gs ;; whence, 
by equating the homologous terms (im order to deter- 
mine the value of the aſſumed coefficients, p, 9, r, and s) 
we have p＋ r =O, 5s + q + pr = a, ps + gr = b, 
and gs = c; from the firſt of which yr = - 5; from 
the ſecond s + 4 (= a — pr) = a + þ*; and from the 


third s — q = 3 Now, by ſubtracting the ſquare of 


the laſt of theſe from that of the precedent, we have 
bb 
475 = & + 2af* + pf — 5p that is, 4c = a” + 2a 
| b 
+ * — 75 (becauſe gs = c); and therefore p* 4 
2ap* Fe 0 0 4 = b; from which p will be determined, 
as in example the ſecond, of the folution of cubics. 
5 8 i 
Whence s ( $a + 25 ＋ 250. and g ( 24 + 2 p*— 


7 are alſo known. And, by extracting the roots of 


the two aſſumed quadratics x* + px + q So, and 
x* oY 
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2 


* + rx + 5 = o, we have x, in the one, = — 4 * 
5 — 9; and, in the other, = — = 2 — 
4 2 4 


= EA VE s, becauſe r = - p, Therefore the 
2 4 
four roots of the biquadratic, * + ax? + be + « 
r 3 
5 y 22 — 4, . — — 4. 
2 4 2 4 


EXAMPLE. 


Let the equation propounded be) — 4y* — 8y + 32 
So; then, to take away the ſecond term thereof, let 
x + 1 = y; whence, by ſubſtitution, x* * — 6x* — 
i6x + 21 = 0; which being compared with the ge- 
neral equation, * * + a + bx + c = o, we here 
havea=—6, b = — 16, and e = 21; and conſe- 


quently p* — 12p* — 48þ* (=p*+ 2 apt 3 TY * 


256 (= 7). Now, to deſtroy the ſecond term of this 
laſt equation alſo, make z + 4 = p*; and then, this 
value being ſubſtituted, you will have 23 — g6z 
= 576: whence, by the method above explained, z 


will be found (= 288 + \2881* — 3A K + 
32 — 


S 12. Therefore p (= 
288 + 288 — =] 


V2+ 4) = 4,1 (= = + 5 + —) = 3, and 


2 
S 7 
2 (= - T : 25 871 dane = + 
— — 23, — .. Rigs a 
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3 2 4 
— 22 3; which are the four roots of the 
equation ** — 6x* -- 16x + 21; to each of which let let 


unity be added. and you wil! have 4, 2, — 1 + 23. 3 


and — 1 V 3, tor the four roots of the equation 
propoſed ; whereof the t5vo laſt are impoſſible. 

And that theſe roots are truly affigned, may be ea- 
ſily proved by multiply:ng the equations, y — 4 = 0, 
y—2=0,y + 1 3 o, andy +1 +=} 
= ©, thus ariſing, continually together; for, from 
thence, the very equation given will be produced, 


The reſolution of biquadratics by anether method. 


In the method of Des Cartes, above explained, all 
biquadratic equations are ſuppoſed to be generated from 
the multiplication of two quadratic ones: but, accord- 
ing to the way which i am now going to lay down, 
every ſuch equation is conceived to ariſe by taking the 
difterence of two complete ſquares. 

Here, the general equation * + ax? + bx 
+ x + d = © being propoſed, we are to aſſume 
** * + Fax + A= — Bx + Cl = * + ax? + ba? + 
cx + 4; in which A, B, and C, repreſeut unknown 
quantitfes, | to be determined. 

Then, x* Z ax + A, and Bx + C being actually 
involved, we ſhall have 


x* + ax? + 2Ax* .® * 
* * TZ + ax + A*qg=at+ ax? + bx* + 
* * — B*x* — 2BCx— C? 


cx + d: from whence, by equating the homologous 
_ will be given, 

2A + 4a*—B*=b, or, 2A +$a*—b= B'; 

= a — 2BC =c, or, aA — <;BC; 

OE v\., =4,or, A* —4 S_ 

Jet now the firſt and laſt of theſe equations be multi- 

plied together, and the product will, evidently, by 

equa 
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equal to ; of the ſquare of the ſecond, that is 2A* + 
Tas — b xy A* 2% - d N aa — b (= BC“) = 
1 * ac + & (= B*C*), Whenc?, denot- 
ing the given quantities Zac d, and ic* + dX3aa —b 
by T and /, reſpectively, there ariſes this cubic equation, 
A - A + FA - Zo: by means whereof the 
value of A may be determined {as hath been already 
taught); from which, and the preceding equations, both 
B and C will be known, B being given from thence = 


V2A 14a —b, and C = — of 

The ſeveral values of A, B, and C, being thus found, 
that of x will be readily obtained: for & + tax + AV 
— B + Ch being univerſally, in all circumſtances of 
K equal to * + ax + -bx* + cx + d, it is evident, 
that, when the value of x is taken ſuch, that the latter 
of theſe expreſſions becomes equal to nothing, the for- 
mer muſt likewiſe be = o; and conſequently 
** + Jax + AV = Bx + CF: whence, by extracting 
the ſquare root on both ſides, ** + Jax +A= = Bx= C; 
which, ſolved, gives x = +IB—iatyia EZLBF+ CA 
= zIB -A Na F aB T IB C Az; ex- 
hibiting all the four different roots of the given equa» 
tion, according to the variation of the ſigus. 

This method will be found to have ſome advantages 
over that explained above. In the firſt place, there is 
no neceſſity here of being at the trouble of exterminat- 
ing the ſecond term of the equation, in order to prepar 
it for a ſolution : ſecondly, the equation, A — 24A* 
+ A- z Zo, here brought out, is of a more {imple 
kind than that derived by the former method: and, 
thirdly (which advantage 1s the moſt conſiderable) the 
value of A, in this equation, will be commen/jurate and 
rational (and therefore the eaſier to be diſcovered), not 
only when all the roots of the given equation are com- 
menſurate, but when they are irrational a 1d even imp 
fible; as will appear from the examples ſubjoined. 
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Exam. 1. Let there be given the equation & + 12x = 
27-= 6: 


Which being compared with the general equation 
* + ax* + bx* + cx + 4d = o, we have 4 = o, 
5 So, c = 12, and 4=—17: therefore & (Jac — 4 
=17, 1 (4c* + d X aa —b) = 36; and conſequently 
A — b + tA —HY =A*® ＋ 17A —18 = 0; where 
it is evident, by bare inſpection, that A = 1. Hence 


B (= V2A + aa =) = V2, C (===) = 


» 


== — 3; and NVE V 2V 2 —1 


— 


= = IV2 + V's 380 2— Therefore the four 


roots of the equation are 2 2 + " 3V 2 — = 
V2 — * n 372 — , — 25 ½ + 579 — 7 


and — 22 — VZ. 2—— ; whereof the firſt and 
ſecond are impoſſible. 


Exam. 2. Let the equation given be * — 6x* — 58x 
— 114x — II = o. 


Herea=—6, b=— 58, c=— 114, and d= —11; 
whence 4 (4ac - 4 = 182, 1 (Acc + 4 X ld — b) = 
2512; and therefore A* + 2gA* + 182A — 1256 = 0- 
Where, trying the diviſors 1, 2, 4, 157, &c. of the laſt 
term (according to the method delivered on p. 134) the 
third is found to ſucceed; thevalueof A being, therefore, 


= 4. Whence there is given B = 75 = 573, 
C = = 3VS and v (= = 1 — 1 + 


\ 
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YET I ß B = C—A) = = V3+3= 
E * 


Exam. 3. Let there be now propoſed the literal equation 
4 + 2a2* — 37% — 384 + a =O. 


This cquation, by dividing the whole by 47, and 
writing x = =, is reduced to the following numeral 


one, * + 2x3 — 37 — 38 +1=0. If, therefore, 
a, b, c, and d, be now expounded by 2, — 37, — 38, 
and 1, reſpectively, we ſhall here have + (tac - A4) = 
— 20, | (4c d x fa = 399; and therefore, 
by ſubſticuting theſe values, 
A + ZA* —20A — 2 o, 

or, 2A* + 37A” — 40A — 399 = ©. 
Which equation, by the preceding methods, will be 
found to have three commenſurable roots, 2, — 
and — 19: and any one of theſe may be uſed, the re- 
ſult, take which you will, coming out exactly the ſame. 
Thus, by taking — 3, for A, we fhall have x* + x — 
3==vV2 X 4x +2: but, if A be taken = 2, then 
will x*+x+i==zV5x3+3: laſtly, if A 
be taken = — 19, then «** + x — 19 = + 6/10. All 
which are, in effect, but one and the ſame equation, 
as will readily appear by ſquaring both ſides of each, 
and properly tranſpoſing ; whence the given equation 
* + 2x* — 37 — 38 + 1 = o, will, in every 
caſe emerge. And the ſame obſervation extends to all 
other caſes, where there are more roots than one; it 
being indifferent which value we ule ; unleſs, that ſome 
are to be preferred, as being the moſt ſimple and com- 
mod ious. 

Having given the general ſolution of biquadratic 
equations, by the means of cubic ones, I ſhall now 
point out two or three particular caſes, where every 
thing may be performed by the reſolution of a quadra- 


tic only, 
Theſe 
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- Theſe are diſcovered from the preceding equations, 
2A + ZA — 3 = B?, ; 
aA — c = 2BC 
1 and A* = 4 = C*: 
wherein, if A be ſuppoſed = o, it is plain that 22. 
d =B", "ink = 25 BC, and —d= =” ? whence BE — 


Viaa—b, C = 722 = V4, and confe. 


quently d = 7. 7 by making f= b — 4. 


Therefore, in this caſe, (wherein d = — the 


general equation x* + ar + A = & Bx & C, will 
become x* + Tax = = N f + N 

But, if B be ſuppoſed = o; then will 2A + 44. — 
þ = o, and allo aA —c o; whence A = {bh — 


22 * =If ==1 and therefore C (SV =. _ 


F — d: ſo that in this caſe (where c = — the 

5 7 equation becomes x* + Jax + 2 if = 2 2 
2 4; which, ſolved, gives 

x = — 14 K a — If xv 2 


Laſtly, if C be ſuppoſed = o, then wil aA — c =0, 


—_Y 


and A*—d=0; conſequently A = 7 Vd, and 


B ( * V2A = 92 VE — f: therefore, in 


this caſe (where 4 ==) we ſhall have ** + 2 ax 


From the whole of wh. Y Ae thats i if c be 


a 
= 1 or d, either, equal to FT. or to 75 7 being © - 


WW 


yy - 2 


At 


it 
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— 124); then the roots of the given equation, 
+ + ax? + bx* + cx + d o, may be obtained, by 
the reſolution of a quadratic, only, 


Exam. 1. Let there be given * — 25 + box 
* 
Here à o, b = 25, c'S 60, ane 4== 363 


therefore, F (= — 25) being = — —(= = — 25 ), 


ye have, 4 caſe Is 4 — 7: 
het is, * = = 5x N 6: which, ſolved, gives at = 


4 14 1 , thai, «= 4+ 4, or, x. = 


— 5 + 2: ſo that 3, 2, 1, and — 6, are the four roots 
of the equation propounded, 


” 


ram. 2. Let there be now given & + 24x* + 39's* 
+ 29%x — 1* = 0. 


Then, a being = = 27% b = 34", © = 24, and 4 = 
4 thence will f (=b — 3aa) = 24", and L (= 
24) Sc; and ſo, the example belonging to caſe 2, 
we have x (= — 4 N d) 
= — 27 K V- 2% K +7. 


Exam. 3 « Laſtly, ſuppoſe there to be given the equation 
x? — 0x* 4 I5x —27x +9 = 


Here, a being = — 9, b= 15, = 27, and d= , 
it is eyident that _ ( = 0) = e4{f= 9}: therefore, by 


| —— 2c 
64ſe 3, we have x* + 44 * — . + 14 53 
> | that 
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that is, «* — 43x + 3 (= + s + = ks I5) = 
= IzVs : which, ſolved, gives 
g=3V5+vi8t5V5 

4 . 


XY = 


The Reſolution of L.ITERAL EquaTions, whereiy 
the given, and the unknown quantity, are alike 


affected # 


Equations of this kind, in which the given and the 
unknown quantities can be ſubſtituted, alternately, for 
each other, without producing a new equation, are 
always capable of being reduced to others. of lower 
dimenſions. In order to ſuch a reduction let the equation, 
if it be of an even dimenſion, be firſt divided by the equal 
powers of its two quantities in the middle term : then aſſume 
a new equation, by putting ſome quantity (er letter) equal 
to the ſum of the two quotients that ariſe by dividing thoſe 
quantities one by the other, alternately; by means of which 
equation, let the ſaid quantities be exterminated ; whence a 


numeral equation will emerge, of half the dimenſions with 


the given literal one. 

But if the equation propounded be of an odd dimenſion, 
let it be, firſt, divided by the ſum of its two quantities 
fo will it become of an even dimenſiom, and its reſolution 


will therefore depend upon the preceding rule, 


Exam. 1. Let there be given the equation * — 4a + 
sax — 4a + af = 0. 


x 
Here, dividing by a, we have 5 += 4 5— 
* . 8 
x „ Rowen +3 


Do, by joining the correſponding terms) ; and by mak- 


ing z = 3 2 and ſquaring both ſides, we have 
6 alſo 


* 
5 
© 
«4 
NA. 
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3 
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a8 
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* 
os 
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XX aa 


xx aa | 
Mo 2 2 ＋ +.2.+ == N 3,2 = = + = 


aa 
Therefore, by ſubſtituting theſe values, our equa- 


tion becomes * — 2 — 42 5 = o, or 2 — 42 = 
3 a 
— 3; Whence zx = 3» But +> being = z, we 


have x* — zax = — 4; and conſequently x = Z za + 


az — Ga = 24 X 2 EZ /z2 — 4 = 5a * 3 55 


in the preſent caſe. 


Exam. 2. Let there be given x* + 4ax* — 124% x* 


124%x* + 4a*x + a5 = o. | 
In this caſe we muſt firft divide by x + a, and the 

quotient will come out x* + 2ax3 — 15a'x* + 28x + 

4 = 0: whence, by proceeding as in the former ex- 


XX as] 8 5 
ample, we have — F 
or à˙ — 2 + 32 — 15 = o, and from thence 
33 by 
2 
Exam. 3. Suppoſe there to be given 7* == 26a4⁵ =. 
260a's + 7a® = 0. 


2 x* a 
Which, divided by a', becomes 7X 7 + = 


a * 
2 2 

* a : * a 
26 * o. Now, making, as before, x +>; 

2 2 
* a 8 

we ha 2 —— — — — 2 : 3 7 

| vez 2 === 3 and, multiplying again 


y RL a 8 i n we 
y 387 +: . we likewiſe have z* — 2z = 4 
i $95 x a® x? a® 
= - + * i + z + pl and therefore, 
| 3 3 
* a 
2 — 3 = 


tuted above, our equation becomes 7 * 2? — ZZ — 
ad X ** — 2 o, or, 72% — 262 — 212 + 52 . 
Where, 
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Where, trying the diviſors of the laſt term, which are 
T, 2, 4, 13, &c. the third is found to anſwer; 2, con- 
ſequently, being = 4. 0 | 

Exam. 4. A berein let there be given 2x" — 130" x* 
134% x* + 28” = ©. 

Here dividing, firſt, by x ＋ a, the quotient will be 
2x* — 24 — I10'x* + 119% — IIA X — 24 + 
aa = o; which, divided again by a*x?, give 

0 "0 0 | x* 4* * a. 
2 1 33 * * 


11 o; that is, 2 & 2˙— 32 — 2 K 2 — 2 — 112 
+11=0, or 23 — 22 — 172 + 15 S o (vid. p. 119): 
whence z = 3. | 

A literal equation may be made to correſpond with 
2 numeral one, by ſubſtituting an unit in the room 
of the gizen quantity (or letter) and equations that 
do not ſeem, at firſt, to belong to the preceding _ 
may ſometimes be reduced to ſuch, by a proper ſubſti- 
tution ; that is, by putting the quotient of the firſt 
term divided by the laſt, equal to ſome new unknown 
quantity (or letter) raiſed to the power expreſſing the di- 
menſion of the equation, Thus, if the equation given 
be 2x* + 24x* — 3157 + 216 + 162 o; by put- 

4 


ting 162 = *, we have x = 2y; whence, after ſubſti- 


tution, the given equation becomes 162y* + 648y* — 
28350 + 6485 + 162 = 0: which now anſwers to the 


rule, and may be reduced down to 2y* 85 — 357 + | 


85 + 2 = 0, 


Of the Reſolution of Equations by approximation and 
| converging ſeries's, 


The methods hitherto given, for finding the roots of 
equations, are, either, very troubleſome and labo- 
rious, or elſe confined to particular caſes ; but that by 
converging ſeries's, which we are here going to explain, 
is univerſal, extending to all kinds of equations; and, 

9 though 


_ ws wm Sndicu DV e at 1 —_ „ 88 
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though not accurately true, gives the value ſought, with 


little trouble, to a very great degree of exactneſs. When 
an equation is propoſed to be ſolved by this method, 
the root thereof muſt, firſt of all, be nearly eſtimated 
(which, from the nature of the problem and a few 
trials, may, in moſt caſes, be very eaſily done); and 
ſome letter, or unknown quantity as z) muſt be aſſum- 
ed, to expreſs the difference between that value, which 
we will call r, and the true value (x) ; then, inſtead of 
x, in the given equation, you are to ſubſtitute it's equal 
r 2, and there wil! emerge a new equation, affected 
only with z and known quantities; wherein all the 
terms having two, or more dimenſions of z, may be 
rejected, as inconſidera le in reſpect of the reſt ; which 
being done, the value of z will be found, by the reſo- 
lution of a ſimple equation; from whence that of x 
(=r = z) will alſo be known, But, if this value 
ſhould not be thought ſufficiently near the truth, the 
operation may be repeated, by ſubſtituting the ſaid value 
inftead of r, in the equation exhibiting the value of x; 
which will give a ſecond correction for the value of x. 
As an example hereof, let the equation x* + 10x* 
+ 50x = 2600, be propoſed : then, fince it appears 
that x muſt, in this Caſe, be ſomewhat greater than 
Io, let + be put = 10, and yr += = x; which value 
being ſubſtituted for x, in the given equation, we have 
* + 31*z + 3rz* + &* + 10 + 20rz + 10s? + 5or 
+ 50z = 2600 : this. by rejecting all the terms where- 
in two or more dimenſions of x are concerned, is re— 
duced to * + 3r'z ＋ 1ior* + 20rs + 50 + 50z = 
2600 — 1 — or. — 5or 
z3r* + 20r + 50 
= 0.18, nearly: which, added to 10 (= 7), gives 
10,18 for the value of x. But, in order to repeat the 
operation, let this value be ſubſtituted for V, in the laſt 
equation, and you will have z = --,0005347 ; which, 
added to 10,18, gives 10,1794053, for tue value of x, 
a ſecond time corrected. And, it this laſt value be, 
again, ſubſtituted for , you will have a third correction 
ef x; from whence a fourth may, in like manner, be 
h found; 


2600 ; whence z comes out = 
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found; and ſo on, until you arrive to what degree of 
exactneſs you pleaſe. 

But, in order to get the general equation from whence 
theſe ſucceſſive corrections are derived, with as little 
trouble as poſſible, you may neglect all thoſe terms, 
which, in ſubſtituting ior w and its powers, would riſe 
to two or more dimenſions of the converging quantity: 


for, they being, by the rule, to be omitted, it is better 


entirely to exclude them, than to take them in, and 
afterwards reject them. 

Thus, in the equation & + x* + Y o, letr + x 
be put = ; and then, by omitting all the powers of 
& above the firſt, we ſhall have * + 2rz = x?, and 
* + Zy = , nearly; which, ſubſtituted above, give 
* + 3riz TY +2rz+r +2 =90; whence 8 is found 
_ 0O—ri—r— | 

3 +2r +1 
to 4 (which, it is eaſy to perceive, is nearly the true value 
90 — 64 —16 — 4 __ 

4818411 
o. 10 Cc. which, added to 4, gives 4.1, for the value of x, 
once corrected: and, if this value of x be now ſubſtituted 
90 — 1 — * -u 
3 ＋ 21 +1 
which, added to 4. 1, gives 4. 10283, for the value of x, 
a ſecond time corrected. 

In the ſame manner, a general theorem may be de— 

rived, for equations of any number of dimenſions. Let 


e ß 

A, be ſuch an equation, where u, a, b, c, d &c. re- 

preſent any given quantities, poſitive, or negative: then, 

putting r + z = x, we have, by the Theorem in p. 41. 
r &c: 

„* 2 iD) n= X 1 &. 

e775 = 923 4 a2 XxX r* Is de. 


&c. 


A Therefore, if r be now taken equal 


of x) we ſhall] havez (= =) 2 


for 7, we ſhall have & (= ) = ,00283; 


** 


Which values being ſubſtituted in the propoſed equation, 
it 
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+ becomes ar” + nar iE ＋ br" + a—1 Xx þ""—*Z 
+ 2 2 * cz ＋ dri 4 un- 3 x dr E 
&c. Q. From which z is found = 

Q— ar” — rg r dr; — er" K&c. 
nar” IX E TA + n- 3xdr" *+n-4xer" c. 

As an inſtance of the uſe of this Theorem, let the 
equation — x? + 3oox = 1000 be propounded. Here 
n being = 3. a=—1, S o, c = zoo, and Q = 
1009, we ſhall, by ſubſtituting theſe values above, have 
oo + ' — 3oor 
-—— Zr + 300 
inſpection, that one of the values of x muſt be greater 
than 3, but leſs than 4) let 1 be taken = 3; and z 


127 


will become = 271 = 0.5, and conſequently x (= 7 


——_ 


— 


: in which (as it appears, by 


＋ 2) = 3-5, nearly, Therefore, to repeat the opera- 
tion, let 3.5 be now wrote inſtead of , and z will 
1 | ; 

come out = Ta 0,027 ; which, added to 
2.5, gives 3.473, for the value of x, twice corrected. 
And, by repeating the operation once more, will be 
found = 3, 47296351; which is true to the laſt fi- 
ure. 

If the root of a pure power be to be extracted, or, 


which is the ſame, if the propoſed equation be &“ = Q ; 
then, a being = x, and 5, c, d, &c, each = ©; 2, in 


this caſe, will be barely = 22 which may ſerve as 
* 


a general Theorem for extracting the roots of pure 
powers. Thus, if it were required to extract the cube 
root of 10; then, being = 3, and Q = fo, z will 


10 -r ; 
3 mn ; in which, let » be taken = 2, and it 


2 
will become z = == 0,16: therefore x = 2,16; from 


M whence, 
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whence, by repeating the operation, the next value of 
x will be found = 2, 1544. ne 

The manner of approximating hitherto explained, as 
all the powers of the converging quantity after the firſt 
are rejected, only doubles the number of figures at every 
op>cation. But I ſhall now give the inveſtigation of 
Other rules, or formulz, whereby the number of places 
may be tripled, quadrupled, or even quintupled, at 
every operation, ES 

Let there be aſſumed the general equation az + 
bz* + cz + du Cc. p; z, as above, being the 
converging quantity, and a, “, c, d, &c. ſuch known 
numbers as ariſe by ſubſtituting in the original equa- 
tion, after the value of the required root is nearly 
eſtimated, 45 

Then, by tranſpoſition and diviſion, we ſhall have 


n 8” 
a A a a 


jecting all the terms after the firſt, and writing q = - 


there will be givin z = q: which value, taking in only 
one term of the given ſeries, I call an approximation of 
the firſt degree, or order. 

To obtain an approximation of the fecond -degrec, 
or ſuch a one as ſhall include two terms of the ſeries, 


let the value of z found above, be now ſubſtituted in 


b 
the ſecond term , rejecting all the following ones; 


bq* bq* | 
ſo ſhall z = — — — = q—=; which triples the 


number of figures at every operation. 

For an approximation of the third degree, let this 
laſt value of z be now ſubſtituted in the ſecond and 
third terms, negleCting every where all ſuch quantities 
as have more than three dimenſions of q : whence 2 

or”: SEE on 


3 20% —ac , 
r 


ö UE EO 


% & 


* 
4 
: * 
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The manner of continuing theſe approximations is 
ſufficiently evident: but there are others, of the ſame 
degrees, differing in form, which are rather more com- 
modious; and whereof the inveſtigation is alſo ſome- 
what different. 

It is evident from the given equation, that 


OS 3 | | 
a If, therefore, the firſt 
value of z, found above, be ſubſtituted in the denomi- 
nator, and all the terms after the ſecond be rejected, 
b 

a + bq © aa + bt which 1s an 
approximation of the ſecond degree. 


we ſhall have 2 = 


2 
But, if, for z you write its ſecond value, 4 —L, 
you will then have 2 (= — 2 r ) = 
95 — 3 being an approximation of 
a + bg — 5 7 
the third degree. | 
5 b 235 — ac a 
Again, by writing e 9* in the 


toom of z, and neglecting every-where all ſuch terms 
as have more than 3 dimenſions of g, you will have 


aa a 
is an approximation of the' fourth degree. | 
It is obſervable, that the powers of the converging 
quantity 3, in the former approximations, ſtand, all of 


them, in the numerator ; but Here, in the denominator : 
M 2 but 
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but there is an artifice for bringing them, alike, into 
both, and thereby leſſening the number of dimenſions, 
without taking away from the rate of convergency. 
To begin with the approximation z = 


» which is of the third degree, 


put 5 = - — 7 = the coefficient of the laſt term of the 


denominator divided by that of the laſt but one; ſo ſhall 


* 2 
4 ＋ % — 
denominator being, equally, multiplied by x + 5, it 
þxX1+59 = 

a + bq — bsq* + asqg + %% — %, 
but, the approximation being only of the third degree, 
bs*q* may be rejected, and ſo we have 
3 1 

4 14. % aa +b + 4 5 

In the ſame manner, in order to exterminate the 
third dimenſion of q out of the equation 
Ds 2 
= bb „ 5 

A + 3 ＋ 4. 9 

3 ad— bc 

PRE F 7 Noe 
of the denominator divided by that of the laſt but one; 


2 7 whereof the numerator and the 


becomes z = 


* 
A 


= the coefficient of the laſt term 


then will z = — — — n — 


Vo 


2 p Soy . 
= mm I (becauſe 5 = ———); 
whereof the terms being equally multiplied by x + w4; 
: PN ITT 


a + 77 — bg" + awq + twy' 


&c, we thence have 2 = 


KS 
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E 


2 — 
— —— nent en — 


ans bo Eg” ao. 9 + w—s. by* 


— by c is an ap- 
axaa+b+aw.p + w—s.Þþpp 

proximation of the fourth degrce, and quintuples the 
number of figures at every operation. 

By purſuing the ſame method, other equations might 
be determined to include 5, or more terms of the given 
ſeries; but, then, they would be found more tedious, 
and perplexed in proportion ; ſo that no real advantage, 
in practice, could be reaped therefrom. I ſhall, there- 
fore, proceed now to illuſtrate what is laid down abova 
by a few examples. 


Exam. 1. Let the equation given be x* + 20x = 100. 


Here, x appearing, by inſpection, to be ſomething 
greater than 4, make 4 + Z = #; then the given equa- 
tion, by ſubſtitution, becomes 28z + z* = 4, There- 
fore, in this caſe, a=28, b=1, c = o, &c. and 

> FOES | | RA | HOuna 
an +Tþ (= 788 197) 
0.14213; Which is one approximation of the value of z. 


þ=4; and conſequently 


But, if greater exactneſs be deſired, then; ( - — 5 ) 


a 1 2b ad — bc 1 
being here 785 and 20 45 7 — 50s va 


ſhall, according to our two laſt farmulæ, have 

n on GILES. 
aa +b + as. p 28 * 28 + 2 Xx 4 
r 


8 (0 


N T1 1286 © 0,14213564, nearly; and 
«(= —m—_ ———— 28 &4 & 2847 


a X dαν H aw + w—sS.þp 28 7844 12T7 
3E 1 a3 x 108 $544 


— ́— 


7 796 7 ee -- 29005 
"4-3 0. 142 


166 The RESOLUTION of EQUATIONS 


0. 1421356236, more nearly; which value is true te 
the laſt figure. 


Exam. 2. Suppoſe the given equation, when prepared for 
a ſolution, to be 7682 + 48z* + 2* = — 96. 


In this caſe g = 768, b = 48, c =1,4=0,p = 


I | c I I 
— 96, 7 (=L) -_— (= 1 * af 


2 2b ad— be 1 1 
8 n 48 * 48 — 768 


= —_ g = 3. Therefore z = * 


48 — 16 32 a+b+as.q 
rr 
768 ＋ 48 f ;  708—6—4 1516 
—0, 1259894, nearly; or 2 = — 

| a + b + aw.q+w—s5-bgq 
v e  ——qgo+7 © 
708 ＋ 48+72x -f 768 —6— 9 145 
06K 128 19 K&16 12144 


more nearly. 


In the ſame manner the roots of other equations may 
be approached: but, to avoid trouble in preparing the 
equation for a ſolution, you may every-where neglect 
all ſuch powers of the converging quantity z as would 
riſe higher than the degree, or order of the approxima- 
tion you intend to work by. And further to facilitate 


the labour of ſuch a transformation, the ſollowing ge- 


neral equations for the values of p, a, b, c, d, &c. may 

be uſed. 

E — ar — er — 571 — % fc. 

& + 281 + 3 r* + 49r3 Se. 

8 + 3yr + ber + lor &c. 

y + 4% + ir + Oc. bp 

= * + gr + &c. | 
The original equation being «x + Px* + ya? + A* 

+ ex* &c. : from whence, by making r + Z = *1 

the above values are deduced. 


Q, 5 dS 
ieee 


The 


— Lk [4 } L 1 G_s 27 - Do "wv o 


VS 
1 
* 
4 AZ 
x 
_ * 
VN 
4 
A 
= 4 
E- 
4 * 5 
= 
*' 
3 4 
* 
= 
—_— 
. 
R ©, 
= 
* 
=” 
1 
: "E 
4 
1 
4 3 
Av 
24 
4 
Mp 
3 
_ 
= 
,— 
-— x 
* 


9 we 
4 3 3 
r 
W 
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The better to illuſtrate the uſe of what is here laid 
down, I ſhall ſubjoin another example; wherein let 
there be given * + 2»* + 2x* + 4x* + 5x (or 
5x + 4x* + 3 + 2x* + x*) = 54321; to find x, by 
an approximation of the ſecond degree. 

In this caſe, & being = 54321, a =5, 6 4, y = 3» 
J 2, and « = 1, we have | 

p = 54321 — 57 — 47. — 37. — 21 — 1, 

a= 5 + 8 + qr + 87 + 5rt, and 

b = 4 + gr + 127" + 104. 

Which values, by aſſuming r = 8, will become p = 
11529, 4 = 25221, and 5 = 5964: whence q (= 
Pp, 3 11529 _ 
a a + bg 25221 + 2683 © 
0,41 ; and therefore x (rz) = 8, 41, nearly. 

To repeat the operation, let 8,41 be now ſubſtituted 
for r; ſo ſhall p = 135,92, a = 30479, b = 6876, 

2 ) = 135992 | 
a+bq 32479 ＋ 30 
= 0,004455 : which added to 8,41, gives 8,414455, 
for the next value of x. 

The formulz, or approximations determined in the 
preceding pages, are general, anſwering to equations of 
all degrees, howſoever affected: but in the extraction of 
the roots of pure powers the proceſs will be more ſimple, 
and the theorems themſelves very much abbreviated. 


For let x" = & be the equation whereof the root x is 
to be extracted; then, by afſuming er nearly equal to x, 


and making Xx 1 + Z = x, our equation will become 


4 
** ITT, or 1 T z = —, that is, 1 + n 


3 
4 


= 0;45, 2nd «(= 


(= — = 0.00445, and 2 (= 


2 — I N — I 37} — 2 22 7 
S* +7. ; 2 T Nn. 
- 3 


« 2* Ce. = —: from whence, by tranſ- 


524 2 . 3 
M 4 | * 


poſition and diviſion, z + 
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= — . = 

2 3 4 nr” 
Here, by a compariſon with the general equation, 
az + bz* + * ＋ dz!“ Cc. = p, we have 4 = 1, 

n— 1 n — 1 n — 2 1 — 1 1 — 2 
b — 5 C — . 5 4 — . . 
2 2 3 2 3 

þ * 7¹ 

7 3 Sc. and p = 1 : whence 9 — =þ; 


b Cy, _NU—1T n—2 n+1 


— — — — 
— — 


a b — 3 AR, 


and v 


— — —— 


2b . W 1 —1 Tz —2. 1 —3— f 1— I. 1—2 


— — Rn 


n — 1 1 — 2 . % — 3 — 2 — 2. r — 2 


I 2.8 + 1 5 
1 —1 nn — 2 1 —1 
+ — R 3 1 = 
1 2.1 +1 
„. 1 —1 1— 2 7 
— X — 1 412 — = 2. Theres 
2.21411 ; ; I T 2 
fore, for an approximation of the third degree, we have 


PEE 1 © i 2 8. 
+ IT 89-9 mt at 
I + - + 3 


+ 


p+n+1. 5 5 
— : and for an approx 
i+2n—1.2 PP imation of the 


fourth degree Z = P 5 2 1 — = 
5 a +b + aw.g+ 0 — 3 45 
— + dnp? 7 

1 — 1 7 5 in Wy 

I + 7 F p . 
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2. 
223ꝗ—1 24 — 1 n—1T , 


„ ͤ́ W Homo eng 3 
dent that the root x (* + 2) of the given equation 
22117 


“Hence it is evi- 


* E, will be equal to r + 


1427 — 1.4 arid 
rPÞX1I1+5zFn 
and equal to r + 2 — —— 
F LSD 
1 + 2 *P 12 * Þ 


more nearly. 
But both theſe theorems will be rendered alittle more 


A „and ſubſtitut- 


commodious, by putting v = 


hb — Xr 


; 1 2 : 
ing , in the place of its equal, p; whence, after 


rXbv Þ+ n +I 

vX bu + 4n—2 
r X 2U + AN 

VX2V+2n=—1+En=1.2n—1? 


proper reduction, x will be had = r + 


nearly; and equal tor + 


more nearly. 

I ihall now put down an example, or two, to ſhew 
the uſe and great exactneſs of theſe laſt expreſſions. 

1. Let the equation, given be x* = 2, or, which is 
the ſame, let the ſquare root of 2 be required. 

Then, ailuming r = 1.4, we haven = 2, 4 = 2, 


9 —— — f 
(- 8 my 1 98; and therefore 
rx bu +n 1 | 1,4 X 591 
— ̃ AI n 7 — . 
* 00 + 4n — 2 5 * 98 x 504 154 + 


1 4 197 
70 x 198 "” .: 32860 
the value of x according to the former approximation: 

| but, 


= 1414213563 which is 
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but, according to the latter, the anſwer will come out 
4 = 141421356236; which is true to 


the laſt gure: and, if with this number the operation 
be repeated, you will have the anſwer true to nearly 69 


places of decimals. | 
2. Let it be required to extract the cube root of 


] 


— 7 


nr” 


1728. Here, taking r = 11, we ſhall have v ( 


= _ = 10.057933 and therefore r + 


X 
< 6 — 11, 99908; 


SP —— — 
20 n nern iK 
I 


50000 


which differs from truth by only part of an 


unit. V „ 
2. Let it be propoſed to extract the cube root of 
500.. Here, the required root appearing to be leſs than 
8, but nearer to 8 than 7, let er be taken = 8, and 
255 3 X 512 | 

— 12 
fore r + =mni — TY „ 
2 + M—1Xv+FXn—1X 22 — 1 
e 228 i 
2 — = 7-937005259936 3 which number is 


we ſhall have v (= ) = — 128; and there- 


true to the laſt place. 

4. Laſtly, let it be propoſed to extract the firſt ſur- 
ſolid root of 125000. Irf which caſe 4 being = 125000, 
n 5, r = 10, and v = 20, the required root will be 
found 10.456389. 

Beſides the different approximations hitherto deli- 
vered, there are various other ways whereby the roots 
of equations may be approached ; but, of theſe, none 
more genera], and eaſy in practice, than the follow- 


ing. 15 
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Let the general equation, az + bz* + cz + da* + 
. Cc. p, be here reſumed; which, by diviſion, 
r 4 


n | becomes 2 _—_ hw ny” 772 7 . If, 

0 4 — + - z = HM 3 2 L 
V 

of therefore, we make A = 771 and neglect all the terms 

| | after the firſt, we ſhall have z = ＋ being an approxi- 


mation of the firſt degree. 
And if this value of z be now ſubſtituted in the ſe- 
| cond term, and all the following ones be rejected, we 


I 2 8 
TFT "2 1 3 
1 FFT 
AT 


(by making B = ); which is an approximation 


of the ſecond degree. 
In order now to get an approximation of the third de- 
| pree, let this laſt value be ſubſtituted in the ſecond term, 
neglecting all the terms after. the third; fo ſhall 
1 


5 + ares won vane 20 but here, in the room of 
- | „ 


, either of the ſquares of the two preceding values 
| of z, or their rectangle may be ſubſtituted, that is, either 
T*, A* K. er = * ; but the laſt 

#1 A 0 F- NX! ut the laſt of theſe 


00, Y 
be (= _ is the moſt commodious; whence we have z = 
e B aB +bA +e 
—= —; ſuppoſing C — 
ots | 2 b 4 C 7 PP Z 
one WM / 37 +2 + 7 a 
Again, for an approximation of the fourth degree, we 
Let 3 C A 
Hs Ys 40 Beet 6 ba Ban Bal 4 
2 nin * which va- 


lues 
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Ives being ſubſtituted in the general equation and all the 
terms after the four firſt rejected, there now comes out 


I O 

- — — wa. — * — 
4 £A 4 a b c 7 
— T= + — + — C —B++—A4- 
S TTT 


aC T BB + cA + d 


= 5¹ by making D 


In like manner, for an approximation of the fifth de. 


WWW. 
nnr ay he» _ 


Pp 7 


;. ð ᷣ v e 
"00> 3 e 
A 
8 * = * BR X = — 75 and conſequently x 
D 
— F 5 ſuppoſing 


a 3 Fa 4 
ob r SB4SA+= 
C 


_ eD +1C +B+dA+ £ Whence the law of con- 


ti nuation is manifeſt; whereby it appears, that if there be 
a B = 23 +6 OC —=B+3A te 
5 5 —_ 7 9 — 5 ) 

aC +}B +cA +4 42D + bC + B + 4A +? 
D —_ — Pp a E — p — 
ET DT CTT. A , oF+bE+D+dCHheB+/AH; 


P 


taken A = 


F 


P 
&c. then will X. EY 85 8. 2 I = Sc. be ſo 
many, ſucceſſive, zpproximations to the value of 2, 2 
fcending gradually, from the loweſt to the ſuperior orders. 
An example will help to explain the uſe of what l 
above delivered; wherein we will ſuppoſe the equation 
given to be 12z + 62? + 21 = 2, | 
Herea=12,þb=6,c=1,4=0, eo, &c. and p =2; 


h 
whence A (=>) =6, B (= — b, "BY £54, 


aB +bA +c 12 * 29 +6x6+1. 
= 29, C (== 7 5280 Lt on 
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CHE.) 2 Gos 639 + 6 
2 


5 D(= 
= 1635, Se. 


Therefore, N = = 2, nearly, 


3 

1 
* z, mor near, 
C 


101 i 
38 x, fill nearer, 
From the ſame equations, the general values of B, 
C, D, c. may be eaſily found, in known terms, in- 


dependent of each other. 


3 a® 
Thus B _ + —) = — 
( 3 


| P 
CA nor 
B 
Hin Ra Ru SB iSim. 
and D ( he THEM TER N + 


+ = (becauſe A ==) : 


12 4 
I ct + — Oc. Therefore 
> be p P 
1 hn en 
; "0+ bp ? 
+ — þXa'+#þ 


a* + 2abp + c<* ? 
pP þ x 4 + 2abp + b. ; 
4 + 3a*bp + 2ac + bb. p. + dp** 

p Xx a* + 3a'bp + 2ac + bb. p* + dp 
a* + 44*bp + Zac + 3bb. ap* + be + ad. 2þ* ＋ ep?, 
ers, e. which are ſo many different approximations to the 
value of z. 
tion Thus far regard has been had to equations which 
conſiſt of the ſimple powers of one unknown quantity, 
and are no-ways affected, either by ſurds or fractions. 
either of theſe kinds of quantities be concerned in 
n cquation, the uſual way is to exterminate them by 
multiplication, or involution (as has been taught in . 
dect. | 


+ 
Bo 0& e = 


22 
— — — — 


w_ — 


; 8 R 2 * 
"ESR MAR TIT 


_ — — 
—— —: — 


_—_— = pw _— — 


— 
— — — — * 
9 — 


2 — — — — AT . — ___ 


. r 
—— ———— - 
2 
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Sect. IX.) But as this method is, in many caſes, very 
laborious, and in others altogether impracticable, eſpe. 
cially, where ſeveral ſurds are concerned in the ſame 
equation, it may not be amiſs to ſhew how the method 
of converging ſeries's may be alſo extended to theſe 
caſes, without any ſuch previous reduction. In order 
to which it will be neceſſary to premiſe, that if A; 
repreſents a compound quantity, conſiſting of two terms, 
and the Jatter (B) be but ſmall in compariſon of the 
former ; then will, 

EY B I B | 


8——ů—— — — ——— 30 1r — 1 1 
VVT 


HS : 
2. FFB = A* + Tor A + —— 
2A 2A 
3⁵ 1 3 b or 228 B | 
AFB A 24 A 2A 
ym” | AB 
4. FFB = A + Der A? + 3A 2 near]y, 
3A | 
55 1 * 3 B * B 
X70 3 oat - a? ah 
5 BA* 
& AFB A Jr * = 
Gi 4 
75. — = 1 or 22 B 


— 

Tt A AT At axat) 

All which will appear evident from the general theo- 
rem at p. 41: from whence theſe particular equations, 
or theorems, may be continued at pleaſure; the values 
here exhibited being nothing more than the two firft 
terms of the ſeries there given. But now, to apply 
them to the purpoſe above mentioned, let there be given 
V7} + * + V2 + x* + VF x = IO, as an exam- 
ple, where, x being about 3, let 3 + e be therefore ſub- 
ſtituted for x, rejecting all the powers of e above the 


5 firſt, 
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firſt, as inconſiderable, and then the given equation 
will ſtand thus, Vio + be + V1) Þ+ be + V 12 be 
— 10: but, by Theorem 2, y 10 + be will be = V1o 
4 2 2 8 nearly; for, in this cafe, A = 10, 


and B = be, and therefore AZ + 1 wth, V 10 + 


. 10 
7 0 


3 _ fl &c. and conſequently VTo 4 22s £ 


— 1I Ne — . 3912 * 
V11 2. + Via + 2 —— = 10; which, 


contracted, gives 9.944 ＋ 2. 18e = 10; whence 2.718e 
= . 056 and e = .0205; conſequently x = 9.0205, 
nearly. Wherefore, to repeat the operation, let 3.0205 
+ e be now ſubſtituted for x; then will 


: in like manner is VII + 6G: 2 II + 


V10.12342 + 6.041e + V11-12342 + 6.041e + 


V 12.12242 + 6.0412 = 10; whence, by Theorem 2, 
6.0412 


K 


V10.12342 + 71051370 + 71.1232 + 
e 


6.041e | 
in — 10, Or 
2V 12.12342 


Wires + 1242342 ＋ 


9.99878 14 + 2.72246 = 10: from which e comes out 


= .000447, and therefore x 3.020947; which is true 
to the laſt place. 

Again, let it be propoſed to find the root of the equa- 
„ 
tion TEE ry + 25 = 34. Put 20 + 
x; then, by proceeding as before, we ſhall have 
400 + 200 20 Te V 405 + 40e 
V516 + 45e „ 25 
1 I 


'h TIES ——— 1 ak — 
(0 Theorem 3) 7518 + 457 is nearly Vir © 


= 34: but 


— nod 
22 — * — 
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47 


105 X Verb? and (by Theorem 2) V 405 + 4ce = 
— 20e | 
Vos + —==: which values being ſubſtituted above, 
V 405 | 

our equation becomes 
I r 


00 + 200X T — + XV Lot —— 
4 516 1032xV516 25 45 yt 


= 34, that is, 400 + 20e & . 044022 — .00192e + 


20 + e * . 804984 + 0398 = 34; whence rejed. 
ing e*, &c. we have 1.713e = +1915; and conſe- 
quently e = .1118. 

Thirdly, let there be given Vi - + V1 —3# + 
Y 2 aw qx* = 2. Then, if 0.5 + e be ſubſtituted there- 
in for x, it will become Vo. 5 — 4 + Vo.5 — a4 4 


Vo.625 — 2.256 =2; or V5 —Vo.g xe + Veg 


20 


— V0.5 > Th 7 ; + V.625 > Hank 5 — — 23 whence 
2V .625 


3.545 = +204, e = . 057, and x = 0.557, with which 
the operation being repeated, the next value of x will 
come out = .5516. 


Laſtly, let there be given TT + TIF + TH 
= 6,5. Here, by writing 3 4e for x, and proceed- 
5 

þ 


. 2 — 
ing as above, we ſhall have 2 + 855 + 10 


r 7 
105 X20, —| , 28* x 270 
5; | 4 * 28 : 
+ 1.23e = 6.5; whence e = .036, and x = 3.036- 

It may be obſerved that this method, as all the powers 
of e above the firſt are rejected, only doubles the num- 
ber of places, at each operation: but, from what 1s 
thercin ſhewn, it is eaſy to ſee how it may be extended, 
ſo as to triple, or even quadruple, that number; but 
then the trouble, in every operation, would be increaſed 
in proportion, ſo that little, or no advantege could be 
rcaped therefrom. 


= 6.5, that is, 6.45 


Hitherto 
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Hitherto we have treated of equations which include 
one unknown quantity, only. If there be two equa- 
tions given, and as many quantities (x and y) to be de- 
termined, one of thoſe quantities muſt firſt be extermi- 
nated, and the two equations reduced to one, according 
to what is ſhewn in Sect. 9. But, if this cannot be 
readily done (which is ſometimes the caſe) and the un- 
known quantities be ſo entangled as to render that 
way impracticable, the following method may be of 
uſe. | | 

Let the values of x and y be aſſumed pretty near the 
truth {which, from the nature of the problem, may 
always be done); and let the values ſo aſſumed be de- 
noted by ff, and g, and what they want of truth by s, 
and t reſpectively; that is, let FS x, and g +t=y: 
ſubſtitute theſe values in both equations, rejecting (by 
reaſon of their ſmallneſs) all the terms wherein more 
than one ſingle dimenſion of the quantities s and ft are 
concerned: Jet all the terms in the firſt equation, which 
are affected by s, be collected under their proper ſigns, 
and denoted by As; in like manner, let thoſe affected 
by t, be denoted by Bt; and thoſe affected neither by 
nor t, by Q moreover, let the terms of the ſecond. 
equation, wherein s and t are concerned, be denoted by 
as, and bt, reſpectiwely; and let the known terms, on 
the right-hand fide of this equation, or thoſe in which 
neither 3, nor t enters, be repreſented by . Then the 
equations (be they of what kind they will) will ſtand 
thus, As + Ber = Q, and as + bt = 9. By multi- 
plying the former of which by 5b, and the latter by B, 
and then ſubtracting the one from the other, we ſhall 
have bAs — Bas = bQ — Bãĩ; and therefore s =: 


= : 
— whence x (= f + 5) 1s given. 


Again, by multiplying the former equation by a, and 
the latter by A, &c. we ſhall have 4B — Alt = aQ — 
aQ — Ag 4A — 20. 1 
F 
„(SZ) is likewiſe 1 | 


Ag, and therefore f = 


It 
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It is eaſy to ſee that this method is alſo applicable, 
in caſe of three, or four equations, and as many un- 
known quantities, but as theſe are caſes that ſeldom 
occur in the reſolution of problems ; and, when the 
do, are reducible to thoſe already conſidered, it will be 
needleſs to take further notice of them here: I ſhall, 
therefore, content myſelf with giving an example, or 
two, of the uſe of what is above laid down. 

r. Let there be given x* + y* = 10000, and & - 
= 25000; to find x and y. Then, by writing f+s 
=x,g +t = y, and proceeding according to the afore- 
going directions, we ſhall have f* + 4f*s + g* + 435 
= 10000, and f* + - g* — 5g*t = 25000, or 
4 56 + 4g*t = 10000 — ff — gf, and 557 — 5g% = 
25000 + g* —f*: therefore, in this caſe, A = 4ff, 
B = 4g*, Q= 10000 —f* — gf, a = , b =— 
52*, and q = 25000 + g* — f*. But it appears, from 
the firſt of the two given equations, that x muſt be 
ſomething leſs than 10, and from the ſecond, that) 
muſt be leſs than x I therefore take F q, andg 8; 
and then A becomes = 2916, B = 2048, Q = — 657, 


a = 32805, 5 = — 20480, q = — 12813 and there- 2 
fore 5 05 — 9 = — 0.12. and: ) os 
bA — Ba” © 1235 bA — Ba” © / 
— o 14; hence x = 8.87, and y = 7.86, nearly. 
Therefore, in order to repeat the operation, let F be ® 
now taken = 8.87, and g = 7.86; then will A = 2791, 1 
B 1942, Q = — 6.76, 4 = 30950, 5 = — 19083, hy 
US: „ 2 
and q = 94; conſequently 5 ( — Tb ) = 400047, : 
Aq—aQ 
— =). = moo 1c: 2 + 
and t (= IL. = —-004ls5 whence x 3 
8.87047, and y = 7.85585; both which values are true = 
to the laſt figure, 3 . 0.4 
Example 2. Let there be given 20x + xy* 17 + 8x12 . 
= 12, and Va" + p* + = 25 = 13. Here the | 
| * — 5 1. 


given equations, by writing f+ for x, and g * and 
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ſor 12 will become 207 + 20s + fg* + 2fgt + N 
+ 87 + 8f + 8 = 12, and , + g* + 2fs + 2gt 
4 — = FE — CAPE =13: but 

of We * 4 e 
207 + fe* + 205 + 272m + 2 , by what is ſhewn in 
207 N 


. 23x20f + fz* 
* 20s + 2/2t + 7s (ſuppoſing all the terms that have 
more than one dimen{on of s and t, to be rejected, as 


inconfiderable) ; alſo F + g* + 2f5 + 2gt, is trans- 


p. 174, will be transformed to 207 + FW + 


sS + gt oY 

formed to F/ ＋ 2 + 2 , and —— — 

1 7 Vie f= t 
— =— — Tank : therefore our 


to PE = 
VP =C P=ExYfF=r 
equations will ſtand thus, 


20f + fe? X 20s + 2fgt + 7s 


Ee + 3 x 20f + f#* 
V8 45 — : d 2 8 + " 1.8 
f + Vif I2, an EY ＋ 2 + r + 
1 777 


FF Tr x 9 
r 5 F 
=13: which equations, * be aſſumed = 5, and g 
= 4, will be reduced to 5.6462 + .01045 X 36s + 40t 
+ 6.3245 +.63245 = 12, and 6.4031 + 2817 + .625t 
+20 + 5t + 4s & .3333 -— .1852s + 14827 = 135 
whence 1.008s -þ -418t = .0293z and I. 197 $-255f 
true S. 0698: therefore, in this caſe, A = 1.008, B = 


0.418, Q = .0293, 4 = 1.59, b 1 5-255, and 4 | 


50 — 
— 698: conſequently $ (= — Ag wilt — _ 305, and 4 


Ab aw B = — 00403 therefore & — 5. O305, 1 


N 2 . 
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EFI N XIII. 


Of indeterminate, or unlimited Problems. 


Problem is ſaid to be indeterminate, or unlimited, 

when the equations, expreſſing the conditions 
thereof, are fewer in number than the unknown quan- 
tities to be determined; ſuch kinds of Problems, ſtrictly 
ſpeaking, being capable of innumerable anſwers : but 
the anſwers in whole numbers, to which the queſtion is 
commonly reſtrained, are, for the general part, limited 
to a determinate number; for the more ready difco- 
vering of which, I ſhall premiſe the following 


L EMMA. 


ax 3 þ 


Suppoſing 


8 be an algebraic fraction, in it's. 


loweſt terms, x being indeterminate, and. a, h, and e 
given whole numbers; then, I ſay, that the leaſt inte- 


ger, for the value of x, that will alſo give the value of 
ax & b 


an integer, will be found by the following me- 


thod of calculation. 

Divide the denominator (c) by the coefficient (a) 4 the 
indeterminate quantity; alſo divide the diviſor Ly the re- 
mainder, and the laſt diviſor, again, by the laſt remainder ; 
and ſo on, till an unit only remains. | N 

Write down all the guotients in a line, as they fellow; 
under the firſt of which write an unit, and under the ſecond 
write the firſt ; then multiply theſe two together, and hav- 
ing added the firſt term of the lower line (or an unit) 
to the product, place the ſum under the third term of the 
upper line: multiply, in like manner, the next two corre- 
ſponding terms of the two lines together, and, having added 
the ſecond term of the lower to the product, put down the 
reſult under the fourth term of the upper one : proceed on, 
in this way, till you have multiphed by every number in 
the upper line. | 


Then 


F 


* 
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Then multiply the laſt number thus found by the abſolute 
quantity (b) in the numerator of the given fraction, and 
divide the product by the denominator ; ſo ſhall the re- 
mainder be the true value of x, required; provided the 
number of terms in the upper line be even and the ſign of b 
negative, or, if that numter be odd and the ſign of b . 
firmative ; but, if the number of terms be even and the 
fign of b affirmative, or vice veria ; then the difference be- 
tween the ſaid remainder and the denominator of the frac- 
tion will be the true anſwer. 

In the general method here laid down à is ſuppoſed 
leſs than c, and that theſe two numbers are prime to each 
other : for, were they to admit of a common meaſure, 
whereby 6 is not diviſible, the thing would be impoſſi- 
ble, that is, no integer could be aſſigned for x, fo as 


ax X b 5 
to give the value of — an integer: the reaſon of 


which, as well as of the lemma itſelf, will be explained 

_ a little farther on: here it will be proper to put down 
an example, or two, to illuſtrate the uſe of what has 
been already delivered. 


Examp. 1. Let the quantity given be of joe 2 
256 
Then the operation will ſtand as follows. 
87)250(2 
$2)87(1 2, i, 16, 2 
 5)82(16 I, 2, .Jz 50, 103 
27502 =, 
_ 256)5150(20 
20 2x. 
Examp. 2. Given LE 3-8 
| 89 
71)89(1 1 
| 2 3 
| 18)71(3 Is I, 4, 3 
[ 17)18(1 10 
a q I | r. 


N 3 N xXaemp- 


8 


- — — — 
2 — PR pe = 
= - = £ _ — * * b 
'L 1 * 3 = - > 
2 — — 
— - — RI - —— = 
— — — — — — —— — — = = — — 
— — — . — 2 — — Fe -y 7 i -—_ = = 

———— " _ 30 

2 — _ 30 . 
x — N , . 2 0 = he — ——-2»— — — 

— — — — * * 5 0 
——— K — * = 2 * —— w — 2 — 2 —_ — —— — — _ — = 

— — — — — 


I 4 


5 


— 
— 


* * . 
2 E — — — 
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Eramp. 3. Given n 8 
377)450(1 r, 5, 6 
73)377(s5 I, I, 6, 37 
' 12)73(6 _ 
x 1850 
ö 1 
45009250020 
250 
E 
200 M. 
Examp 4. Given LIES 5 
987) 123801 I, 35 I, 48, "= T 
248)987(3 1, 1, 4, 5, 244, 249, 493 
2243024811 OST 
5)243(48 493 
3)s(r - 
188 2958 
2 12350) 3209430259 
7.394 
12193 
I078 
1235 


157 = 

Theſe four examples comprehend all the different 

Caſes that can happen with regard to the reſtrictions 

ſpecified in the latter part of the rule: I ſhall now 
ſhew the uſe thereof in the reſolution of problems, 


PROBLEM I. 


To find the leaſi whole number, which, divided by 17, 
frall leave a remainder of 7; but leing divided by 20, 
the remainder ſhall be 13. | 


Let x be the quotient, by 17, when 7 remains, or, 


which is the ſame, let 19x + 7 expreſs the number 
| ſought 3 


CPE Y nn. 
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ſought ; then, ſince this number, when 13 is ſubtracted 
from it, is diviſible by 26, it is manifeſt that 


+ (Ah of — . or —.— muſt be a whole number: 
whence, by proceeding according to the Jemma, x will 
be found = 8 ; and conſequently 17x + 7 = 143, the 


number required, See the operation. 


17)26(1 1 0 
2 
997701 EST 
* 18 
89911 26 
. | YZ = x, 


PROBLEM II. 
Suppoſing 9x + 13y = 2000, it is required to find all 
the poſſivle values of x and y in whole poſitive numbers. 
By tranſpoſing 1 2y, and dividing the whole equation 


2000 — 135 


by q, we have x = 2 222— 5 1 — 


which, as x is a whole poſitive number, by the queſtion, 
muſt alſo be a whole poſitive number, and fo likewiſe 


4y — 2 


; from which the leaſt value of y, in whole num- 


bers, will come out = 5; and conſequently the corre- 
ſponding value of x = 215. From whence the reſt of 
the anſwers, which are 16 in number, will be found, 
by adding , continually to the laſt value of y, and 
ſubtracting 13 from that of x, as in the annexed table, 


which exhibits all the poſſible anſwers in whole num 

8 
x=215]202|189|176|167 150055 124J1 11095 $5] 72] 50 46} 331 20] 7 
y= 51 141 231 321 411 50} 59} 68] 77186i95lio4tti;|iz21t3i|iqgoltgo 
In the ſame manner, the leait value of y, and the 
greateſt of x being found, in any other caſe, the reſt of 
the anſwers will be obtained, by only adding the co- 
eſſieient of x, in the given equation, to the laſt value of y, 
continually, and ſubtracting the cocthcient of y from the 
4 corre- 
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correſponding value of x. Hence it follows, that, if 
the greatęſt value of x be divided by the coefficient of y, 
the remainder will be the lea value of x, and that the 
quotient + 1 will give the number of all the anſwers, 
But it is to be obſerved, that the equations here ſpoken 
of, are ſuch, wherein the ſaid coefficients are prime to 
each other; if this ſhould not be the caſe, let the equa- 
tion given be, firſt of all, reduced to one of this form, 
by dividing by the greateſt common meaſure, 


PROBLEM III. 


To find how many different ways it is poſſible to pay 100 l. 
in gumeas and piſtoles, only; reckening guineas at 21 Hil- 
lings each, and piftoles at 17. 

Let x repreſent the number of guineas, and y that 
of the piſtoles ; then, the number of ſhillings in the 

'guineas being 21x, and in the piſtoles, 17y, we ſhall 
therefore have 21x + 17y = 2000, and conſequently x = 


Teenie de ea.F + IO: Go Io : ; 
21 =95 + —7*-© 3 which being a whole 


number, by the queſtion, it is manifeſt that 1791 


muit alſo be an integer : now the leaſt value of y, in 
whole numbers, to anſwer this condition, will be found 
= 4, and the expreſſion itſelf = 3; the correſpond- 
ing, or greateſt value of -x being = 92 ; which being 
divided by 17, the coefficient of y (according to the 
preceding note) the quotient comes out 5, and the re- 
mainder 7: therefore the leaſt value of æ is 7, and the 


number of anſwers (=5 +1) =6: and theſe are as 
follow, 


* 


4 


92 151-5 41 24] 7. 
4 | 25 | 46 | 67 J 88 | 109. 


PROBLEM IV. 


To determine whether it be poſſible to pay 1001. in gurneas 

and moidores only; the former being reckoned at 21 ſhil- 
lings each, and the latter at 27. 

Here, by proceeding as in the laſt queſtion, we have 

3 21x + 
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21x + 27y = 2000; and conſequently x = — 222. 


2 95 — 5 — Oy I 8: where, the fraction being in 


its leaſt terms, and the numbers 6 and 21, at the ſame 
time, admitting of a common meaſure, a ſolution in 
whole numbers {by the note to the preceding lemma) is im- 
poſſible. The reaſon of which depends on theſe two 
conſiderations ; that, whatſoever number is diviſible b 
2 given number, muſt be diviſible alſo by all the divi- 
ſors of it; and that any quantity which exactly mea- 
ſures the whole and one part of another, muſt do the 
like by the remaining part. 'Thus, in the preſent caſe, 
the quantity 6y — 5, to have the reſult a whole num- 
ber, ought to be diviſible by 21, and therefore diviſible 
by 2, likewiſe (which is, here, a common meaſure of 
a and c) + but 6y, the former part of 6y — 5, is divi- 
ſible by 3, therefore the latter part — 5 ought alſo to 
be diviſible by 3; which is not the caſe, and ſhews the 
thing propoſed to be impoſſible, | 


PROBLEM V. 
A butcher bought a certain number of ſheep and oxen, 


for which he paid 1001.; for the ſheep he paid 17 ſhillings 


apiece, and for the oxen, one with another, he paid 7 pounds 
apiece; it is required to oe how many he had of each ſort. 
Let x be the number of ſheep, and y that of the 
(xen; then, the conditions of the queſtion being ex- 
prefled in algebraic terms, we ſhall have this equation, 
VIZ, 17x + 149y = 2000; and conſcquently x = 


2000 — — 
eee 4 — 117 — 8 — 2 : ; which being 
17 
4y — II | 
2 whole number, i muſt therefore be a whole 


number likewiſe: whence, by proceeding as above, we 
find y = 7, and x = 60; and this is the only anſwer 
the queſtion will admit of: for the greateſt value of x, 
cannot in this caſe be divided by the coefficient of y, 
that is 140 cannot be had in 60; and therefore, ac- 

cording 


— — P» 2 


— — K — —— n — _ 
— _—_ 9 FRI. — — — Gu — _ — — - — - — — —— 
= R ” 2 - — — 
- — —* — —— ag - — ==” II — * _—__ o—_ _ 
* * 2 * — r Li —— ——— 0 — 0 — = * = 2 — - -2 
—— — — : — — -- — — — — — — 


— 


— 


cording to the preceding note, the queſtion can hare 
only one anſwer, in whole numbers. 
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PROBLEM VI. 


A certain number of men and women being merry-making 
together, the reckoning came to 33 ſhillings, towards the 
diſcharging of which, each man paid 38. 6d. and each 
woman Is. 4d. : the queſtion is, to find * many perſons 
of both ſexes the company conſiſted of. 

Let x repreſent the number of men, and y that of 
the women; ſo ſhall 42x + 16y = 396, or 21x + 9 

198 — 21x 


= 198; and conſequently y = 24 
— "I . : whence, y being a whole number, 2.— 


muſt likewiſe be a whole number; and the value of 
x, anſwering this condition, will be found = 6; and 
conſequently that of) ( 24 — 12 —3) = 9; which 
two will appear to be the only numbers that can an- 
ſwer the conditions of the queſtion ; becauſe 21, the 
coefficient of x, is here greater than , the greateſt va- 
lue of y. | 


PROBLEM VII. 

One bought 12 loaves for 12 pence, whereaf ſome were 
two-penny ones, others penny ones, and the reſt farthing 
ones : what number were there of each fart ? 

Put x = the number of the firſt ſort, y = that of 
the ſecond, and z = that of the third; and then, by 


the conditions of the queſtion, we have theſe two equa- 


tions, Viz. 
x + y + z = 12, and 
8* + 4y + z = 48. 
W hereof the former being ſubtracted from the latter, 
in order to exterminate z, we thence get * + 3y = 30, 
30 — 7x 


| * 
and therefore y = = 12 — 2x — —; whence 


it is evident that the value of x = 3, and conſequently 


that y = 5, and s = 4; which are the numbers that 
were to be found, 
PRO. 
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PROBLEM VIII. 


To find the leaft integer, poſſible, which being divided 
by 28, ſhall leave a remainder of 19; but, being divided 
by 19, the remainder ſhall be 15; and, being divided by 
15, the remainder ſhall be 11, 


Firſt, to find the leaſt whole number that can an- 
ſwer the two firſt conditions, let the quotient by 28, 
the firſt of the given diviſors, be denoted by x, or, which 
is the ſame, let the ſaid number be expreſſed by 28x + 
19; then this number, when 15 is ep HEY from it, 
20x + 


4 or its 
19 


being diviſible by 19, it is manifeſt that 


gx +4 
1 

the leaſt value of x will be found = 8; and conſe- 
quently 28x + 19 = 243; which is the leaſt whole 
number that can, poſſibly, ſatisfy the two firſt condi- 
tions. T his being found, let the leaſt number that is 
exactly diviſible by both the ſaid diviſors 28 and 19, be 
now aſſumed ; which, becauſe 28 and 19, are prime to 
each other, will be equal to 28 X 19, or 532: then, 
ſince the number required, by the nature of the pro- 
blem, muſt be ſome multiple of 532, increaſed by 243, 
it is plain that the ſaid number may be repreſented b 

532x + 243; from which, if 11 be ſubtracted, and the 


remainder be divided by 15, the quotient . 


E will be a whole number by 
15 


equal x + muſt be an integer; from whence 


= 35x ＋ IS + 


the queſtion, and conſequently —— a whole number 


alſo; from whence the leaſt value of x will be found 
= 14, and conſequently that of 532x + 243 = 
7691 ; which is the number that was to be found. In 
the ſame manner the leaſt number, poſſible, may be 
found, which being ſucceſſively divided by four, or 


more given diviſors, ſhall leave given remainders. 
PR O- 
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PROBLEM IX. 
Suppoſing 87x + 256 = 15410; to determine the leaf 
value e x, and the greateſt of y, in whole poſitive numbers, 
By tranſpoſition and diviſion we have 


__ 15410—87x 87x —50 


= * = 60 — — 5 : where the frac- 


tion being the fame with that in Examp. 1. to the pre- 
miſed lemma, the required value of x will be given 
from thence = 30; from whence that of y will like- 
wife be known. But I ſhall in this place, ſhew the 
manner of deducing theſe values, independent of all 
previous conſiderations, by a method on which the de- 
monſtration of the lemma itſelf depends. 

In order to this, it is evident, as the quantity 87x —þ 
(ſuppoſing þ = 50) is diviſible by 256, that its double 
174x — 26 mult be likewiſe diviſible by 256. But 


256x is, plainly, diviſible by 256; and, if from this, the 


quantity in the preceding line be ſubtracted, the re- 
mainder, 82x + 26, will be likewiſe diviſible by the 
ſame number ; fince whatſoever number meaſures the 
whole, and one part of another, muſt do the like by the re- 
maining part : for which. reaſon, if the quantity laſt 
found be ſubtracted from the firſt, the remainder 5x— 3 
will alſo be diviſible by 256: and, if this new remain- 
der multiplied by 16, be ſubtracted from the preceding 
one (in order to farther diminiſh the coefficient of x), 
the difference 2x + 506 muſt be, ſtill, diviſible by the 
ſame number. In like manner, the double of the laſt 
line, or remainder, being ſubtracted from the preceding 
one, we have g — 1036, a quantity, ill, diviſible by 
10 

256: but 23 — 20 4 85 therefore x 30 mult 
be diviſible by 256; and conſequently x be either equal 
to 30, or to 30 increaſed by ſome multiple of 250; 
but 30, being the leaſt value, is that required. 

It may not be amiſs to add here another Example, to 


illuſtrate the way of proceeding by this laſt method : 

: | =x+051 
whereinletus ſuppoſe the quantity given tobe 97 15 4. 
| hen, 
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Then, making b = 651, the whole proceſs will ſtand 
25 follows. _ | | 

From = 13235 

ſub. . = o87x + b 

I, rem. — 248x—b 

1. rem. & 3 = 1744 — 26 

A 243 ＋ 44 

3. rem 83 = 53 

3. rem. & 48 240 — 2400 

4. rem. 42 

g., w. - LOS 
1 6, rem. x + 4935 
| where, x being without a coefficient, let 4936 or its 
„qual 320943 be now divided by 1235, the com- 
mon meaſure to all thoſe quantities, and the remainder 
will be found 1078; therefore x + 1078 is likewiſe 
diviſible by 1235; and conſequently the leaſt value 
of x (= 1235 — 1078) = 157. The manner of 
working, according to this method, may be a little 
varied ; it being to the ſame effect, whether the laſt 
remainder, or a multiple of it, be ſubtracted from 
the preceding one, or the preceding one, from ſome. - 
greater multiple of the laſt. Thus, in the example 
before us, the quantity 248x — 3, in the third line, 
might have been multiplied by 4, and the preceding 
one ſubtracted from the product; which would have 
given 55 — 5h (as in the ſixth line) by one ſtep leſs. — 
f the manner of proceeding in cheſe two examples be 
compared with the proceſs for finding the ſame values, 
| according to the lemma, the grounds of is will appear 
obvious. 


PROBLEM X. 


Suppoſing e, V, and g to denote given integers; io deter- 
* — e x—-f 
2 


28 ? Ig 


mine the value of x, ſuch that the quantities 


X — 


and 


T 4, may all of them z' integers. 


By 
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By making — = y, we have x = 28y + e; which. 


value being ſubſtituted in our ſecond expreſſion, it 
8 ** 
becomes 5 > z which; as well as y, is to be 


8 — 5 
. "4 by making b =: 


—F, will be = y + 2- 
18y + 26 being both diviſible by 19, their difference 
y — 2b muſt be alſo diviſible by the ſame number; 
whence it is evident, that one value of y is 26; and 
that 2b + 19z (ſuppoſing z a whole number) will be a 
general value of y; and conſequently that x (= 28 
+ e) = 532% + 5% Te is a general value of x, an- 
ſwering the two firſt conditions. Let this, therefore, 


be ſubſtituted in the remaining expreſſion __ 3 which, 


by that means, becomes 2 — 5 T; CES 


(ſuppoſing 8 = 11b Te _—_ —\ 


2 whole number : but 


; and therefore 19y and 


="25x 
3 
* = 


— 11f — g.) Here 15z and 144 + 28 being both di- 
viſthle by 15, their difference z — 25 mult likewiſe be 
diviſible by the ſame number; and therefore one value 


of z will be 28, and the general value of z = 28 +. 


I15w from whence the general value of x (= 5322 + 
560 Te) is given = 7980w + 10048 + 56b + e; 
which, by reſtoring the values of 5, and E, becomes 
7980w + 12825e — 11760 — 104g. 

Now, to have all the terms affirmative, and their 
coefficients the leaſt poſſible, let to be taken = — e + 
2f + g; whence there reſults 4845e + 4200f + 
6916g, for a new value of x: from which, by expound- 
ing e, f, and g, by their given values, and dividing the 
whole by 7980, the leaſt value of x, which is the re- 
mainder of the diviſion, will be known, 


a PR O- 
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PROBLEM XI. 


If 5x + 7 + 11z = 224; it is required to find all 
the poſſible values of x, y, and x, in whole numbers. 


In this, and other queſtions of the ſame kind, where 
you have three, or more indeterminate quantities and 
only one equation, it will be proper, firſt of all, to 
find the limits of thoſe quantities. Thus, in the pre- 


. 
ſent caſe, becauſe x is =: — 


5 , and becauſe 
the leaſt values of y and z cannot (by the queſtion) be 


| leſs than unity, it is plain that x cannot be greater than 


224 — 7 — IT 


„or 41: and, in the ſame manner it will 


appear, that y cannot be greater than 29, nor z greater 
than 19; which therefore are the required limits in this 

FRE! Zone” + ng 2 00 
caſe, Moreover, ſince x is = — 7 n 


er . 


= a whole number, it is 


5 | 
manifeſt that 3 muſt alſo be a whole num- 


der: let 2 + 1 be therefore conſidered as a known 
quantity, and let the ſame be repreſented by i, and then 


2y + b 


the laſt expreſſion will become ; from which, 


by proceeding as above, we ſhall get y = 2b = 2z 
+ 2; whence the correſponding value of x comes out 
= 42 — 5. | 

Let z by now taken = 1, then will x = 27 and y 
=4; from the former of which values, let the coeffi- 
cient of y be, continually, ſubtracted, and to the latter, 
let that of x be continually added, and we ſhall thence. 
have 37, 30, 23, 16, 9, and 2, for the ſucceflive values 
of x; and 4, 9, 14, 19, 24, and 29, for the corre- 
. values of y: which are all the poſſible anſwers 
hen Z 21. 


Let 
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Let z be, now, taken = 2, then x = 32, andy =6, 
Jet the former of theſe values be increaſed or decreaſed 
by the multiples of 7, and the latter by thoſe of 5, as 
far as poſſible, till they become negative; fo ſhall we 
have 39, 32, 25, 18, 11, and 4, for the ſucceſſive va- 
lues of x, in this caſe, and 1, 6, 11, 16, 21, and 26, 
for the reſpective values of y: which are all the an- 
ſwers when z = 2. | 
Again, let & be taken = 3; then, by proceeding az 

above, the correſponding values of x, and y will be found 
equal to 34, 27, 20, 13, 6; and 3, 8, 13, 18, 23, re- 
ſpectively. And ſo of the reſt: whence we have the 
following anſwers, being 60 in number. 


i 


—_ 


E | y | 1 x 

14. 9+ 14+ 19. 24. 29.37.30. 23. 10. 9. 2 
2J1. 6. 11. 16. 21. 26.39.32. 25.18.11. 4 

313. 8. 13. 18. 23. 34.27. 20. 13. 6 
4145.10.15. 20. 25 29.22.15. 8. 1. 
52. 7. 12. 17. 22. 31.24.17. 10. 3 
64. 914. 19 26.19. 12. 5 
711. 6. 11. 16. 28.21.14 7 
8 3 8.13.18, 23-16, 9 0 
905. 10. 15. 18.11. 4 


10 2. 712. 20.1 P 6 » 
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| PROBLEM XII. 

If 117» + 1 + 21z = 400; it is propoſed wg 
all the poſſible values of x, y, and z, in whole poſitive 
aumbers. | | ö 

When the coefficients of the indeterminate quanti- 
ties , y, and 2, are nearly equal, as in this equation, it 
will be convenient to ſubſtitute for the ſum of thoſe 
quantities. Thus, let x + y + z be put = m; then 
by ſubtraCting 1 2 this laſt equation from the pre- 
ceding one, we ſhall have 2y + 4z = 400 — 17m; and 
by ſubtracting the given equation from 21 times the 
aſſumed one x + y + 2 = m, there will remain 
4x + 2y = 21m — 400. Therefore, ſince y and z can 
have no values leſs than unity, it is plain, from the firſt 
of theſe two equations, that 400 — 179 cannot be leſs 


oo — 6 
than 6, and therefore m not greater than — —, or 


CÞ * 3 


23: alſo, becauſe by the ſecond of the two laſt equa- 
tions, 21m — 400 cannot be leſs than 6, it is obvious 


00 + 6 
that m cannot be leſs than 4 = „or 19! therefore 


19 and 23 are the limits of m, in this caſe. Theſe be- 
ing determined, let 4x be tranſpoſed in the laſt equation, 
and the whole be divided by 2, and we ſhall have 


jy = 10m — 200 — 2x + 2 : Which being a whole 


number, by the queſtion, 55 muſt likewiſe be a whole 


number, and conſequently m an even number; which, 
as the limits of M are 19 and 23, can only be 20, or 22: 
let, therefore, m be firſt taken = 20, then y will be- 
come = 10 — 2x, ands (mn — x —y) = 10 + x3 
| wherein x being taken equal to 1, 2, 3, and 4, ſuc- 
— ceſſively, we ſhall have y equal to 8, 6, 4, 2, and z 
equal to II, 12, 13, 14, reſpectively, which are four 
of the anſwers required, Again, let m be taken = 22; 
then will y = 31 — 2x, andz — 9; wherein let 
* be interpreted by 10, 11, 12, 13, 14, and 15, ſuc- 
ceſſiyely, whence y will _ out 11, 9, 7, 5, 2, and 1; 
2 
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and x equal to 1, 2, 3, 4, 5, and 6, reſpectively. 
Therefore we have the ten following anſwers ; which 
are all the queſtion admits of. 


«= 1| 2| 3| 4|10|11|12|13] 14 [15 
2 een 
nenne 


PROBLEM XIII. 

Suppoſing 7x + gy + 232 = 9999 z it is required ty 
determine the number of all the anſwers, in poſutive in- 
Fegers. 4 

In caſes like this, where the anſwers are very many, 
and the number of them only is required, the following 
method may be uſed. 

In the general equation ax + by + cz = & (where g 
and þ are ſuppoſed prime to each other) let z be aſſumed 
=0; and find the greateſt value of x, and the leaſt of 
y, in the equation ax + by = +, thence ariſing ; de- 
noting them by g and /: find, moreover, the leaſt poſi- 
tive value of x (in whole numbers) from the equation 
am + bn = c, together with the correſponding value of 
mn, whether poſitive or negative; then, ſuppoſing g to 
repreſent an integer, the general value of x may be ex- 
preſſed by g — % — mz, and that of y by I + aq — nz; 
as will appear by ſubſtituting in the general expreſſion 
ax + by + cz, which thereby becomes ag — abq = 
amz + bl + abg — bnz + cz = & (as it ought to be), 
becauſe 4g + 4/ = E, and all the reſt of the terms 
deſtroy one another. And it may be obſerved farther, 
by the bye, and is evident from hence, that any two 
correſponding values of m and u, determined from the 
equation am + bn = c, will equally fulfil the conditions 
of the general equation; but the leaſt are to be uſed, 
as being the moſt commodious.—As to the limits of 2 
and , theſe are eaſily determined; the former from the 
original equation, and the latter from the general va- 
lue of x; by which it appears that g cannot exceed 

g — MZ 
b 


to be uſed, according as the ſecond term, after ſubſtitu- 
tion 


; wherein the greateſt, or the leaſt value of 2s 
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tion for , is poſitive or negative. But, beſides this, there 
is another limit, or particular value of to bedetermined, 
which is of great uſe in finding the number of anſwers. 

It is evident from the given equations, that 
the values of x will begin to be negative, when 


g-— 
mn 


: and that 


thoſe of y will, in like manner, become negative, when 
wet | 


2 is ſo increaſed as to exceed 


1 
z is taken greater than 
g—0q 
m 


: therefore, as long as 
I + ag 


7 
value of q to be varied) ſo long will x admit of a 
greater aſſumption for z than y will admit of, without 
© producing negative values; and vice verſa. By mak- 
ing, therefore, theſe two expreſſions equal to each other, 


continues greater than (ſuppoſing the 


ö li be gi SIZE) = SE; 
the value of q will be given (= men 7) = — 


expreſſing the circumſtance wherein both the values of 
| x and. y, by increaſing z, become negative together. 
But this holds, only, when m is a poſitive quantity; 
| for, in the other caſe, the laſt term (— mz) in the ge- 
neral value of x being poſitive, the particular values do 
not become negative by increaſing, but by diminiſhing 
| the value of z; it being evident, that no ſuch can re“ 
| ſult from any aſſumption for z, but when is greater 


than =, 
To apply theſe obſervations to the equation, 7x + 


| 0; 232 = 9999, propoſed, we ſhall, in the firſt 
place, by taking z = o, have x = 1428 — y — . 
whence the leaſt value of y is given 5; and the 
greateſt of x = 1422. Again, from the equation am + 
In Sc, or 7m + 9n = 23, we have n = 3 — 7 — 


27 — - 7 5 | 4 4 . . 
; in which the leaſt, poſitive, value of » is given 


= 1; and the correſponding value of m = 2; and fo 
the general values of x and y do here become 1422 — 


O2 gg — 
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97 — 22, and 5 + 77 — 2, reſpectively. From the 


former of which the greater limit of 9 is given = 
1422 — 2 ng — ml 

„ expreſſing the 
leſſer limit, we have 61, for the value of 4, when the 
leaſt value of x becomes equal to that of y. Theſe 
limits being aſſigned, let q be now interpreted by o, 
I, 2, 3, 4, 5, Cc. ſucceſſively, up to 61, incluſive: 
whence the number of anſwers, or variations of y cor- 
reſponding to every interpretation, will be found as in 
the margin. From whence it appears that the arith- 
metical progreſhon 4 + 11 + 18 + 25 + 32, Cc. con- 
— tinued to 62 terms, will truly ex- 
N. Anf. preſs the number of all the an- 
ſwers when 9 is leſs than 62: 
3—| #+ {which number is therefore given 


S 
O 

| 4 Sane A =4+b1X7+4X31= 13485. 
3 
4 


„or 15733 and from 


y = 


| | > Wh - In all which anſwers it is evi. 
—2 32 dent, that x, as well as 5, will 

2 12 S.. be poſitive (as it ought to be); 
i e becauſe it has been proved that 
the leaſt value of x, till 3 be- 

ng — ml 


comes ( ) = 612, will be greater than that 


of y; which is poſitive, ſo far. But now, to find the 
an{wers when 9 is upwards of 61, we muſt have te 
courſe to the general value of ; which, in theſe caſes, 
by the different interpretations of z, becomes negative 
before that of y. Here, by beginning with the greateſt 
limit, and writing 157,150, 


| „ = | = N. Anſ.] 155, 154, Cc. ſucceſſively, 
N - in the room of g, it will ap- 
157] 9-24 42 4 | pear, that the number of 
156/15 —2x 45 8 [anſwers will be truly ex- 
15527 28132 | 13 | prefled by the ſeries 4 78 
15436 — 28 18 17 [T1317 + 22 Cc. con- 
[1531452 222 > tinued to 157 — 61 terms: 
— 4 Sc. Oc. + [| whichterms being united in 


— —— pairs (becauſe, in my two 


terms, the ſame fraction in the limit of z occurs) ow 
| 15,59 


* „ = TR wr = 


mn Q SO > -» 
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ſeries 12 + 30 + 48 + &c. thence ariſing, will be a 
true arithmetical progreſſion ; whereof the common dif- 
1 —6 
ference being 18, and the number of terms EY, * Ad 
= 48, the ſum will therefore be given = 20880: to 
which adding 13485, the number of anſwers when 
was leſs than 62, the aggregate 34365 will be the whole 
number of all the anſwers required. 


PROBLEM XIV. 


To determine how many different ways it is poſſible to pay 
loool. without uſing any other coin than crowns, 
guineas, and moidores. 


By the conditions of the problem we have 5x + 21y 
+ 272 = 20000; Where taking z = o, x is found 
= 4000 — 4y — 2, and from thence the leaſt value 
of y = © (o being to be included, here, by the queſtion) : 
whence the greateſt value of x is given = 4000, More- 
over, from the equation 5m + 217 = 27, we have 


m5 — 4 — 2 — from which u = 2, and m = 


— 3: ſo that the general values of x and y, given in 
the preceding problem, will here become 4000 — 219 
+ 3z, and 57 — 2z. Moreover, from the given equa- 


tion, the greateſt limit of z appears to be = 2 — 
740; whence we alſo have = _— — 4200 +3 X 740 
= 296 = the greateſt limit of 9; and = = —.— = 


190, expreſſing the leſſer limit of 9, when the value of 
x, anſwering to ſome interpretations of x, will become 
negative, while thoſe of y ſtill continue affirmative. 
To find the number of all theſe affirmative values, up 
to the greateſt limit of , let o, 1, 2, 3, 4, 5, Sc. be 
now wrote in the room of (as in the margin). Whencs 
it is evident that the ſaid number is compoſed of the 


O 3 {ſeries 
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ſeries 1 + 3 + 6 +8 + 11+ 13 Sc. continued to 
* 3 2 297 terms; which terms 


. ſetting aſide the firſt) bein 

2 | 2.= |Wot:[N. Ani Ini pairs, boi ſhall 
* ps be T | have the arithmetical pro- 

| 1 | 5—2%] 22 3 |} greſſion 9 + 19 + 29 C.. 
12 [IO—2z 5 . 6 where the number of terms 
"S153 71 S | to be taken being 148, and 
4 [22-2] 10 | TT | common difference 10, the 
5 [25—2z 13 | laſt term will therefore be 
. Se. c. Oc. 1479, and the ſum of the 


—_—_— 


| whole progreſſion 110112: 
to which adding (1) the term omitted, we have 110113, 
for the number of all the anſwers, including thoſe 
wherein the value of x is negative; which laſt muſt 
therefore be found and deducted. 

In order to this we have already found, that theſe ne- 
gative values do not begin to have place till g is greater 
than 190: let, therefore, 191, 192, 193, Cc. be ſub- 
'® — {tituted, ng Fr 5 for 93 

from whence it will appear 
[1-1 — that the number of all che 
P + | ſaid negative values is truly 
[19213532] 207 | 75 | exhibited by the arithmeti- 
19332 54171 IS [cal progreſſion 4 + 11 + 
94327 74} 247 | 23 | 18 + 25 Oc. continued 
ee. Oc. | Go | Ee to 296 — 190 terms; where- 
| | of the ſum is 39379; which 
ſubtracted from 110113, found above, leavcs 70734, 
for the number of anſwers required, 

After the manner of theſe two examples (which il- 
luſtrate the two different caſes of the general ſolution, 
given in the preceding problem) the nuraber of anſwers 
may be found in other equations, wherein there are 
three indeterminate quantities. But, in ſumming up 
the numbers ariſing from the different interpretations 
of 4, due regard muſt be had to the fractions exhibited 
in the third column expreſſing the limits of x; becauſe, 
to have a regular progreſſion, the terms of the ſeries in 
the fourth column, exhibiting the number of anſwers, 

| 1 8 | my 


9 


6 
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muſt be united by twos, threes, or fours, &c. accordin 


I as one and the ſame fraction occurs every ſecond, third, 
or fourth, &c. term (the odd terms, when there happen 


any over, being always to be ſet afide, at the begin- 


ning of the ſeries. And it may be obſerved farther, 
that, to determine the ſum of the progreſſion thus ariſ- 
ing, it will be ſufficient to find the firſt term only, by 
an actual addition; ſince, not only the number of terms, 
but the common difference alſo, will be known; being 
always equal to the common difference of the limits of 
2 (or of the quotients in the ſaid third column) multi- 
F plied by the ſquare of the number of terms united into 
one; whereof the reaſon is evident. But all zh:s relates 
to the caſes wherein the coefficients of the indeterminate 
quantities, in the given equations, are (two of them 
at leaſt) prime to each other: I ſhall add one example 
more, to ſhew the way of proceeding when thoſe co- 
| efficients admit of a common meaſure, 


PROBLEM XV. 


Suppoſung 12x + 15y + 20% = I0C001 ; it is required 
to find the number of all the anſwers in poſitive integers. 


It is evident, by tranſpoſing 20z and dividing by (3) 
the greateſt common meaſure of x and y, that 4 + 5y, 


and conſequently it's equal 33333 — 62 — -, 


| muſt be an integer, and therefore 2z — 2 diviſible by 


3: but Zs is diviſible by 3, and fo the difference of 
tneſe two, which is z + 2, mult be likewiſe diviſible 
by the ſame number, and conſequently x = 1 + ſome 
multiple of 3. Make, therefore, 1 + 3u = z (« be- 
ing an integer) ; then the given equation, by ſubſtitut- 
ing this value, will become 12x + 15 + 60% + 20 
= 100001; which, by diviſion, &c. is reduced to 
4x + 5y + 204 = 33327 : wherein the coefficients of x 
and y are now prime to each other, and we are to find 
the number of all the variations, anſwering to the dif- 
ferent interpretations of u, from o to the greateſt limit, 


nclufive. 
O 4 By 


* 
— 
32 
2 — 1 0 
— — — — 
= "4 a 
—_— 1 
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By proceeding, therefore, as in the aforegoing caſes, 
we have x = 8331 — yt; whence the leaſt ya. 


lue of y is given = 3, and the greateſt of xx = 8328. 
Moreover, from the equation 4m + 5» = 20, we hayg 


5 2 32 — —; whence » = o, and m = 0 


Therefore the general values of v and y (given in Pri. 
blem 13) do here become 8328 — 57 — 5u, and 34 
44 from the former of which the greateſt limit of g iz 


given = LHR 


= 1665, Now, ſince the value of) 


will here continue poſitive, in all ſubſtitutions for ꝙ and 
1 (as no negative quantity enters therein); the whole 
number of anſwers will be determined by the values 
of x alone, 

In order to this, let g be ſucceſſively expounded by 
— | 1665, 1664, 1663, Ee. 
7 % Quot. N. Anſ.] and it will thence appear 
that the ſaid number will 
be truly defined by 1666 
terms of the arithmetical 
progreſſion 1 + 2 + 
+ 4 + 5 Oc. whereo 
the ſum is found to be 


i 
— — 


| 
116650 Z—54]| oz 
| 


I 
1664 8 — 5 13 2 
1663013— 5% 23 3 
Se. | Wc | fc] & 


—_ 


1388611. 

When there are four indeterminate quantities in the 
given equation, the number of all the anſwers may be 
determined by the ſame methods: for, any one of thoſe 
quantities may be interpreted by all the integers, ſuc- 
ceſſively, up to its greateſt limit (which is caſfily de- 
termined) ; and the number of anſwers, correſponding 
to each of theſe interpretations may be found, as above; 
the aggregate of all which will conſequently be the 
„hole number of anſwers required: which ſum, or 
aggregate, may, in many caſes, be derived by the me- 
thods given in Section 14, for ſumming of ſeries's by 
means of a known relation of their terms. But this 
being a matter of more ſpeculation than real uſe, | 
Mall now proceed on to other ſubjects, _ 


wy — -< ww © 1 


| — an — n — cn — du Oc. 
ers of an indeterminate quantity a, be univerſally equal 
to nothing, whatſoever be the value of z; then, I ſay, 
the ſum of the coefficients A—a, B - 5, C - c, Cc. 
of each rank of homologous terms, or of the ſame 


The InvesTIGATION, &c. 


SECTION XIV. 


The Inveſtigation of the ſums of powers of Numbers 
in arithmetical progreſſion, 


ESIDES the two ſorts of progreſſions treated of 
B in Section 10, there are infinite varieties of other 
kinds; but the moſt uſeful, and the beſt known, are 
thoſe conſiſting of the powers of numbers in arithme- 
tical progreſſion ; ſuch as 1* + 2* + 31 +4*fe oe , 
and 1* +2* ＋ 3 + 4* .. . . , Cc. where u denotes 
the number of terms to which each progreſſion is to be 
continued. In order to inveſtigate the ſum of any ſuch 
progreſſion, which is the deſign of this ſection, it will be 


; requiſite, firſt of all, to premiſe the following 


LEMM A, 


If any expreſſion, or ſeries, as 


An + Bu + Ci + Dif Sc. c „ involving the pow- 


powers of n, will alſo be equal to nothing. 
For, in the firſt place, let the whole equation 
2 3 
+ Sk __ We . 75 c = ©, be divided by x, and 
VAR A + Bn + CM &c. } _ 
ve ſhall have f 4 zu . Ee. | So; and 
this being univerſally ſo, be the value of 2 what 


it will, let, therefore, z be taken So, and it will 


become 1 = o; which being rejected, as 


ſuch, out of the laſt equation, we ſhall next have 
+ Bu + CM + Dif Sc. 1 _ = 
— 3 jt 5 Ins oe | F — 03 whence, dividing 


again 
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again by n, and proceeding in the very ſame manner, 
B — 5 is alſo proved to be So; and from thence 
Ce, D- d, Cc. Cc. Q. E. D. 


Now, to apply what is here demonſtrated to the pur- 
poſe above ſpecified, it will be proper to obſerve, firſt, 
that, as the value of any een w (111 
+ 4* - + + . . n*) varies according as (n) the number of 
its terms varies, it muſt (if it can be expreſſed in a ge- 
neral manner) be explicable by » and its powers with 
determinate coefficients; ſecondly, it is obvious that 
thoſe powers, in the caſes above propoſed, muſt be ra- 
tional, or ſuch whoſe indices are whole poſitive num- 
bers ; becauſe the progreſſion, being an aggregate of 
whole numbers, cannot admit of ſurd quantities ; laſtly, 
it will appear that the greateſt of the ſaid indices can- 
not exceed the common index of the progreſſion by 
more than unity; for, otherwiſe, when 7: is taken inde- 
finitely great, the higheſt power of n would be indefi- 
nitely greater than all the reſt of the terms put together, 

Thus, the higheſt power of u, in an expreſſion univer- 
fally exhibiting the value of 1*+ 2* + 32 
cannot be greater than »y*; for 1* + 2* + 3 7 
is manifeſtly lefs than * (or * + n* + n* + Ec. con- 
tinued to x terms); but , when u is indefinitely great, 
is. indefinitely greater than »*, or any other inferior 
power of u, and therefore cannot enter into the equa- 
tion. This being premiſed, the method of inveſtiga» 
tion may be as follows. 


Caſe 17. To find the ſum of the progreſſion 1 +2 +3 
+ 4+ .. . .. | | | 


Let An“ + B# be aſſumed according to the foregoing 
obſervations, as an univerſal expreſſion for the value 
of 14 2 1 3 T1 4. . . u; where A and B repreſent 
unknown, but determinate quantities. Therefore, ſince 
the equation is ſuppoſed to hold univerſally, whatſoever 
is the number of terms, it is evident, that, if the num- 
ber of terms be increaſed by unity, or, which is __ 

t ing: 


hd 2 e 
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ching, if 2 + 1 be wrote therein, inſtead of , the equa- 


: lity will fill ſubſiſt, and we ſhall have A x n + 1 + 


Ben + IZI+2+ 314. n+ n + I. 
From which the firſt equation being ſubtracted, there re- 
mains A II — An' +Bxu+i—Br=n+1: 
this contracted will be 2An + A +B=n+1; whence 
we have 2A —1 X n + A+ B—1=o: wherefore, 
by taking 2A —1=0,and A +B—1=0o0 (accord- 
ing to the lemma) we have A =}, and B ; and. 
{ conſequently 1 +2 + 3 +4++.+.% (= An" + Bn) = 
* N n Nn 1 
Bens. = wag Bt e 


2 2 2 


Caſe 2% To find the ſum of the progreſſion 1* + 25 + 


; 3 % r 1 +4 +9 +1I6....%, 


Let An' + B + Cn, according to the aforeſaid ob- 


ſervations, be aſſumed = 1* + 2* + 3 4a ewes B's 
| then, by reaſoning as in the preceding caſe, we ſhall have 


Ax +180+Bxn+ilk IC * 1 ＋ 121424 
3 T4. n +21 + *; that is, by involving 1 1 


to its ſeveral powers, An“ + 2An* + 2An + A + Br? 


| +2Bu+B+C+C=f+2* +7 +4... 
n TI: from which, ſubtracting the former equa- 


— 


* In this inveſtigation it is taken for granted, that the 


| ſum of the progreſſion is capable of being exhibited by 


means of the powers of x, with proper coefficients: 
which aſſumption is verified by the proceſs itſelf ; for it 


is evident from thence, that the quantities An“ + Bn, 
| and1t +2 +3 +4-+ . , under the values of A and 
B there determined, are always increaſed equally, by 
| taking the value of u greater by an unit: if, therefore, 


they are equal to each other, when is = © (as they 


| actually are) they muſt alſo be equal when » is 1; and 
| ſo likewiſe, when u is 2, &c. Sc. And the ſame rea- 
ſoning holds in all the following caſes, 


tion, 
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tion, we get 3An + 3An + A +2B: +B + C 
=n + 1) 2 + 2n + 1; and conſequently 
3A—_—=iIxu+3A+2B—-2xn+A+B+C-, 
=0; whence (by the lemma) 3A — 1 o, 34 
+2B—2=0,and A+B+C—1i=o; therefore 
k= 4b ED _ 
3 3 60 


2 


N ; 3 
and conſequently 14449 +16.....n* = SY 


=—,C = I—AB = 


+ 7 nan ＋ i.2n+1 
HS 6 a 


Caſe J's To determine the ſum of the progreſſion 1142 
+3 ＋ .. . % or I ＋ 8 + 27 + 64. . . 

By putting An“ + Bu + CA + Dn =1 +8+27 
+ 64. ++ + . . 25, and proceeding as above, we ſhall have 
4An* + An + 4An + A + 3B + 3B: + B + 202 
+C+D:(=#+ 2*) = n + Zu! + 3n + 1; and 


therefore 4A — 1 X n + 6A + 3B — 3 X 1 4 
4A ＋ 38 ＋T 20 - 3X f ATBTCTD— 1 So: 


—=1 2, 3794, ef 
hence AS, B (= j ) =>,C(= 2 — 


=> D (=1—A—B—C) So; and therefore 


1* 13 1 


3 3 4 „ A i nes hs 
* 1 3 
—4.— 2 —. In the very ſame manner it will be 
found, that 
. = 14 15 7 
$4 20+ 2%, 002 or þ ow + = — 
: 5 2 . 
I'+2* + 3... . = „ 
6 . 
7 6 5 3 © 
1* +2* + SBP 2 4 A — „ a 
: T 7 * 2 * 2 0 * 42 
Sc. Sc. 


* | - * » . G Vom, 
. —_ FED a „ 2 cs SR & 3.) . I * * * RY 3 20 vs x * * A OJ * "i _ 
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In order to exemplify what has been thus far deliyer- 
ed, let it, in the firſt place, be required to find the ſum 
of the ſeries of ſquares 1 +.4 + 9 + 16 &c. continued 
to 10 terms: then, by ſubſtituting IO for u, in the ge- 

n I. 25 + . 
neral expreſſion — G . (or — + — + T1» 


2 
found by caſe 2?, there will come out 38 5, for the re- 
quired ſum of the progreſſion : which, the number of 
terms being here ſmall, may be eaſily confirmed, by ac- 
tually adding the 10 terms together. Secondly, let it 
be required to find the number of cannon-ſhot in a 
ſquare pile whole fide is 50; then, by writing 50 for u 


in the ſame expreſſion, WER — — - AY we ſhall have 


50 N t e 101 
= 6 55 | 
ſhot in ſuch a pile. Laſtly, ſuppoſe a pyramid com- 
poſed of 100 ſtones of a cubical figure ; whereof the 
length of the fide of the higheſt is one inch; of the 
ſecond two inches; of the third three inches, Ce. 
Here, by writing 100 inſtead of , in the third general 
expreſſion, we have 25502500, for the number of ſolid 
inches in ſuch a pyramid. 


) 42925, expreſſing the number of 


Hitherto regard has been had to ſuch progreſſions as 
have unity for their firſt term, and likewiſe for the 
common difference; but the ſame equations, or theo- 
rems, with very little trouble, may be alſo extended 
to thoſe caſes where the firſt term, and the common 
difference, are any given numbers, provided the for- 
mer of them be any multiple of the latter. Thus, ſup- 
poſe it were required to find the ſum of the progreſſion 
6* + 8* + 10* Sc, (or 36 + 64 + 100 Sc.) conti- 
nued to eight terms: then, by making (4), the ſquare of 
thecommon difference, a general multiplicator, thegiven 


expreſſion will be reduced to 4 * 3* + 4* + 5*..... 107: 
but the ſum of the progreſſion 1* + 2* + 3* + 4*.....10* 
is found, by the ſecond Theorem, to be 385; from 
which, if (5) the ſum of the two firſt terms (which the 

ſeries 


_—_ — pas - 22 . — 2 


= 
1 
1 
| fo 
17 
1 


1 
1 


{ 


2 IP 
— 
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ſeries 3˙ + 4* + 57 . . 10“ wants) be taken away, 
the remainder will be 380; and this, multiplied by 4, 
ives 1520, for the true ſum of the propoſed progref. 
ion: and ſo of others. | 
But if the firſt term is not diviſible by the common 
difference, as in the progreſſion, 5* + 75* + 9f &., 


the ſpeculation is a little more difficult ; nevertheleſs, 


the ſum of the ſeries, in any ſuch cafe, may be, ſtill, 
found, from the ſame "Theorems. 


Let the ſeries m Te + m zel“ + m + 36 


mM ne k be propoſed, where n and e denote any quan- 
tities, whatever, and where u repreſents the number ef 
terms. Then, by actually raiſing each root to it's ſe 
cond power, and placing the terms in order, the given 
expreſhon will ſtand thus 
Sn += + i... m* 
2me + 4me + Gme . . 2nme 3 Now, it is evident 
„ 1 4% 149 1 
that the ſum of the firſt rank, or ſeries, is » * N: allo 
the ſum of the ſecond, or 2me 1424314. 


aXn-+1 


appears (by caſe 1) to be ame X ; and that of 


the third, or * x 1 +4 +9 +16....n* (by caſe 2) 


n. 114 I. 21 + 1 
5 0 | 
whole progreſſion, m + * + m + 2} + m + mh 


.. . . m + ne is n. m Tn. 1 1 I. ne + 
Nan + 1-.2n +1. ex 


=» 4. > : therefore the ſum of the 


In like manner, if the ſeries propoſed be 
m +eV + m + 20 + m + 3 . . n + ne)"; then 
may it be reſolved | 
ER 


I T2 T3. . . „ X ame 
IT4 T4 .. . . „ „ 2me* 


: whoſe ſum, by 


into 


i +8 727. 1 X 6 


the 
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the aforementioned Theorems, will appear to be 


n. u T I. zmn'e mn. n TI. 21 + 1. ne 
u . 7 + — = þ — 4 + 


2 | 2 
n* ,n + 145 


the cas of other ſeries's may be determined, not onl 

of powers, but likewiſe of rectangles, and ſolids, Sc. 
provided that, their ſides, or factors, are in arithmetical 
progreſſion. Thus, for example, let there be propoſed 


3 the ſeries of rectangles m +e- 2 Term T2. p + 20k 


= + mM + 3 33 Þ + 3e. . . + m + nee p + ne. Then, 
W the factors being * multiplied together, and the 


And, by following the ſame method, 


terms placed in order, the given ſeries will be reſolved 


into the three following ones: 
op + mw + +_m ep 
3 P. e Tn. 26 T p. rr: A . P, ne 
3 Pl + 4e + ge” -+ I be* 2 00 + n*e* » 
© Whereof the, reſpective, ſums (by caſe 1 and 2) are 


n. u and ef x GEESE? 


3 mp X u, mp. e * 
q and the aggregate of all theſe, or 


L n+ 1 + "9g 
n * mp + m T. e 19 —. , is con- 


ſequently the true ſum of the ſeries of rectangles pro- 
poſed. 


From this laſt general expreſſion, the number of can- 
| non-ſhot in an oblong pile, whether whole or broken, 
| will be known. For, ſuppoſing e= 1, our ſeries of 
rectangles becomes m+1.p+1+m+2.p+2+ 
un 3. % 1 3 . . nn. pn; and the ſum 


thereof n * mp + "+1 5 Ft — — = 


: the number ſought : where m + 1 and þ + 1 repre- 
E ſent the length and breadth of the uppermoſt rank, or 
| tire; „ being the number of ranks one above another. 
| But 


208 The InvesTIGATION of 


But the expreſſion here brought out may be reduced ty 


* 2A 1. 25 + r > which by | 
is better adapted to practice, and which, expreſſed u 


words, gives the following rule. 
To twice the length, and to twice the breadth d 
the uppermoſt rank, add the number of ranks leſs one, 


and multiply the two ſums together ; alſo multiply th a 
number of ranks leſs one, by that number more one, fi 
and add 3 of this product to the former; then = of the d 
ſum multiplied by the number of ranks will be the 8 
anſwer. | tr 
As a rule of this ſort is of frequent uſe to perſons re 
concerned in artillery, it may not be improper to al ab 
an example or two, by way of illuſtration. fo 
I. Suppoſe a compleat pile, conſiſting of 15 tires, a 
ranks, and ſuppoſe the number of ſhot in the upper Wl 4 
moſt (which in this caſe is a ſingle row) to be 3 mn 
Then the firſt product, mentioned in the rule will b 8 
64 + 14 2 + 14 = 78 * 16 = 1248; and the f. bee 
cond = 14 X 16 = 224; + whereof is 745, and thi pre 
added to 1248, gives 13225; whereof + part is 330i; cor 
which, multiplied by 15, gives 4960, for the whol: in 
number of ſhot in ſuch a pile. que 
2. Let the pile be a broken one, ſuch that the lenati 
and breadth of the uppermoſt tire may be 25 and 16, ] 
and the number of tires 11. the 
Here, we have 50 + 10 & 32 + 10 = 60 X 4.2 = 252 tha 
for the firſt product; and 12 X 10 = 120, for the ſe- pou 
cond : therefore = 5 * 11 640 * 11 = 7040, is ti oh: 
true anſwer. whi 
Having exemplified the uſe of the Theorem, for find- &. 
ing the ſum of a ſeries of rectangles, I ſhall here ſubjoin WW tho! 


one inſtance of that preceding it, for determining the 
ſum of a ſeries of cubes; wherein the value of the 


firſt 10 terms of the progreſſion 2 +4/2)* + 3 + 2/2 


+4 +3V2) +5 + 4y/21* &c. is required. Here, 
2 e being 
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e being 1 + 4/2, m will be = 1; therefore, by writing 
10, 1, and 1 + y/2 for , n, and e, reſpeQive'y, in the 
10. 113.14 
2 
10. 11. 21. IT ! 100. 121. TT VN 
+ nan 3 + _ 2 
24815 + 17600 „/ 2, the value ſought. 
If any one is deſirous to ſee this ſpeculation carried 
further, ſo as to extend to ſeries's of powers whole in- 
dices are fractions; ſuch as ſquare roots, cube roots, 
Fc. I muſt beg leave to refer to my E//ays, where it is 


general expreſſion, it will become 10 + 


* 


above found will hold equally, in caſe of a deſcending 
ſeries, ſuch as m — e* + m — 20% &c. or m — a® 
+ m 20 c. provided the ſigns of the ſecond, 


fourth, &c. terms be changed ; as is evident from the 
inveſtigation. | 


| been pretty largely inſiſted on, yet it may not be im- 
proper to add a different method, whereby the ſame 
concluſions will, in many caſes, be more eaſily derived: 


quent 


LE MMA. . 


If a+b+c+4+e + &c. be a ſeries, whereof 
the terms, a, b, c, d, &c. are ſo related to each other, 
that the ſum, or value thereof, can be univerſally ex- 
pounded by an expreſſion of this form, viz. An + B 


xnXn—1+CXnxXn—1Xn—2+D xn Nn 


which the ſeries is to be continued, and A, B, C, D, 
Cc. determinate coefficients; then, I ſay, the values of 
thoſe coefficients will be as hereunder ſpecified, vize 
: | A — 25 
e + b 
* B = - 2 


re; ws P G 


Hl 


treated in a general manner, Here I mult defire the 
reader to obſerve, once for all, that the "Theorems 


Although the ſubje& of this Section has, already, 


in order to which it is neceſſary to premiſe the ſubſe- 


Xn—2 Xn— 3 &c. u being the number of terms to 


— — 
' 
* „ * 
5 4 „ ting * 3 pay _ -v - 
3 — _ — — o 
, . = 
= _— * * _ 3 > - _ 
"© 
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2 
es 
e 
E 2 — 4 + 6c—4gd +e 
ene > 
Ec. Ec. 
For, ſince the equation A xn+BxXnxXn—1+ 


Cen -l — 214 Dx NK -I 
Xxn—3&.=a+b+c+4+ e, &c. is ſuppoſed to 
hold univerſally, let the number of terms be what it 
will, let n be expounded by I, 25 3z 45 Se. ſucceſſivel/, 
and the general equation will become 

15. Ag 

2. 2A 2B ga NT, 

35. 3A+ 6B+ 6C=a+b+c, 

4. 4A +12B+24C+ 24D=a+b+c+24, 

85. 5A +20B+60C+120D+120E=a+b+c+4d+, 


GO Wai woo ac. 


— 


* &c, 5 
Now, the double of the firſt of theſe equations being el 
ſubtracted from the ſecond, its triple from the third, + 
and its quadruple from the fourth, &c, we ſhall har gl 
*2B =b—a, to 
6B + 6C=—2a+b+c by 
12B+24C+ 24D=—3a+b+c+4, 4 
205 + 60C + 120D + 120E =— 4a 14 UT T4 r 
'.' | &c. | 2 
Again, if the triple of the firſt of theſe be ſubtractel + 
from the ſecond, and its ſextuple from the third, &. 
we ſhall, next, have | an 
* CS —2b + 
240 + 24D S 34 — 5 ＋T A, R 
60C + 120D + 120E = ba — 9bTeT AA. | 
| Moreover by taking the quadruple of the firſt of 
theſe from the ſecond, &c. we get S 
24D = — 4 4 30 — 3 +4, and 
120D + 120E =— 44 T1156 — 9 4e / 
From 17 
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from the latter of which ſubtract the quintuple of the 
former, and there will remain 
* 120E =a — 4b + 6c — 4d + 6. 
Now divide each of the equations marked thus, *, by 
the coefficient of its firſt term, and there will come out 
the 1 "ans of A, B, C, D, &c. above exhibited, 


Q E. 


COROLLARY. 

If every term of the propoſed ſeries a, l, c, d, &c. be 
ſubtracted from the next following, the firit of the 
remainders, —=a+b, — bc, — 4 4, —d + e, &c. 
divided by 2, gives the value of B, the coefficient of 
the ſecond term of the aſſumed ſeries. And, if each of 
the quantities thus ariſing be ſubtracted from its ſuc- 
ceeding one, the firſt of the new remainders, a — 2b Fe, 
b — 2c + d, c — 24 + e, &c. divided by 6, will be 
equal to C, the coefficient of the third term of the 
ſame ſeries. In like manner, if each of theſe laſt re- 
mainders be, again, ſubtracted from its ſucceeding one, 
the next remainders will be, — a + 30 — 36 + d, — 5 
+ 36 — 3d + e, &c. whereof the firſt, divided by 24, 
gives the coefficient of the fourth term, &c. &c. There- 
fore, if the firſt remainder of the firſt order be denoted 
by P, the firſt of the ſecond order by Q, the firſt of the 
third by R, the firſt of the fourth by 8, Sc. then, 
— being = B, — = C, * = D, — — 
2 3 2 3˙4 2.3.4.8 
= E, Sc. it is manifeſt that the ſum of the ſeries a + 2 
+c+d4+e+f &c. will be truly expreſſed by 


u XM — 1 1 LED 
ar NP ——— + AX CENTS 


n X n FX 7 * * 
Lo _— 32 2 IS. Sons *: 
1. 2.3.4.5 7 aka 
Example 1. Let the ſum of the ſeries of ſquares 
114 1 9 + 16. . + x* be required. Then, tak- 
P 2 | ing 


F 
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ing the differences of the ſeveral orders, according to 


the preceding corollary, we have 

I, 4, 9, 16, 25, 36, &c. 

23. 5» 7, 9, 11, &c. 

A2, 2, 2, Ne. 

| Og. o, d, &c. 
Therefore, à in this caſe being 1, Pg 3, Q =2, 
and R, 8, Cc. each = o, the ſum of the whole ſeries, 
114719 1 16 ＋ 25 . 7, is found = x + 


zu Kn — 1 nXn—1Xn—2 232 ＋ zu 41 
n N n TIN 21 +1 
6 '-W 


Example 2. Let it be required to find the ſum of: 


terms of the following ſeries of cubes, viz. 27 + 64 


- 


+ 125 + 216 + 343 + 512, Sc. Proceeding here, 


as in the laſt example we have 
27, 64, 125, 216, 343, 512, &c. 
37, 61, 91, 127, 169, &c. 
245 30, 36, 42, &c. 
„ 6, 6, &ce. 
| | Oz: 0, Ke. 
Therefore, by ſubſtituting 27 for a, 37 for P, 24 for 
C, and 6 for D, we thence get 


* * Ir | 
270 + 5 — + —ů— 
TILES mt Bod bran 3; which, abbreviated, be- 
1244 & 
comes BA + 3, + 37” + 157, the ſum, or value 
Wai SAT * 


Example 3. Let the ſeries propounded be 2 + 6 + 12 
+ 20 + 30, Sc. In this caſe, we have 
| 2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 
"2, 2 &c. 


Hence, 
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Hence, a being =2, P = 4, Q = 2, and R, S, 
Sc. each = o, the ſum of the ſeries will therefore be 
gn Xn=—1, 1X n—1 12 2 + 32 + 21 

2n + 1 Ar * — 3 


1 Xun TIIX I ＋ 2 


en. . ALS FI 


And in the 5 ſame manner the ſum of the ſerics 
may be truly found, in all caſes where the differences 
of any order become equal among themſelves : and 
even in other caſes, where the differences do not termi- 
nate, a near approximation may be obtained, by carry- 
ing on the proceſs to a ſufficient length. 15 


. 


—— 


* M0 — * 


SEC T1QN: AV. 

Of Figurate numbers, their ſums, and the ſums of 
their, reciprocals, with other malters of the like 
nature. | 1 | | 

© Hh] ſeries which ariſes by adding together a 


rank | 


Units (called Fig. N* of the iſtord.) ) 5 » [2d 
Figurate numbers of the 2d order 2 = | 3d 8 
of. F igurate numbers of the 3d order 24 Ath (8 
| Figurate numbers of the 4th order f 51 sth 
Figurate numbers of the 5th order = | th w 
L Figurate numbers of the 6th order] = (th) 
Therefore the figurate numbers 
Iſt order F134 3:00; 
2d order FF 
of the < 3d order & are 1. 3. 6.10. 15. &c, 
Ath order I. 10.» 20-35. &. 
5th order J I... I. 35 + 70. Ke. 


Hence it is manifeſt, that, to find a general expreſſion 
for a figurate number of any order, is the ſame ching 
A 

as to find the ſum of all the figurate numbers of the 
preceding order, ſo far, Let n be put to denote the 


& _ diſtance 
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diſtance of any ſuch number from the beginning of its 
reſpective order, or the number of terms in the pre. 
ceding order whereof it is compoſed : then 1t is evident, 
by inſpection, that the ſum of the firſt order, or the th 
term of the ſecond, will be truly expreſſed by u, the 
number of terms from the beginning. It is alſo evident, 
from Sect. 14. p. 203, that the ſum of the ſecond order, 


3 n N 1 141 
17121314 , will be =+—(== x ——) 


which, according to the preceding obſervation, is alſo 
the value of the zth term of the third order. Hence, 
if the numbers 1, 2, 3, 4, 5, Sc. be ſucceſſively wrote 


2 


inſtead of x, in the general expreſſion _ + _ we ſhall 


thence have z * 2. w 25 2 + 25 RE - 25 2 + 5 

Ec. for the values of the firſt, ſecond, third, fourth, 

fifth, &c. terms of this order, reſpectively; whence it 

appears, that the ſeries 1 + 3 + 6 + 10 + 15 + 2 

Sc. may be reſolved into theſe two others, viz. 
I+2+2 + + * + ? &c. and 
112117. #+ + + 5 Ke. 

The former of which being aſeries of ſquares, its ſum will 


i ae 
—.— — — — . . 0 d 
therefore be * : 1 (by caſe 2. p. 203) an 


that of the latter ſeries (by caſe 1. p. 203) appears to be 
* . a : 

T + - : and the aggregate of both, which 1s 

3 2 

= += + 2 (or — X — * =) will be the true 
value of the propoſed ſeries 1 + 3 + 6 + 10 +15 
Sc. continued to ꝝ terms, and ther. fore equal, like- 
wiſe, to the zth term of the next ſuperior order, 
144 4 +10 J 20 + 35 Cc. Let, therefore, 1, 2 
3, 4» 5» Cc. (as above) ce ſucceſſively wrote for n in 


this general expreſſion, 6 -+ _ + 5 and it will be- 


come g T 1 4.3, 84117, 11, 4144.5 
&c. for the values of the firſt, ſecond, third, fourth, Cc. 
* terms 
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terms of the fourth order, reſpeQively ; whence it ap- 
pears that the ſeries 1 + 4 + 10 + 20 ＋ 35 Sc. may 
be reſolved into theſe three others, viz. 


1+8+27 +64 +125+216.-.+ 


6 I 
1+ 4 +4316 + 35 + 36-20 
2 
22 2 * 3 4. 4 + 5+ 60+..7 5 
3 
. 8  n* * n 
whereof the ſums are = 9 24˙ G + 7 7 5 
2 
and 5 + 8 (by P. 202, and 203) the aggregate of 
5 n* 3 1125 SM n+1 
which, of — + : + 2 STS X 4 * 
322 x ET 3) will conſequent!y be the true value of 


the whole ſeries. After the ſame manner the ſum of the 


. 


2 WS 
from whence the law of continuation is ma- 


fifth order will appear to be a X 
n + 4 


N 


nifeſt. And it may not be amiſs to obſerve here, that, 
though the coneluſions thus brought out, are derived by 
means of the ſums of powers determined in the pre- 
ceding ſection, yet the ſame values may be otherwiſe 
obtained, by a direct inveſtigation, from either of the 
two general methods there laid down. 

In order now to find the ſum of the reciprocals of any 
ſeries of figurate numbers, ſuppoſe x + b + bc + bd 
+ bede + bedef + &c. to be a ſeries whoſe terms con- 
tinually decreaſe, from the firſt to the lait, ſo that the 
laſt may vaniſh, or become indefinitely ſmall : then, by 
taking the exceſs of every term above that next follow- 


ing one, we ſhall havet —b, b Xx 1 — , be * 1 — 4, 
led X 1 — e, bede X 1 — f, & c. The ſum of all which 
P 4 is, 


4 \ 


= 1 o Ly 
— 0" OT 
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is, evidently, equal to the exceſs of the firſt term above 


the laſt, or equal to the firſt term, barely; becauſe the 


laſt is ſuppoſed to vaniſh, or to be indefinitely ſmall in 
reſpect of the firſt. Hence it appears that 1 — b + 


bXi—c+bcX1—d+bidxX1I—e+bideX1—f 
NE = 1. 


: 


Let b be now taken = _— Tf 4.= 


r 
n 1 
, EST 5 &c. Then, 1 — b being = 


a— MM - 4+ :- ; — 
2 I —=Cl — 91 27 4 4 
&c. we ſhall, by ſubſtituting theſe ſeveral values in the 
, a — Mm m a — mM 
above equation, have — + — 


X X 
a a ＋ a 
m +) #4 Xx mMm+S9 M+ygq 28-8 
3+) ac+g 4. 4 þ +7 #8 ++ 
m m- mp 


= x 3 and conſequently 3 + — + 773 
mM m+þp m7 3 vidi 
arp 77 * 77 p | Kc. "a—m? «An 

the whole by —. 


a 


Hence, if q be taken = 25, r = 3þ, 5 = 4þ, Kc 


and g be put = a + p, we ſhall have 1 + _ + 
mm TH m.m+p.m+2þ m.m+p.m+2þ.m+Y 


BeB+þ 66 T. T 2p 6861. 6＋T 29 7 35 


+ &c. ad infinitum, = 3 . which, when 
m N. n½ II m. I. 142 


p = 1, becomes 1 + TF * WY + 55 
83 — 


+ Kc. = . E this, by taking m = I and 


ay _— 


1.2 2 


nan+l nn+lent?2 


; F 
x, gives 1 + — + 
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— V— + &c, = = 

n.n+l.n+2.nct3 wit 
the general value of a ſeries of the reciprocals of fi- 
gurate numbers, infinitely continued ; whereof the or- 
der is repreſented by n from whence as many parti- 
cular values as you pleaſe may be determined. Thus, 
by expounding 2 by 3, 4, 5, &c. ſucceſſively, it ap- 
pears that a 


1 1 
* exhibiting 


3 
2 
1 I I I 4 
I * * 2 OL. ne 0 —_ — 
71 
And ſo on, for any higher order; but the ſums of the 
two firſt, or loweſt orders cannot be determined, theſe 
being infinite. | 

By interpreting g; and m by different values, the ſums 
of various other ſeries's may be deduced from the ſame 
general equation. Thus, in the firſt place, let p = 


; f ſn It fai l = 
m2; ſo ſhall the ſaid equation become x + +2 + 


— — ——_— 


= EY. x6; 20 m. m1 Mn. mr 


m + 2 m ＋r23 m + 3.m + 4 hav athens 
=m + 1; which, divided by m. m + 1, gives 
I I T 


+ — — ——n Dð² — — ä — 
— — — — + — 


m. TI m+1.m+2 m 2. m3 m3. 114 


— 


Again, by taking & = m + 3, and dividing the 
whole equation by n. m + 1. m + 2, we have 


I es 2 is 
m.m+I.m +2 WI. 2. 1＋ 3 
= : = Kc. 

o+2.m+3-m+4g " FemT+i-2' 


In 
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In like manner we ſhall have : — 


mem ＋ I. M + 2:m+ 3 
I I 


— —— Kc. ——___— 
ꝶm TI. u 4 2. 113. 144 m. mT I. 1 ＋ 2.3 


From whence the law for continuing the ſums of theſe 
laſt kinds of ſeries's is manifeſt ; by which it appear, 
that, if inſtead of the laſt factor in the denominator gf 
the firſt term, the exceſs thereof above the firſt factor 
be ſubſtituted, thg fraction thence ariſing will truly 
expreſs the value of the whole infinite ſeries. 

A few other particular caſes will further ſhey the 
uſe of the general equations above exhibited, 


Let the ſum of the ſeries 1 += + 3 X 71 
Sx < x A's Sx E x S &c. ad infin. 
5 7 : OS CS. 

Zum, be required, 


Here, by comparing the propoſed ſeries with 1 + f 
m. m 3 R _ 2 
WET + &c. (=F=7 „) we have m=1, 


=5, andp=2; and conſequently 1 1 


+ 


= the true value of the ſeries, 
Let the ſum of an infinite ſeries of this form, dix. 


SEN? NY "ks i 
1.2•3 &c. + 2.344 &c. . 3.4.5 &c. + &c. be de 
manded. 
Here (according to the preceding rule) we have 
1 1 1 1 
122 F 2 + 3 F 3 4 &e. 3 mv 
: 1 I I I 
1.2.3 * . 1 2 3 
G 1 + T + I 8 2 3 
1.2.3.4 , 2:3:4:5 | 3-4-5-6 772•3˙3 18 
&c. 0 Wo 


r 
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If, inſtead of the whole infinite ſeries, you want the 
ſum of à given number of the leading terms, only; 
then let the value of the remaining part be found, as 
above, and ſubtracted from the whole, and you will 
have your deſire. 

Thus, for inſtance, let it be required to find the ſum 


of the ten firſt terms of the ſeries 


+ * &c. Then the remaining part, + 


I I I 


II. 12 
1 1 
— + 7 + I Sc. being = * (by the 


rule above) and the whole ſeries = 1, the value here 


ſought will therefore be 1 — 77 — = The like of 


others. | 
The ſums of ſeries's ariſing from the multiplication 


of the terms of a rank of figurate numbers into thoſe of 


a decreafing geometrical progreſſion, are deduced in the 
following manner. 

By the theorem for involving a binomial (given at 
p. 40. and demonſtrated hereafter) it is known that 


I mM + I 


(or I=) is = 1 + mx + m. RT 
„% 5 WOO PRO, > 4. 438 > ge 


2M 3 2 | 
&c. In which equation let be and b T, 25 
3, 4, 5, Ec. ſucceſſively, ſo ſhall 
. — 2 1 &c. 


1 


*. =1 + 2x + 3* + 4x* + 5 + Gx &c. 


3e. — =1+ 3 T G + 10x? + 15x* + 215" &c. 


1— x13 


. f 10x* + 203% 355d + zr be. 


5% 


220 The Sums of 


1 
5% 5 15 35 + 70x* T 1265 &, Wil 7: 
wy == x + 6x + 214*+ 56x" + 126x*+ 2523" &e, i & 


All which ſerics's (whereof the ſums are thus given) 
are ranks of the different orders of figurate numbers, 
multiplied by the terms of the geometrical progreſſion 
1, % x, „„ , Ke. 


From theſe equations the ſums of ſeries's compoſel 
of the terms of a rank of powers, drawn into thoſe of 


a geometrical progreſſion, ſuch as r + 4x + gx* + 16# a 
&c. and 1 + 8x + 27x* + 64x* &c. may alſo be de. iz 
rived ; there being, as appears from the former part of il 
this ſection, a certain relation between the terms of : it b 
ſeries of powers and thoſe of figurate numbers; the lat. 
ter being there determined by means of the former. To is 
find here the converſe relation, or to determine the An 
former from the latter, it will be expedient to multiply tho 
the ſeveral cquatious above brought out, by a certain : 
number of terms of an aſſumed feries x + Ax + B: WMC = 
+ Cx? &c. in order that the coefficients of the power: il jand 
of x may, by regulating the values A, B, C, D, &. I + 
become the ſame as in the ſeries given, 
B 
Thus, if the ſeries given be x1 + 4x + 9x* + 16x + 14 
25* &.; then, by multiplying our third equation * 
Ax —h 4 ** 
b Ax, we ſhall have . = as 
71+ „we ſhal 1 113 ＋1 Ax 3 
+6 + 3A x x* + 10 + bA x x* + Kc. which ſeries, 
it is evident by inſpection, will be exactly the ſame, ber 
in every term, with the propoſed one, if the quantity A 
be taken = 1. The ſum of the ſaid ſeries, infinitely ON 
8 , | | + 4 3 
continued, is therefore truly repreſented b e ; 
| 3 | y rep y — by 
FE i N 1 _ WM + 
In like manner, if the fourth equation === i” 


AX 
1 + 4* + fox“ + 20x* + 35x+ &c, be multiplied by 
: JP 
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* „ 
I + Ax + Bx?, there will ariſe ————— = + 
i+Axx+10+4A+Bxx*+20+10A +4B X x* 
CK. where, the ſeveral terms of the ſeries being com- 
© pared with thoſe of the ſeries 1 + 8x + 27* + GAR &c. 
ve have 4 +A 8, and 10 +4A +B = 27; 
W whence A =4,and B = x ; and conſequently, by ſub- 


| ; 1 + 4x + x* 
ſtitut theſe values,. ĩ⁊?e?k =1 + 8x + 27x* 
4 ſtituting 3 7 


1 + 64x* + 125x* &c, 
Again, by multiplying the fifth equation, — = 


b I — Xx 
Wi+ 5x + 15x* + 35:7 &c. by 1 + Ax + Bx* + Cx? 
. 1 + Ax + Bx* + Cx? 2 

| it becomes 1 =1+5+AxXxX#+ 


Wis +5A+ BN * . 35 + 15A +5B+C N &c. 
And, by comparing the ſeveral terms of the ſeries with 
thoſe of 1 + 16x + 81K + 256x* &c. we get 5 + A 
Z= 16, 15+ 5A ＋ B= 81, and 35 + 15A + 5B + 
WC =256: whence A=ii,B(=8i—1i5—5;) I, 
Wand C (= 256 — 35 — 220) =1 ; and conſequently - 
£1 + 11x + 11x + x | 
—— = ib: + 8:* þ 256 &c. 


18 
By proceeding the ſame way it will be found, that 
I + 26x + 66x* + 26x* + xt | FORM 
T —— — = 1 +77 + 3x + 


4x3 + &c. &c. 


And, univerſally, putting a = m, b = m, mM - r 


qmTI m+2 
2 „ 


cm. &c. and multiplying the gene- 


2 ; 1 8 
ral equation * bx* 3 + Ad &c, 
I q 5 1 ax + Ox + x* + &c 


(by 1 + Az + B + Cx? + Dx? &c. there ariſes | 
D + Ax + Bx* &c. — 
—— K — 1 + « + A X * + 


- 


U 
} 
4 
[ 


— Freer 


5 
j | 
? \ 

4 
ix 


222 The Suns bf 


+3+a8+B xx + FIAFaB+Cx#& 
The terms of which ſeries being compared with thoſe 
of the ſeries 1 + 2 + 3'sx* + 4"s* + 5", &, 
we have 42 2* — as B 3“ — 2A —3, C 242 
aB —bA — c, D=5"—aC — B — A- d, &e. 
where the law of continuation is manifeſt ; and where, 
from the law obſerved in all the preceding caſes, it ap. 
pears, that the value of mz muſt exceed the index u, of 
the given ſeries of powers, by an unit; and that 
the ſeries 1 + Ax + Bx* + Cx* &c. will always con- 
faſt of n terms; whereof the coefficients of the firſt and 
Jaft, the ſecond and laſt but one, &c. will be reſpectiveh 
equal to each other : ſo that, having found from the 
preceding equations as many of the quantities A, B, C 
Oc. as are expreſſed by zu — 1, the others will be given 
from thence, and conf tly,= 2 
rom thence, nſequen ny |. 


the true value of the propoſed ſeries 1 + 27 + 7" 


I' &. Thus for example, let » =6; then 
m 7 Sa, b = 28, A = 64 — 7 = 57, B = 720 
— 399 — 28 = 302; and therefore 
IT 57x + 302x* + 302x ee 

SY, HE ch? 6h of =1' + 2*x + 
35*¹ + 4*x* &c. and ſo of others. 

Theſe equations, or theorems, give the ſum of the 
whole ſeries, infinitely continued ; but from thence 
the ſum of any Agne number of terms may be deter- 
mined, not only when the coefficients are à ſeries of 
powers, but likewiſe when they are produced by factors 
that are unequal: the method of which 1 ſhall in- 
ſtance in finding the ſum of t terms of the ſeries 
E.. „ FN. Ai. . 
2—37 2 T + &. Which ſeries, by actually mul- 
tiplying the factors together, is reſolved into the three 
following ones : 


1 
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fe? X 1 + 2 + 2” + 23” + 2# &c. 
= 7 +2 -% X 1 + 22” + 32%” + 4239 &e. 
+ PN 1 + 4” + 92%” + 1623” &c. 


The ſum of the firſt of theſe, infinitely continued, 


ſuppoſing x = z”, will be = ; that of the ſe. 
cond = n —; and that of the third 


1 — xl* oy 
I + K*. po 
1 — xt 
conſequently the ſum of all the three equal to 

yr 


EO... Ih +8 + 24:1 T* = the whole infi- 
= of Benin 1 — x 


, by what has been above determined ; and 


nite ſeries f p. g — 9. 2 + f—2þp. g— 27. T + 
&c. But the ſum of the f firſt terms only is wanted; 
therefore the ſum of all the remaining terms, after the 
t firſt, muſt be found in like manner, and be deducted 
from the ſum of the whole, here given. Now, to do 
this, we are firſt to get the leading term of the ſaid re- 
maining ones; which, according to the law of the ſeries, 
will be expreſſed by f—p —zp.g—qg—t,.%7; 
whence, if we make f—i=h, g — % = E, and 
r + ty es, it is evident, that the ſeries to be deduced 
| will be h — pk — q * 2 + h — 2þ . 4— 29. 2 r &c. 

which having the very ſame form vith that firſt pro- 

oſed, it's ſum will therefore be had by, barely, writing 


for 7, & for g, and s for r, in the value above deter- 
mined : which, thereby, becomes 


Z _bhq+k n.1+x 
2 22 + 7 


1— x 


In 
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In the ſame manner, ſuppoſing the: firſt terms of the 
ſeries a—p.b—p.c—p.d—þp. &c. * +a—2j, 
5 - 25. C — 2p. 4 — 2p. &c. x 'T® &c. were to 
be required ; by putting the continual product of all the 
quantities @, ö, c, d, &c. P; the ſum of all the 


P 5 "i | 
products (— + f — &c.) that ariſe by omitting 
one letter in each, Q; the ſum of all thoſe 


MR P | 
Kc.) by omitting two letters, = R, &,. 


ac 
we ſhall here have 
Q þ Rp*. 1+ x n 
2 1 * — 


— 1 0 SC es 
12 Sp3.1 +$4x+x* I. 14 TI T IIK TA 

14 * IA }0_ * 
&e. for the ſum of the whole infinite ſeries: and, if 

t / ! 

we make a=a—tp.b=b—tþp, r = r + tv, &e. 
it is evident that the ſum of the remaining terms, after 
the t firſt, will be truly expreſſed by 


—- 


e 
_—_— rigs. 1 — Kl“ 1—al' 


„„ | 
&c. where x = 2˙, and P, Q, R, 8, Ec. are the 
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ſame in relation to a, 5, c, d, &c. as P, Q, R, 8, Sc. in 
reſpect to a, h, c, d, &c, b 

A multitude of other caſes and examples might be 


given, there not being, in the whole ſcope of the 


mathematical ſciences, a ſubject of greater variety and 
intricacy than this buſineſs of ſeries's : but to purſue it 
farther Ls would be inconſiſtent with the general plan 


of this work. Such, therefore, who are deſirous of 


a greater inſight into the matter, may, if they pleaſe, 
turn tomy Miſcellanies, where it is carried to a greater 
length. 
4 4 From 
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From the ſeries's for figurate numbers, derived in 
the formet part of this ſection, the inveſtigation of 
a general theorem for determining how many dif- 
ferent combinations any number of things will admit 
of, when taken two by two, three by three, c. may 
be very eaſily deduced. Let the number of things in each 
combination be, firſt, ſuppoſed two, only; and let n be, 
univerſally, put to repreſent the whole number of things, or 
letters, a, b, c, d, &c. to be combined. When the num- 
ber of things is only two, as a and b, it is evident that 
there can be only one combination (ab); but, if xz be 
increaſed by 1, or the letters to be combined be three, 
as a, b, c, then it is plain that the number of combina- 
tions will be increaſed by 2, the number of the preced- 
ing letters a and 5; ſince, with each of thoſe, the new 
letter c may be joined ; and therefore the whole num- 


ber of combinations, in this caſe, will be truly ex- 


preſſed by 1 + 2. Again, if » be increaſed by one 
more, or the whole number of letters be four, as a, 6b, 
c, d; then it will appear that the number of combina- 
tions muſt be increaſed by 3, ſince 3 is the number of 
the preceding letters, with which the new letter 4 can 
be abies and therefore will, here, be truly ex- 
pounded, by 1 +2 + 3. And, by reaſoning in the 
ſame manner, it will appear, that the whole number of 
combinations of two, in five things, will be x + 2 + 
3+ 43 in fix things, 14 2 4344775; and in 
even, 1424314 15 T1 63; Cc. Whence, uni- 


verſally, the number of combinations of x things, taken 


two by two, is 2 1424 31414. „1: 
which being a ſeries of figurate numbers of the ſecond 
order, where the number of terms is z— 1, the ſum 


thereof, by caſe 1. p. 203, will therefore be truly de- 


I 2 2 
Let now the number of quantities in each combination be 
ſuppoſed to be three, 


It is plain, that, in three things, a, ö, c, there can 
be 


N 


DDR =. = Z- 
* © be Ye WED * P 


2 hoe cy 
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be only one combination; but, if u be increaſed by x, 
or the number of things be 4, as a, b, c, d, then will the 
number of combinations be increaſed by (3) the number 
of all the combinations of two, in the preceding letters 
a, b, c; ſince with each two of thoſe the new letter 4 
may be combined ; therefore the number of combina- 
tions, in this caſe, is 1 + 3. Again, if n be ſuppoſed 
to be increaſed by 1 more, or the number of letters to 
become five, as a, b, c, d, e; then the number of 
combinations will be increaſed by ſix more (12 
+ 3), that is, by all the combinations of two, in the 
four preceding letters, a, b, c, d; ſince (as before) with 
each two of thoſe, the new letter e may be combined, 
Hence the number of combinations of u things, taken 
three by three, appears to be 1 + 3 + 6 + 10 Ee. 
continued to ꝝ —2 terms; which being a ſeries of figurate 
numbers of the third order, the value thereof, by what 
is before determined (p. 214) will be truly expreſſed by 
1 —2 Nn—] | 1—1 n—2 
X * | 
I 2 2 

And univerſally, ſince it appears, that increaſing the 
number of letters by 1, always increaſes the number 
of combinations by all the combinations of the next in- 
ferior order with the preceding letters (for this obvious 
reaſon, that to each of theſe laſt combinations, the new 
letter may be joined), it is manifeſt, that the combina- 
tions, of any order, obſerve the ſame law, and are ge- 
nerated in the very ſame manner as figurate numbers; 


7 2 7 
X —, or, its equal, 7 


and therefore may be exhibited, by the ſame general 


expreflions; only, as there are 2, 3, 4, 5, &c. things 
neceſſary to form the firſt, or one ſingle combination, 
according to the different caſes, it is plain, that the 
number of terms muſt be leſs by 1, 2, 3, Cc. reſpec- 


tively, than (n) the number of things; and therefore, 


inſtead of u, in the aforeſaid general ex preſſions, we 
muſt ſubſtitute n— x, 1— 2, or n— 3, Oc. reſpectively, 


to have the true value here, Hence, the number of 


combinations of two things, in » things, will be 
21—1 1—2 1—1 n 
of three X * 2 
2 FER 2 2 
Or 


1 


© wy — wp — — eas — wo. 


wv 
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r — X — XX of four X * 
O ; 2 2 5 0 .-N 2 3 
* na N— [ — 2 
* 


„ r 
1 2 3 


whence, univerſally, the number of combinations in the 
number, u, of things, taken two by two, three by three, 


* * 
1 33 
Sc. continued to as many factors as there are things in 


each combination. 

From this laſt general expreſſion, ſhewing the com- 
binations which any number of quantities will admit 
of, the known theorem for f a binomial, to any 
given power, is very eaſily, and naturally derived. 


For, it is plain that aa f. * be S TUK Te; 


x wares (vid. p. 215) : 


7 
Ec. will be expreſſed by 8 


+6 be 
which, multiplied by a + 4, gives * + c fo + me + 
3 +4 cd 
bed =a+bXa+cXa+d; and this, again, multi- 
plicd by a + &, gives 


+ bc? 
+ b: + td | + bcd 
h ' 
a* + 75 a* + 1 * + 4 a + bede = 
+ e + ce | + cde 
+ de} 


a+bXa+ecXxXa+dxXxa+c. 

Whence it appears, that the coefficient of a, in the 
ſecond term, is always the ſum of all the other quantities 
b, e, d, &c. added together; and that the coefficient of 
the third term is the ſum of all the products of thoſe 
quantities, or of all their poſſible combinations, taken 
two by two; ſince, from the nature of multiplication, 
they muſt be all concerned alike, in every term: whence 
it is alſo manifeſt, that the coefficient of the fourth term 
muſt be the ſum of all the ſolids of the ſame quantities, 
or of all their poſſible combinations, taken three by 


three, Cc. Cc. 
Q 2 Hence, 
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Hence, if the number of the quantities 5, c, d, e, &c. 
or the number of the factors, a + b, a+ c, a ＋ 4, 
a + e, &c. to be multiplied continually together, be 
denoted by n; it follows, that the number of letters, or 
quantities in the coefficient of the ſecond term of the 
product will likewiſe be denoted by x ; that the num- 
ber of all their products, or of all the combinations of 
1—1 


two, in the coefficient of the third term, will be n * 


(it having been ſhewn above that the number of com- 
. * 0 . N — 1 
binations of x things, taken two by two, is » x — 5 ); 


and that the number of all the ſolids of thoſe quantities, 
or all the combinations of three, in the coefficient of the 


n—T  1—2 
„Oc. Therefore, 


fourth term, will ben x 


if all the quantities 5, c, d, e, &c. be now taken equal 


to each other, it is evident, that a+bxa+cXxXa+d 


X a + e &c. will become a+bXxXa+bXa+6bXa+tb 
&c. or a T]; and that the coefficient of the power 


of a, in the ſecond term of the product, will be ub; in the 
1— 1 


third » x b* (ſince all the rectangles, as well as 


all the ſolids, Cc. do here become equal); and in the 


21 © 2 
X 


the nature of multiplication, that the powers of a, in 
the ſecond, third, fourth, c. terms of a + & raiſed to 


the gower *, are 3 "hes acne F Sc. Therefore 
a + , or a + b raiſed to the power u, is truly ex- 


85 — —1 
preſſed by a” 10 4 1 N = : 


fourth » 


„I &c, But it is evident, from 


2 — 
6 b* 2 © + n AN 4 
5˙⁰ &fc. or a” na UT nx 8 "oe 


11 7] 2 
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a IF e. as was to be ſhewn» 


SECTION 


ion, tif. ©. 5 5 
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SECTION. XVI 
Of Intereſt and Annuities. 


NTEREST may be either ſimple or compound : 
K ſimple intereſt is that which is paid for the loan of 
any principal, or ſum of money, lent out for ſome li- 
mited time, at a certain rate per cent. agreed upon be- 
tween the borrower and the lender, and is always pro- 
portional ta the time. Thus, if the rate agreed upon, 
be 4 per cent. per annum, or, which is the ſame, if the 
intereſt of 100. for one year be 41. then the ſimple in- 
tereſt of the ſame ſum for two years, will be 84. for 
three years 121. and for 4 years 16/7, and ſo on for any 
other time, in proportion. 

Compound intereſt is that which ariſes by leaving the 
ſimple intereſt of any ſum of money, after it becomes 
due, together with the principal, in the hands of the 
borrower, and thereby converting the whole into a new 
principal. Thus, he who lets out 1001. for one year, 
at the rate of 4 per cent. has a right to receive 1047. at 
the year's end ; which ſum he may leave in the bor- 
rower's hands, a ſecond year, as a new principal, in 
order to receive intereſt for the whole; and this inte- 
reſt (which will be found 41. 35. 21d.) together with 
41. the intereſt of the firſt principal, for the firſt year, 
will be the compound intereſt of 100. for two years: 
and ſo on, for any greater number of years. But I 


ſhall firſt give the inveſtigation of the theorems for 
{imple intereſt. 


Let the rate per cent. or the intereſt of 1007. for one 
year Sr; the months, weeks, or days in one year 
= t; the months, weeks, or days which any ſum, 4, is 
lent out for n; and the amount of that ſum, in the 
{aid time, viz. principal and intereſt, = 6b. 

Then it will be as 100 is to 7 (the intereſt of 1001. ) ſo 


is the propoſed ſum (a) to — the intereſt of that ſum, 


for the ſame time, Again, as 2, the time in which 
3 5 the 
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the ſaid intereſt is produced, is ton (the time propoſed) ſo is 


ar . i anr 
—, the intereſt in the former of theſe times, to 
100 1o0t 


that in the latter; which added to, a, the principal, gives 
aur 


I OOF 


a + = b (the whole amount): from whence, we 


1oobi 100 * b—a 1 
— — * —_ — 
1oOot + nr? an a IG 


alſo have a = 


1007 Ly the uſe of which equations, or theorems, 
a 


will appear by the following examples. 


Examp. 1. What is the amount of 550. at 4 fer 
cent. in ſeven months ? | 

In this caſe we have a =550, r=4,t=12,9n=7; 
anr _ _ | $5SOX7TX4 
1007 50 ＋ 1766712 
or 5621. 165. 8 d. the true value ſought. 


Examp. 2. What is the intereſt of 11. for one day, at 
the rate of 5 per cent. ? | 
Here r being = 5, t = 365, a=1, and n= 1, we 


anr 5 I 
have —— = — — = 
Ioo? 100 X 365 100X773 


Sc. = the decimal parts of a pound required, 


Examp. 3. What ſum, in ready money, is equivalent 
to 600 /. due nine months hence, allowing 5 per cent, 
diſcount ? 

Here v being = 5, t = 12, 1 = 9, and 5 = 600, we 


1 OO X O X 12 
have @ (by Theorem 2) = = Ion * 578, 313ʃ. 


or 5781. 65. 34d. which is the value required, 


Examp. 4. At what rate of intereſt will 300“. in fit 
teen months, amount to, or raiſe a ſtock of 3301. ? 

In this caſe we have given f = 12, # = 15, 4 = 300, 
and b= 330; whence (by Theorem 3) r will come out 
— J00x 12 x 30 


and conſequently a + =56251, 


= 0.0001 369863 


=8; therefore 8 per cent, is the rate 


300 XK 15 
required. 


Examp . 


„ „ 147 mo 
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Zaam p. 5. In how many days will 365. at the rate 
of 4 per cent. amount to, or raiſe a. ſtock of 400 J.? 


Here (by Theorem 4) we have n = A _ 35 
= 875 = the number of days required. 


Of Annuities or Penſions in arrear, computed at 
fimple Intereſt. 


Annuities or penſions in arrear are ſuch, which, be- 


ing payable, or becoming due, yearly, remain unpaid 


any number of years: and we are to compute what all 
thoſe payments will amount to, allowing ſimple intereſt 
for their forbearance, from the time each particular 
payment becomes due; in order to which, 


A = the annuity, penſion, or yearly rent. 

Let I 7 = the time, or number of years, it is forborn, 
S the intereſt of 1/. for one year. 
m = the amount of the annuity and its intereft, 


Then, as 1:7::A:rA, the intereſt of the propoſed 
ſum or penſion A, for one year ; which, as the laſt year's 
rent but one, is forborn only one year ; will expreſs the 
whole intereſt of that rent, or payment : moreover, fince 
the laſt year's rent but two 1s forborn two years, its in- 


tereſt will be 21A: and, in the ſame manner, that of 


the laſt year's rent but three, will appear to be 3rA, &c, 
c. whence it is manifeſt that the ſum total of all theſe, 
or the whole intereſt, to be received at the expiration of 
2 years, for the forbearance of the propoſed annuity or 
penſion, will be truly defined by the arithmetical pro- 
greſſion A + 2rA + 3rA + 4rA + 5r A &c. continued 
to - I terms, that is, to as many terms as there are 


| years, excepting the laſt, But the ſum of this pro- 


Yon X 


greſſion is equal to 7 X x rA (by Theor. 4. Sect. 10.) 
Therefore, if to this, the aggregate of all the rents, or uA, 


be added, we ſliall have nA + . „ „A = MN 


24 whence 
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whence we, alſo, have A = — —_ 


n — 1 2 
renne, NY 


2m — 21A 
n Xn — IMA 

ſi n e 
n 2 

Examp. 1. If 6001. yearly rent, or penſion, be for- 
born five years, what will it amount to, allowing 4 per 
cent. intereſt for each payment, from the time it be- 
comes due ? | 

Here we have given A = 600, n =s5, and r = . o 
(for as 100 :4 :: I : . 4) which values ſubſtituted in 
- 7 . Ar = 3000 + 
240) = 432401. for the value that was to be found, 

Examp. 2. What annuity, or yearly penſion, being 
forborn five years, will, in that time, amount to, or 
raiſe a ſtock of 3240 J. at 4 per cent. intereſt ? 

In this caſe we have given n = 5,” = 04, and m= 


mM 


a 


„and n = VE + þ* — 5; ſup- 


Theorem 1. give m = (nA + n x 


3240, and therefore, byTheorem2, A (= ay m_ 
5 4 


) = 600; which is the annuity required. 


＋ | 
13 3. At what rate of intereſt will an annuity 
of 5601. in ſeven years, raiſe a ſtock of 4508 J.? 
In this caſe we have given A = 560, n = 7, and m = 
zm — 224 


4508; whence (byTheor. 3) we have r (= _ 184 
| hs n—1XA 


= = 2 _ = .05 = the intereſt of 11. for one 
year; therefore it will be as x : o:: 100: 5 (per 
cent. ) the rate required. 

| Examp. 4. How long muſt an annuity of 560/. be 


forborn, to raiſe a ſtock of 4508 J. ſuppoſing intereli 
to be 5 per cent.“ e | RE. 
Here, 
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Here, we have given A = 560, r =..05, m = 4508 z 


5 1 
whence, by Theorem 4, we alſo have p \ = * 


= 19.53; and conſequently » (= = +p*—p) = 75 


which is the number of years required. 

Note, If the rent or penſion. is payable half-yearly, 
or quarterly, the method of proceeding will be ill the 
ſame, provided x be always taken to expreſs the num- 
ber of payments, and ir the intereſt of 17. for the time 
in which the firſt payment becomes due. Thus, if it 
were required to find what 3007. half-yearly penſion 
would amount to in five years at 4 per cent. intereſt ; 
then the ſimple intereſt of 1 J. for half a year being 
'= ,02, and the number of payments = 10, we, in 
this caſe, have A = 300, r = ,02, and n = 10; and 


conſequently m (by Theorem 1) = rA + nx — x rA 


= 3270/. which is the value ſought. And the like is 
to be obſerved in what follows hereafter, © 


Of the preſent values of Annuities, or Penſions, 
computed ot ſimple intereſt. 


A = the annuity, penſion, or yearly rent. 
Let Jr = the intereſt of 14. for one year, 
n = the number of years, 


S the preſent value of the annuity. 

Then, becauſe the amount of the annuity, in x years, 
is found above to be nA + In.n—1.rA, and ſince 
11, preſent money, is equivalent to 1 + ur to be re- 
cejved at the end of the time x, we therefore have 
I ＋ ur: I:: A zA. -I. rA (the ſaid amount) 

nA In -  — [{ , rA . . . 
: COR — „its required value, in preſent 
money. But it may be obſerved, that this method, given 
by authors for determining the values of annuities, ac- 
cording to ſimple intereſt, is, in reality, a particular ſort, 
Or 
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or ſpecies of compound intereſt : ſince the allowing of in- 
tereſt upon the annuity, as it becomes due, is nothin 

leſs than allowing intereſt upon intereſt; the annuity it. 
ſelf being, properly, the ſimple intereſt, and the Capital, 
from whence it ariſes, the principal. Itis true, the ſum 
1 + ar, expreſſing the amount of 1/. is given, ſtrictly 
ſpeaking, according to imple intere/? - but the conclu- 
ſion (as a late author * very juſtly obſerves) would be 
more congruous, and anſwer better, were the ſame al- 
lowances to be made therein, as are made in finding the 
amount of the annuity ; that is, were intereſt upon in- 
tereſt to be taken once and no more. Agreeable to this 
aſſumption, , the intereſt of 1 /. being conſidered as an 
annuity, its amount in x years (by writing r for A, in 
the general formula above) will be given = ur + 


In 1— 1. 7*: to which the principal 11. being add. 


ed, the aggregate 1 + nr + 31. n— 1. 7* will there- 
fore be the whole amount of 1 /. in the time ; and ſo 
we ſhall have 1 + xr + zn. 1 — 1. 75: 1: 1A 4 
bs TIT od RISE rA = 6 ths 60 
2124. 1-1. * 
value of the annuity, according to the ſaid hypotheſis. 
From which equation others may be derived, by means 
whereof the different values of A, u, ander may be, 
ſucceſſively, determined. But, as this method of al- 
lowing intereſt upon intereſt, once and no more, is ar- 
bitrary, and the valuation of annuities, according to 
ſimple intereſt, a matter of more ſpeculation than real 
uſe, it being not only cuſtomary, but alſo moſt equi- 
table to allow compound intereſt in theſe caſes, I ſhall 
not ſtay to exemplify it, but proceed to 


The Reſolution of the various caſes of compound in- 
tereſt, and of Annuities, as depending thereon. 


cipal and intereſt, 
P = any ſum put out at intereſt, 


Mr. Hardy in bis Annuities. 


he amount of 17. in one year, viz. prin- 
Let | 


Let 
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„n = the number of years it is lent for. 
a = its amount in that time. 

L A = any annuity forborn z years. 

* ] m = its amount. 


. f the preſent value of the annuity for the 
1 ſame time. 


Therefore, ſince one pound, put out at intereſt, in the 
firſt year is increaſed to R, it will be as 1 to R, ſo is R, 
the ſum forborn the ſecond year, to R, the amount of 


one pound in two years; and therefore as 1 to R, ſo is 


Re, the ſum forborn the third year, to R?, the amount 
in three years: whence it appears that R“, or R raiſed 


to the power whoſe exponent is the number of years, 
will be the amount of one pound in thoſe years. But 


as 1, is to its amount R“, ſo is P to (a) its amount, in 


the ſame time; whence we have P x R“ = 4. More- 
over, becauſe the amount of one pound, in z years, is 
R', its increaſe in that time will be R“ — 1; but its 
intereſt for one ſingle year, or the annuity anſwering to 


that increaſe, is R—1 ; therefore as R 1 to R x, 


. A * n SS 
ſois Atom. Hence we get * —— yo m. Fur- 
— 7 
thermore, fince it appears that one pound, ready-money, 


is equivalent to R“, to be received at the expiration of 


7 


„ AX R—1 
2 years, we have, as R“ to x, fois — — (the ſum 


in arrear) to v, its worth in ready-money ; and there- 


fore 1 2 8. 


From which three original equations, others may be 
derived, by help whereof the various queſtions relatin 
to compound intereſt, annuities in arrear, and the pre- 
ſent values of annuities, may be reſolved. 


Thus, 


m— —œ VV — 5 -— = 
* f _ 


* gm * — — 
7 Cr — LY MD 3 4 
D wt . — * 2 
— 
ap wv 


3 
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Thus, becauſe PR" is = a, there will come out P 2 


x and R = 5 „ &c. or, by exhibiting the ſame 4 
equations in logarithms (which is the moſt eaſy fo fl 
praQtice) we ſhall have | ' 
15. Log. a = log. P + & log. R, 
25. Log. P = log. a— n x log. R. at 
a — log. P 
F. Log. R = log. a n log. | . n 
„ log. a — log. P 7. 
SE TIE. 75 
Which four theorems, or equations, ſerve for the ſouſ 
caſes in compound intereſt, " 
Again, ſince m is = — — 7 Z, we ſhall hare = 
þ | 1*. Log. m = log. A + log. R“ — 1 — log. R=1, 8 
* a? Log. A — log. JN] wes log. R* —1 =y log. R=1, of 
| 3 5 , = LS. KRA A — log. A ] 
1 3 r cans log. R. : | 
= 3 m 750 
4. R——T co. . 
To which the various queſtſons relating to annuities 1 
| in arrear are referred, 155 e | Gee 
_ [on = b 
| [ Moreover, ſeeing A x = is = v, we thence have, ther 
f ez x 1 * 
2 3*. Log. 988 log. A + log. 1 — 3 — log. R 1. cent 
f R* — 1 
5 | — I | 
- log. A — log. A+v—voR 2 
1 log. R. 2 ſeve 
A ann 
4. R. KR o. H 


The 
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The uſe of which theorems, reſpecting the preſent 
values of annuities, as well as of the preceding ones, 
for compound intereſt and annuities in arrear, will 
fully appear from the following examples. 


at four per cent. per annum, compound intereſt, 

In this caſe we have given P = 575, R = 1,04, and 
2 = 7; therefore, by Theorem 1, log. a = log. 575 + 
7 log. 1,04 = 2,8789011 ; and conſequently a = 
756,06, or 7561. 13s. 24 d. the value required. 


Examp. 2. What principal, put to intereſt, will raiſe 
a ſtock of 10007. in fifteen years, at 5 per cent.? 
Here, we have given R = 1,05, 2 = 15, and a = 
| 1000; therefore, by Theorem 2, log. P = log. 1000 — 15 
log. 1,05 = 2,6821605; and conſequently P = 481,02, 
or 481/. 0s. 43d., the value ſought. 


of 7561. 13s. 24 d, at 4 per cent.? 
In this caſe we have R = 1,04, P = 575, and a = 


log. 756,66 —log.575 
log. 1,04 


156.66 ; whence, by Theor, 45 
| = 7, the number of years required. 


Examp. 4. To find at what rate of intereſt 4811. in 
hfteen years, will raiſe a ſtock of 1000 J. 
Here we have given P = 481, 4 = 1000, andu=15; 
log. 1000 — log. 481 
15 PE 
| = .0211903, whence R = 1,05; conſequently 5 per 
cent. is the rate required. 


therefore, by Theorem 3, log. R = 


The four laſt examples relate to the caſes in com- 
pound intereſt ; the four next are upon the forbearance 
of annuities, 


Examp. 1. If $01. yearly rent, or annuity, be forborn 
ſeven years, what will it amount to, at 4 per cent. per 
annum, compound intereſt ? | 
Here, we have R = 1,04, A = 50, and u =; and 
1 7 | therefore, 


Examp. 1. To find the amount of 5751. in ſeven years 


Examp. 3. In how long time will 575 J. raiſe a ſtock 
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therefore, by Theor. 1, log. m (=log. A + log. R"—, 


— log. R — I) — log. 50 -+ log. 1, 0400 —1, — log. 04 
= 2,596597 ; and conſequently m 395 J. the value 
that was to be found. 


 Examp. 2. What annuity, forborn ſeven years, will 
amount to, or raiſe a ſtock of 395 J. at 4 per cent. com- 


pound intereſt ? : 
In this caſe we have given R = 1,04, n = », and 
m = 395; whence, by Theorem 2, log. A (= log. u 


— log. R“ —1+log.R — 1) = log. 395 — log. 


| 1,04) — 1 + log. 404 = 1,6989700 ; and conſequently 


A = 501. which is the annuity required, 


Examp. 3. In how long time will gol. annuity rai 
a ſtock of 3957. at 4 per cent. per annum, compound in- 
tereſt ? : 

Here, we have R = 1,04, A = 50, m = 305; and 


therefore, by Theor. 3, n (= log. mR _ — 
g. 


2 
= 8278 = 7, the number of years required. 


Examp. 4. If 1201. annuity, forborn eight years, 
amounts to, or raiſes a ſtock of 1200 J. what is the rate 
of intereſt ? 

In this caſe we have given » = 8, A = 120, andn 
= 1200, to find R; therefore, by Theorem 4, we have 
R*—1o0R +9 =o; from which, by any of the me- 
thods in Sec. 13, the required value of R will be found 
= 1,06287 ; therefore the rate is 6,287, or 6/. 55. 9d. 
per cent. per annum. 

The ſolution of the laſt caſe, where the rate is re- 
quired, being alittle troubleſome, I ſhall here put down 
an approximation (derived from the third general 
formula, at p. 165) which will be found to anſwer very 
near the truth, provided the number of years is not 


very great, | 
10 | Let 
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13 11 A 


Let Q = then will 


2.m — nA 


— — —————— be the rate 
6. 5 + 3n — 41 3. — 2. 110 — 13 

per cent. required. | 

Thus, for example, let u = 8, A = 120, and m = 


1200; then will Q = 52 2 = 14, and the rate it- 


42000 + 6000 = 6. 287, as above. 


. | 
| The preceding examples explain the different caſes 
of annuities in arrear ; in the following ones the rules 
for the valuation of annuities are illuſtrated. 


Examp. 1. To find the preſent value of 1007, annuity, 
to continue ſeven years, allowing 4 per cent. per annum 
compound intereſt, | 
= Here, we have given R = 1,04, A = 100, andz=7; 
and therefore, by Theorem 1, log. v (= log. A + 
A I — 
log. 1— R log. R — 1) = log. 100 + log. 


I 
133 = — log. ,04 = 2,778296 ; and conſequent- 


| ly + = 600,2 = 6001. 45s. which is the value that was 
to be found. 


Examp. 2. What annuity, or yearly income, to con- 


ogg years, may be purchaſed for 1000 J. at 3Z per 
cent. 


In this caſe, == 15035. # = 20, 92 1000; 


| whence, by Theorem 2, we have log. A (= log. v 


+ log. R — 1 — log. 1 — * = 1,8473363 and 
| conſequently A 70, 36, or 7ol. 75. 24. 


ExamHp. 
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Examp. 3. For how long time may one, with 600, 
purchaſe an annuity of 1001. at 4 per cent.? 

In this example we have R = 1,04, A = 100, atid 
© = 600; and therefore, by Theorem 3, n (= 


log. A — log. A + v — R 
eg. N 
years required. 


S 7, the number of 


Examp. 4. To determine at what rate of intereſt, an 
annuity of 50. to continue 10 years, may be pur- 
chaſed, for 4001. 

Here A = 50, n = 10, and = 400; whence, by 


A 
Theorem 4, R. — in R* + = being = o, v. 


have R.“ 1,125R*'? + „125 =0; which equation 
reſolved, gives the required value of R = 1,042775; 
and conſequently the rate of intereſt, 4,2775 J. per 
annum. 


The ſolution of this laſt caſe being ſomewhat te- 
dious, the following approximation (which will be 
found to anſwer very near the truth when the number 
of years is not very large) may be of uſe, 


n.n+1i.A 


Aſſume Q = ts ng ene ſo ſhall 


3000 2 — 21 + 1 X 400 


6Q. SQ— 3n—4 + S. u 12. 112 + 13 ** on 
rate per cent. very nearly. 27 

'Thus, for example, let A (as above) be = 50, 
IOX11X9Y 


1000 — 800 
of 4327715) 


n = 10, and v = 400; then, Q being = 


82500 — 8400 


165 * 103,5 + 246? 
for the rate, per cent. the ſame as before, 


= 27,5, we have 
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8 EC-T.1 0:N AI. 
Of Plane Trigonometry. 


DEFINITIONS 


1. DLANE Trigonometry is the art whereby, hav- 

ing given any three parts of a plane triangle 
(except the three angles) the reſt are determined, In 
order to which, it is not only requiſite that the peri- 
pheries of circles, but alſo that certain right lines, in 
and about the circle, be ſuppoſed divided into ſome aſ- 
ſigned number of equal parts. 

2. The periphery of every circle is ſuppoſed to be 
divided into 360 equal parts, talled degrees; and each 
degree into 60 equal parts, called minutes; and each 
minute into 60 equal parts, called ſeconds, or ſecond 
minutes, &c, Any part of the periphery is called an 
arch, and is meaſured by the number of degrees and 
minutes &c. it contains. 

3. The difference of any arch from go degrees, or a 
quadrant, is called its complement, and its difference 


from 180 degrees, or a ſemicircle, its ſupplement. 
4. A chord, or ſub- 


tenſe, 1s a right line H KAS 
drawn from one ex- / 
tremity of an arch to 
the other; thus BE 
is the chord or ſub- 
tenſe of the arch 
BAE, or BDE. f 

5. The ſine (or 
right ſine) of an arch, 
is a right line drawn 
from one extremity 
of the arch perpen- 3 
dicular to the diame- 


ter paſſing through the other extremity : thus BF is the 


— 


ſine of the arch AB, or BD. 
| R 6. The 
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6. The verſed ſine of an arch is the part of the dia- 
meter intercepted between the arch and its ſine : ſo AF 
is the verſed fine of AB, and DF of DB. | 

7. The co-fine of an arch is the part of the dia- 
meter intercepted between the center and the ſine; and 
is equal to the fine of the complement of that arch, 
Thus CF is the co-fine of the arch AB, and is equal 
to BI, the ſine of its complement HB. t 

8. The tangent of an arch, is a right line touching 
the circle in one extremity of that arch, continued from 
thence to meet a line drawn from the center through 
the other extremity ; which line is called the ſecant of 
the ſame arch: thus AG is the tangent, and CG the 
ſecant of the arch AB. 

9. The co-tangent and co-ſecant of an arch, ar: 


the tangent and ſecant of the complement of that arch: 


thus HK and CK are the co-tangent and co-ſecant of 
the arch AB. 

10. A trigonometrical canon, is a table exhibiting 
the length of the fine, tangent, &c. to every degree 
and minute of the quadrant, with reſpect to the radius, 
which is ſuppoſed unity, and conceived to be divided 
into 100000c0 or more decimal parts. Upon this table 
the numerical ſolution of the ſeveral cafes in trigono- 
metry depend ; it will therefore be proper to begin with 
its conſtruction. 


PROPOSITION::I 


The number of degrees and minutes &c. in an arch hi- 
ing given; to find both its fine and co-ſine. 


This problem is reſolved, by having the ratio of the 
circumference to the diameter, and by means of the 
known ſeries's for the fine and co-ſine (hereafter de- 
monſtrated). For, the ſemi-circumference of the circle, 
whoſe radius is unity, being 3,141592653589793 C. 
it will therefore be, as the number of degrees or mi- 
nutes in the whole ſemi-circle is to the degrees or mi- 
nutes in the arch propoſed, ſo is 3, 141 59265358 Ce. 
to the length of the ſaid arch; which let be denoted by 
a; then, by the ſeries's above quoted, its fine will be ex. 

10 preſſe 


1 6 "I" 
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a a a! | 
b — = ads cage: — 
preſſed y a 2:3 2:3-4:3 2. 3:4+5+0+7 
; a 
fc. and its co-ſine by 1 — 2 + 7 
6 


- 4. - Se 
Pan 2.3-4-5.0.7.8 : 

hus, for example, let it be required to find the ſine 
of one minute; then, as 10800 (the minutes in 180 de- 
grees) : I : : 3,141 59265358 Cc. : .000299888208665 


= the length of an arch of one minute ; therefore, in 


3 3 
this caſe, 4 . oo 888208665, and — ( = ) 
2 23 6 

= .000000000004102 &c. And conſequently 
.000290888204563 = the required ſ ne of one minute. 

Again, let it be required to find the fine and co-ſine 
of five degrees, each true to ſeven places of decimals. 
Here ,0002908882 the length of an arch of 1 minute 
(found above) being multiplied by 200, the number of 
minutes in 5 degrees, the product .08726646 will be 
the length of an arch of 5 degrees: therefore, in this 
caſe, we have 
3 a = „08726646, 


F = --,0001 1076, 


+ — = + ,00000004, 


c. and conſequently ,08715574 S the ſine of 5 de- 
| grees, Alſo | 

| 5 

* 00380771, 


at 

| I = 400000241 ; 
and conſequently 9961947 = the co- ſine of g degrees. 
After the ſame manner, the fine and co-fine of any 
other arch, may be derived; but the greater the arch is, 
the ſlower the ſeries will converge, and therefore a 
greater number of terms muſt be taken to bring out the 
| concluſion to the ſame degree of exatneſs. 


R 2 But 
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But there is another method of conſtruQting the tri. 
gonometrical canon; which, though leſs direct, is more 
geometrical; and that is, by determining the fines 
and tangents of different arches, one from another, as 
in the enſuing propoſitions. 


PROPOSITION IL 


The fine of an arch being given; to find its coſa, 
tangent, co-tangent, fecant, and co-ſecant. 


Let AE be the propoſed arch, EF its ſine, CF its 
co-ſine, AT its tangent, DH its co-tangent, CT its 
ſecant, and CH its co-ſecant : then, by Euc. 47. 1. we 


ſhall have CF = V CE* — EF*; from whence the 
D IIe co-fine will be known; and 

then, by reaſon of the ſimilar 
| E. triangles, CFE, CAT, and 
1 CDH, it will be, 

t. CF: FE: : A: AI 
whence the tangent is known. 
7 2. CF: CE: : CA : CT; 
1 2 8 is 5 

— 6 ' :: CD: DH; 
C As an the co-tangent is known. 
4. EF: CE: : CD: CH; whence the co-ſecant is 
alſo known. 

Hence it appears, 

1. That the tangent is a fourth proportional to the 
co-ſine, the fine, and the radius. 

2. That the ſecant is a third proportional to the co- 
fine, and the radius. 

3- That the co-tangent is a fourth proportional to 
the ſine, the co-fine, and the radius. 

4. That the co-ſecant is a third proportional to the 
fine, and the radius. 

5. And that the rectangle of the tangent and co- 
tangent is equal to the ſquare of the radius. 


PROP OSI 
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PROPOSITION III. 


The co-ſine CF of an arch AE, being given; to find the 
ine and co-ſine of half that arch. 


From the two extremities of the diameter AB draw 
the ſubtenſes AE and BE; and let CQ hiſect the arch 
AE in Q, and its chord (perpendicularly) in D; then, 
ſince the angle BEA is a right one (by Euc. 31. 3.) the 
triangles ABE and i 
ADC are ſimilar; 
and therefore, AC 
being = f AB, AD 
muſt be = AE, and 
CD = Z BE: but AE 
is =V ABxAF, and B e A 
BE =V AB x BF ; therefore 
AD=2V AB:AF=yZACxAF=the ſine AE 
CDS UFZ AUF the co-fine N 7 

Hence it is evident, that the ſine of the half of any 
arch, is a mean proportional between half the radius, 
and the verſed- ſine of the whole arch; and its co- ſine, a 
mean proportional between half the radius and the 
verſed- ſine of the ſupplement of the ſame arch. 


PROPOSITION: IV. 


The fine AD, and co-fire CD, of an arch AQ being 


given; to find EF the ſine of the double of that arch (ſee 
the preceding figure.) 


Since AE = 2AD and BE = 2CD, and the triangles 
ABE and AEF are alike (by Euc. 8. 6.) we have, as 
AB (2AC): AE (2AD):: BE (20D): EF; whence 
it appears, that the fine of double any arch-is a fourth 
proportional to the radius, the fine, and the double 


co-ſine of the ſame arch. 
PROPOSITION v. 
The fine CD and tangent BE, of a very ſmall arch 


are, nearly, in the ratia of equality. 
For, the triangles ADC and ABE being fimilar, 


R 3 thence 
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thence will AD: AB:: DC: BE : but as the point C 
approaches to B, the difference of AB and AD will 
become indefinitely ſmall in reſpect of AB, and there- 
fore the difference of 
» BE and DC will like- 
wiſe become indefinitely 
E ſmall with reſpect to BE 
or DC. 

Corollary. Becauſe any 
arch BC is greater than 
N D its ſine and Tef; than its 
' tangent; and ſince the 
ſine and tangent of a very ſmall arch are proved to be 
nearly equal, it is manifeſt that a very ſmall arch and 

its fine are alſo, nearly, in the ratio of equality. 


PROPOSITION VI. 
To find the fine of an arch of one minute. 


The fine of 30 degrees is known, being half the 
chord of 60 degrees, or the radius; therefore, by Prop. 2 
and 2, the ſine of 15 degrees will be known: and, the 
ſine of 15 degrees being known, the ſine of 7“ 30“ will 
be found (by the ſame Propoſitions), and from thence the 
fine of 3* 45”; and ſo likewiſe the fine of half this; and 
ſo on, till 12 biſections being made, we come, at laſt, 
to the ſine of an arch of 52”, 44 03”, 45 ; which 
fine (by Corel. to the preceding Prop.) will (as the co- ſine 
is nearly equal to the radius) be nearly equal to the arch 
itſelf. Therefore we have, as 52”, 44, 03”, 45 
is to 17, ſo is the length of the former of theſe arches 
(found as above) to the length of an arch of one minute, 
or that of its ſine, very nearly. 

If it be taken for granted, that 3, 1415926535 Ce. 
is the length of half the periphery of the circle whole 
radius is unity, we ſhall. have, as 10800, the number 
of minutes in 180”, or the whole ſemi-circle, is to one 
minute, ſo is 3, 1415926535 &c. the whole ſemi-circ!e, 
to o, oo 290888208, the length of an arch of one mi- 
nute, or that of its ſine, very nearly. 

| PROPO- 


1% 
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PROPOSITION. VII. 
If there be three equidifferent arches AB, AC, and AD, 


it will be, as the radius is to the co-ſine of their common 
difference BC or CD, ſo is the fine, CF, of the mean, 
to half the _ of the fines, BE + DG, of the two ex- 
tremes : and as the radius is to the fine of the common dif- 
ference, ſo is the co-fine FO of the mean, to half the dif- 
ference of the ſines of the two extremes. | 

For, let BD be drawn, cutting the radius OC in m, 
alſo draw mn parallel to CF, meeting AO in n, and 
BH and mv parallel to AO, meeting DG in H and v. 
then, becauſe the arches BC and CD are equal to eaeh 


247 


AE PRE O KA 


other, OC is not only perpendicular to BD, but alſo 
biſects it ( Euc. 3. 3.) whence it is evident that Bm, or 
Dm, will be the {ine of BC, or CD, and Om its co- 
fine; and that mn, being an arithmetical mean between 
the ſines, BE and DG, of the two extremes, is equal 
to half their ſum, and Do equal to half their difference. 
Moreover, by reaſon of the ſimilarity of the triangles 
el Os, __ Dm, it will 
8 as, Os { CF t mn 
and as, O: Dm ::: FO: De k. p. 


re. 
Since, from the foregoing proportions, mn is = 
On x CF 95 Pax FO. 


ot > and Dp (= vH) = JE it is evident 
R 4 that 
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that DG (= mn + Do) will be = Om y 8 | 


and BE (= n vH) = 2 AF from 


whence it appears, that the ſine (DG) of the ſum (AD) 
of any two arches (AC and CD) is equal to the ſum of 
the rectangles of the ſine of the one into the co-ſine 
of the other, alternately, divided by the radius; and 
that the ſine (BE) of their difference (AB) is equal to 


the difference of the ſame rectangles, divided alſo by the 
radius. 


COROL. 2. 
Moreover, ſeeing DG + BE (zun) is = 20M hell 


OC: * 
and DG —BE (= DH =2Dv)} = LARS from the 


former of theſe, we have DG = — — BE, and, 


from the latter, DG = 2 + BE; which, ex- 


preſſed in words, give the two following Theorems. 

Theor. 1. If the ſine of the mean of three equidifferent 
arches (ſuppoſing the radius unity) be multiplied by twice the 
co- fine of the common difference, and the ſine of either ex- 
treme be ſubtracted from the product, the remainder will 
be the fine of the other extreme. 


Theor. 2. Or, if the co fine of the mean be multiplied 0 
twice the fine of the common difference, and the product be 
added to, or ſubtracted from the fine of one of the extremes, 
the ſum or remainder will be the ſine of the other extreme. 


Theſe two theorems are of excellent uſe in the con- 
ſtruction of the trigonometrical-canon ; for, ſuppoſing 
the ſine and co-fine of an arch of 1 minute to be found, 
by Prop. 6 and 1, and to be denoted by p and g, reſpec- 
tively; then, the fine of 2 minutes being given from 
Prop. 4, the ſine of 3 minutes will from hence be known, 
being = 29 x fine 2 — fine 1' (by Theor. 1) or = 


x co-ſine of 2! + ſine of 10 (by Theor. 2.) After the ſame 
7 ; manner 


r Coe oat enact 
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manner the ſine of 4 will be found, being 29 * fine 
of 3 — ſine of 2, or 2p X co- ſine of 3 + ſine of 2. 
And thus the ſines of 5, 6, 7, &c. minutes may be ſuc- 
ceſſively derived, by either of the theorems ; but the 
former is the moſt commodious. 

If the mean arch be 45? ; then its co-ſine being = 


7, it follows (from Theorem 2.) that the fine of the 
exceſs of any arch above 455, multiplied by 2VZ or 
V2, gives the exceſs of the ſine of that arch above 
that of another arch as much below 45* ; thus V2 x 


ſine of 10? = fine of 55*— fine of 355; and V2 x ſine 
of 15*=line of 60*—1ine of 30; and ſo of others: which 
is uſeful in finding the fines of arches greater than 45*. 
But, if the mean arch be 60 degrees, then its co- ſine 
being E, it is evident, om the ere Theorem, that the 
ſine of the exceſs of any arch above 60%, added to the 
ſine of another arch as much beiow 60%, will give the 
ſine of the firſt arch, or greater extreme: thus, the ſine 
of 10? + ſine 50? = fine 70%, and fine 15 + fine 45 = 
fine 75 from whence the ines of all arches above 60 
degrees, 'thoſe of the inferior arches being known, are 
had by addition only. 


PROPOSETION VIIL 


In any right-angled plane triangle ABC, it vill be, as 
the baſe AB is to the perpendicular BC, ſo is the radius (of 
the tables) to the tangent of the angle at the baſe. 


Let DA be the radius to which the table of ſines 


and tangents is a- C 
dapted, and DE the | 
tangent of the an- E 


gle A; then, by rea- F 
fon of the ſimilarity | 
of the triangles ABC 

and ADE, it will be, 


as AB: BC :: AD 
: DE. Q. E. D. F 22 — E N — 
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PROPOSI-T1O0:N- E. 


In every plane triangle it will be, as any one fide is tothe 
fine of the oppoſite angle; ſo is any other fide to the ſine of it 
oppoſite angle. 

For, let ABC be the propoſed triangle; take CF = 
AB, and upon AC, let fall the perpendiculars BD and 
EF; which will be the ſincs of the angles A and C, 


to the equal ra- 

diiAB and CF, 

But the trian- 

72 CBD and 

FE are ſimi- 

lar, and there. 

C fore CB: BD:: 

CF (AB):FE; 

that is, as CB is to the ſine of A, ſo is AB to the fine 
of C. Q. E. D. 


PROPOSITION: &. 


In every plane triangle, it will be, as the ſum of any 
two ſides is to their difference, ſo is the tangent of the con- 
plement of half the angle included by thoſe ſides, to the tan- 
gent of the difference of either of the other two angles and 
the * complement. 

or, let ABC be the triangle, and AB and AC the 
two propoſed ſides ; and upon A, as a center, with the 
radius AB, let a ſemicircle be deſcribed, cutting CA, 
produced, in D and F; ſo that CF may expreſs the ſum, 
and CD the 

difference of 
the ſides AC 
and AB; join 

F, B and B, 
c P,: and draw 

DE parallel 
to FB, meeting BC in E; then, the angle FBD being 
a right one (by Euc. 31. 3.) ADB will be the complc- 
ment of the angle F, which is equal to half the pro- 
poſed angle A, by Euc. 20. 3. Moreover, ſeeing the 


an gles 
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angles FBD and EDB are both right-ones ; (for EDB 
is = FBD (= right angle) becauſe DE is parallel ta 
FB) it is plain, that, if BD be made the radius, BF 
will be the tangent of BDF, and DE the tangent of 
DBE : but, becauſe of the ſimilar triangles CFB and 
CDE, CF: CD:: BF: DE; that is, as the ſum of 
the ſides AC and AB, is to their difference; ſo is the 
tangent of BDF, to the tangent of DBC; which 957 
is, manifeſtly, the exceſs of ABC, above BDF, or ABD; 
and alſo the exceſs of ADB above AC B. 2. E. D. 


PROPOSITION XI. 


As the baſe of any plane triangle is to the ſum of the 
two fides, ſo is the difference of the ſides to the . of 
the ſegments of the baſe, made hy a perpendicular falling 
from the vertical angle, | 


For, let ABC be the propoſed triangle, and BD the 
erpendicular ; from B as a center, with the interval 
BC, let the circumference of a circle be deſcribed, cut. 
ting the baſe AC —_ 
in G and the ſide 
AB, produced, in 
F and E: then 
will AE be the 
ſum of the ſides, 

AF their differ- f 
ence, and AG the F : 
| difference of the 0 

ſegments of the : | D 

baſe AD and DC: * . 
but (by Euc. 36. 3.) AE AF S AC x AG; and there- 
fore AC: AE :: AF: AG. QE. D. 
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The Solution of the caſes of right-angled plane triangle, 


A 


C 


B 


— — 


— 


Proportion. 


— — 


As the radius (or the fine of B) 1 
the hyp. AC; ſo is the ſine of 
A, to its oppoſite ſide BC /6y 
Prop. q.) 


As, AC: rad. : ; AB: ſine of C; 
whoſe complement gives the 
angle A. 


Let the angles be found by caſe 2; 
then, as rad. : AC : : ſine o 
A : BCC Prep. g.) 


— 


As, fine of C: AB : : rad, (ſine of 
B) : AC (6y Prop. 9.) 


[= Given. Sought. | 
| [The hy- 
1. ſoothenuſe The leg 
AC and | BC. 
ſche angles 
| The hy- 
» [poth. AC] The 
| and one | angles. 
J. ſleg AB. 
Ihe hy- | 
| ipoth. AC|The other 
3)and one | leg BC. 
leg AB. 
The an- 
The hy- 
14 gies _= 8 
1 
„ 
„ Igles and [The other 
| one leg jleg BC. 
. 
The two] rx. 
The 
6 jlegs AB 
land BC. angles. 
{ [The two The hy- 
7 legs AB pothenuſe 
hend BC. fac. 


As, fine of C: AB ; : fine of 
A: BC (by Prop. g.) 

Or, rad. : tang. of A:: AB: BC 

(by Prop. 8.) 


As, AB: BC: : rad. :; tang. of A, 
(by Prop. 8); whoſe comple- 
ment gives the angle C. 


Find the angles, by caſe 6, and 


from thence the hyp. AC, by 
caſe 4. 


6 


— 


The 


Caſt 
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The Solution of the caſes of oblique plane triangles. 


B 


included and ABC. 


C 
Given, | Sought. | Proportion. 
£00 Eitherofthe| As, ſine of C: AB : : fine of A | 
fide AB. (ſuppoſe he. BC (by Prop. 9 ) l 
Two ſides As, AB : ſine of C:: BC : ſine of 
AB, BC and| The other] A; which added to C, and the 
OSS * 7 2 ſum ſubtracted from 180%, gives 
* ABC. the angle ABC. 
Two ſides ; 
Find the angle ABC, by caſe 2; 
B, BC | 
raged” atv then, as fine of A: BC : : fine 
oppoſite to q *.j of ABC : AC, 
one of them. 
Two ſides As, AB+ AC: AB—AC :: tang. o 
AB, AC |Theother| the comp of 2x A: tang. of an ang. 
and the angles C | which added tothe ſaid com. gives 


the greater ang. C; and ſubtracted 


2 


All the An angle, 
ſides. ſuppoſe A. 


angle A. leaves the leſſer ABC / Prop. 10.) 
wo fides . 

45 2 . The other Find the angles, by caſe 4; and 

he included ſide BC. then BC, by caſe 1. 

anxle A. 


Let fell a perpendicular BD, oppoſite the 
required angle, and ſuppoſe DG == AD; 
then (by Prop. 11.) AC: BC ＋ EA:: 
BC — BA: CG, which ſubtracted from 
AC, and the remainder divided by 2. 
gives AD; whence A will be found, by 


caſe 2, of right angles, 


S EC- 
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— — 
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SECTION XVIII. 


The Application of Algebra to the Solution of 
Geometrical Problems, 


W HEN a geometrical problem is propoſed to be 
reſolved by algebra, you are, in the firſt place, 
to deſcribe a figure that ſhall] repreſent, or exhibit the 
ſeveral parts or conditions thereof, and look upon that 
figure as the true one; then, having conſidered atten- 
tively the nature of the problem, you are next to pre- 
pare the figure for a ſolution (if need be) by producing, 
and drawing, ſuch lines therein, as appear moſt con- 
ducive to that end. This done, let the unknown line, 
or lines which you think will be the eaſieſt found (whe- 
ther required or not) together with the known ones (or 
as many of them as are requiſite) be denoted by proper 
ſymbols; then proceed to the operation, by obſerving 
the relation that the ſeveral parts of the figure have to 


each other; in order to which, a competent knowledge 


in the elements of geometry is abſolutely neceſſary. 
As no general rule can be given for the drawing of 
lines, and eleCting the moſt proper quantities to ſubſti- 
tute for, ſo as to, always, bring out the moſt ſimple 
concluſions (becauſe different problems require different 
methods of ſolution) ; the beſt way, therefore, to gain 
experience in this matter, is to attempt the ſolution of 
the ſame problem ſeveral ways, and then apply that 


which ſucceeds beſt, to other caſes of the ſame kind; 


when they afterwards occur. I ſhall, however, ſubjoin 
a few general directions, which will be found of ule. 

1*. In preparing the figure, by drawing lines, let 
them be either paralle] or perpendicular to other lines 
in the figure, or ſo as to form ſimilar triangles; and, it 
an angle be given, let the perpendicular be oppoſite to 
that angle, and alſo fall from the end of a given line, | 
poſſible. | 

2*, In electing proper quantities to ſubſtitute for, let 
thoſe be choſen (whether required or not) which » 
neare 
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nearcſt the known, or given parts of the figure, and 


reſſed, without the intervention of ſurds, by addition 
and ſubtraction only. Thus, if the problem were to 
find the perpendicular of a plane triangle, from the three 
ſides given, it will be much better to ſubſtitute for 
one of the ſegments of the baſe, than for the perpendi- 
cular, though the quantity required ; becauſe the whole 
baſe being given, the other ſegment will be given, or 
expreſſed, by ſubtraction only, and ſo the final equa- 
tion come out a ſimple one; from whence the ſegments 
being known, the perpendicular is eaſily found by com- 
mon arithmetick: whereas, if the perpendicular were 
to be firſt ſought, both the ſegments would be ſurd quan- 
tities, and the final equation an ugly quadratic one. 
3*. When, in any problem, there are two lines or 
quantities alike related to other parts of the figure, or 
problem, the beſt way is to make uſe of neither of 
them, but to ſubſtitute for their ſum, their rectangle, 
or the ſum of their alternate quotients, or for ſome 
line or lines, in the figure, to which they have both the 
ſame relation. 'This rule is exemplified in Prob. 22, 
23, 24, and 27. 

4*. If the area, or the perimeter of a figure be given, 
or ſuch parts thereof as have but a remote relation to 
the parts required, it will, ſometimes, be of uſe to aſ- 
ſume another figure ſimilar to the propoſed one, whereof 
one fide is unity, or ſome other known quantity; from 
whence the other parts of this figure, by the known 
proportions of the homologous ſides, or parts, may be 
found, and an equation obtained, as is exemplified in 
Prob. 25 and 32. 

Theſe are the moſt general obſervations I have been 
able to collect ; which I ſhall now proceed to illuſtrate 
by proper examples, | 


PROBLEM I. 
De baſe (I, and the ſum of the hypothenuſe and per- 


N pendicular (a) of a right-angled triangle ABC, being 
Let 


| given ; to find the perpendicular, 


by help whereof the next adjacent parts may be ex- 
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Let the perpendicular BC be denoted by x; then 


c the hypothenuſe AC will 
be expreſſed by a—z : but 


C Euc. 47. 1.) AB* 4 


C*= AC*; that is, 3 
+ x* = a* — 24x + Xx; 
2 — þ* 


whence x = = the 


B perpendicular required, 


A 


PROBLEM II. 
The diagonal, and the perimeter of a rectangle, ABCD, 


being given; to find the ſides. 


Put the diagonal B 
D 


tt —.. 


C 


A 


a, half the perimeter (DA 
+ AB) = b, and AB = 
x z; then will AD =þ —- 
x; and therefore, AB* + 
AD“ being = BD", we 
have x* + þ* — 2bx T* 
Sa“; which, ſolved, gives 


V2a* — b* + b 


52 2 . 


PROBLEM III. 


The area of a right-angled triangle ABC, and the fidr 
of a rectangle EBDF inſcribed therein, being given; 15 


determine the ſides of the triangle. 
Put DF = a, DE = 6b, BC = x and the meaſure 


A = 


C of the given area ABC 


= 4: then, by ſimilar tri- 
angles, we ſhall have x 
— (CF): 42 (DF): 


ax 


F (BC): AB = —— 


x —b 


ax * 


Therefore * — = 
x—b 2 


d, and conſequently 2 


2dx 2bd 


= 2dx — 2bd, or & — —_— which, ſolved, 


gives 


S (= AB) = 2x, and CD (= 


in H; and let CI = a, 


| then it will be, as 3. 
| 3- 0's K CH; 
| which, taken from CI A 


to GromeTRICAL PROBLEMS, 257 


gives x = 2 = * = — ne : from whence AB and 
a aa a 


AC will likewiſe be known. 


PROBLEM IV. 


Having the lengths of the three perpendiculars PF, PG, 
PH, drawn 2 a certain point P within an equilateral 
triangle ABC, to the three ſides thereof; from thence ta 
determine the ſides. 


Let lines be drawn from P to the three angles of the 
triangle; and let CD be perpendicular to AB: call 
PF, a; PG, b; PH, c; and 0 
AD =" x: then will AC 


VAC*— AD®) = V azz = 
xV 3; and conſequently the 
area of the whole triangle 


ABC (= CD * AD) = 
*r Vg. But this triangle is 
compoſed of the three tri- 


angles APB, BPC, and APC; & DP B 


whereof the reſpective areas are ax, bx, and cx. 
Therefore we have xxV 3 = ax + bx + cx; and from 
a Tre 
ES 
PROBLEM V. 
Having the area of a rectangle DEFG, Fe in a 
given triangle ABC; to determine the ſides of the rectangle. 


Let CI, be perpendi- 
cular to AB, cutting DG 


thence, by diviſion, x = 


AB = b, DG = x, and 
the given area = cc. 


ax 


6 


8 leaves 


- 
. 5 . : 
—— . >" X — — — 
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Be 3 2 R _— — PI —— —__ a # A > x _ + * — — 
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leaves a = = IH; and this, multiplied by x, gives 
Ox — — = cc = the area of the rectangle; whence we 


b 
have abx — an = bir, of — by = — _ — 
— E K 
4 a 2 4 a 


PROBLEM VI. 


Through a given point P, within a given circle, 1 ty 
draw a right-line, that the two parts thereof, PR, PQ, 
intercepted by that point and the circumference of the circle, 
may have a given difference. 


Let the diameter APB be drawn; and let AP and 
BP, the two parts thereof 
R (which are ſuppoſed given) 
be denoted by a and 5; mak- 
ing PR = x, and PQ = x 
+ d (d being the given dif- 
ference). Then, by the na- 
ture of the circle, PQ x PR 
being = PA x PB, we have 


x + d X x = ab, or xx + 


; pes dx = ab; whence x n ? 
found = Va + 4dd — id. : 
4 4 
4 PROBLEM VII. : 
| From a given point P, without a given circle, ſo to | 
draw a right line PQ, that the part theroof RO in- 1 

tercepted by the circle, ſhall be to the external part PR, in 
a given ratio. . 


Through 
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Through the center O, draw PAB; put PA = a, 
PB =b, PR = x, and let B 
the given ratio of PR to x 
RQ be that of m ton; | | 
then it will be, asm:n:: Q 
nx 


*: 77 RQ; therefore 
PQ = xs + E. but PR x ® 


n 
PQ. = PA x PB, or 


= 
. 
* 


nx 
* 4 = ab; there- 


fore mx* + ux = mab, P R 
mab 
and x = 2 28 
P 


PROBLEM VIII. 


The ſum of the two ſides of an iſeſceles triangle ABC 
being equal to the ſam of the baſe and perpendicular, and 
the area of the triangle being given; to determine the ſides. 


Put the ſemi-baſe AD = x, the perpendicular CD 


= y, and the given area 
ABC = a*: fo [hat * 7 = 9 
a*, and 2Vxx + yy = 2x 
+ y (by El. 47. 1. and the 
conditions of the problem). 
Now, ſquaring both ſides 
of the laſt equation, we . 
haye 4xx + 4% = 4xx + TE” 3 
4xy + yy; whence 3 = A D B 


4%, and conſequently y = D; which value, ſubſtituted 


. a 1 4XX 
in the former equation, gives — = a*; from whence 


Sn hes 
= 2 = lay 3; 9 (==) — 24% 33 and AC 
8 2 &: 
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— 4 3 7 =" 


PROBLEM IX. 


The ſegments of the baſe AD and BD, and the ratiz of 


the fides AC and BC of any plane triangle ABC, bei 
given ; to find the ſides. 71 8 aß 


C Put AD = a, BD =, 
AC S x; and let the given 
ratio of AC to BC, be as n 


nx 


to u, ſo ſhall BC = <=, 


mM 
But AC* — AD! (= DC") 
= BC — BD, that is, in 
Cee! # 3 
pecies, x — 4 — = 


| —\ —#*. Hence we have * 
2 — bb 
and x = m m—_ 
2 um — nn 


PROBLEM X. 


The baſe AB (a), the perpendicular CD = 6b, and th: 
difference (d) of the fides AC — BC, of any plane tri- 
angle ABC, being given; to determine the triangle ( ſee 
the preceding figure). 

Let the ſum of the ſides AC + BC be denoted by x: 


d, 
then (by Prop. 11. Se&.18) we ſhall havea: X:: d: _ 


the difference of the ſegments of the baſe ; therefore 


| a 
the greater ſegment AD will be = 5 + — 


| 24 
— — E. But Ab- + DC* = AC; that is, 


x* + 2dr + dd 


tn i. 3 _ NY 


af + 2a*ds : dx PR 


: whence 
71 + 


44 


Sy 


ce 
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4 + 20" ds + dix + 4% = a*x* + 20*ds + add!; 


which, ſolved, gives x = a y 1 17 =, 


PROBLEM XI. 


The baſe AB, the ſum of the fides AC + BC, and 
the lengt 7 the line CD drawn from the vertex to the 
middle of the baſe, being given ; to determine the triangle. 


Make AD (= BD) S a, DC =, AC + BU = i 
and AC = x; ſo ſhall 
BC = ec — x. But O 
AC“ + BC“ is = 
2AD* + 2DC* (by 
El. 12. 2.); that is, 
K 1c — Kl = 24* 
+ 235˙*; which, by 
reduction, becomes x* | 
— x = a + — A 'D B 
Ic; whence x is found = 2c + V aa + bb — Acc. 


PROBLEM XII. 


The two fides AC, BC, and the line CD biſecting the 


vertical angle of a plane triangle ABC, bei ” 
find the baſe AB. P o „ being given; 10 


Call AC, a; BC, 3}; CD, c; and AB, x: then 


a +b:x::80;AD = C 

—— AP TSS . 

+ 3 an * . 

bx 
b DB = But (by 
El. 20. 3.) AC x CB — 
AD * 555 = CD), that is, 
abæx 2 

2 = ©; from & D B 
a 7 c rom 
whence x will be found 2 a + b. ==, 
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PROBLEM XIII. 


The perimeter AB + BC + CA, and the perpendicular 
BD, falling from the right angle B, to the hypothenuſe AC, 
being given; to determine the triangle. 


Let BD = a, AB = x, BC =, AC = &, and AB 
+ BC + CA == then, by reaſon of the ſimilar tri- 
angles ACB and ABD, it will beasz:y::x:a; and 
C therefore xy = az : more- 
over x* + y* = z* (by Euc. 
47. 1.) and x + y + z 
=b{bythegqueſtion), Tranſ- 
poſe z in the laſt equation, 
and ſquare both ſides, and 
you will have x* + 2xy + 
B * = b* — 26z + z*; from 
Which take x* + * = 27, 


and there will remain 2xy = 6* — 2bz; but, by the 


firſt equation, 2xy is = 2az ; therefore 2az = b* — 2bz, 
F 


and 2 = er . f is known. But to find 
x and y from hence, put „„ and let this value 


of z be ſubſtituted in the two ſoregoing equations, 
* 15 =b=— xz, and xy = az, and they will become 
x + y =b — c, and xy = ac: from the ſquare of the 
former of which ſubtract the quadruple of the latter, 


ſo ſhall x* — 2zy + 5 = b — A* — gac; and conſe- 


— 


quently x — y = Of one 4ac. This equation be- 
ing added to, and ſubtrafted from x + y = b — 71 


gives 2x = 5 — c + ers Þ, 4ac, and 2y = b 
2 V c — Aac. 


PROBLEM XIV. 

Having the perimeter cf a right-angled triangle ABC, 
and the radius DF, of its inſcribed circle; to determine 
all the ſides of the triangle. 


From 


a i ny Am cm 3 " EW if 9 
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From the centre D, to the angular points, A, B, C, 
and the points of contact E, F, G, let lines DA, 
DB, DC, DE, DF, DG be drawn; making DE, 


C 


DF, or DG g a, AB = x, BC = yz, AC = x, and 
3 ax ay az 
sx Ty +z2= 6b. It is evident that = + = 2 or 


its equal 2 (expreſſing the ſum of the areas ADB, 


BDC, and ADC) will be — 2 = the area of the 


whole triangle ABC; and conſequently 2xy = 2a6 : 
moreover (by Euc. 47. 1.) x* + g= z*; to which if 
2xy = 2ab be added, we ſhall have x* + 2xy + „, or 
x + y = z* + 246; but, by the firſt ſtep, x + Y is 
=b —z} = * — 2bz + z*; therefore, by making 
theſe two values of x + yl equal to each other, we 
get 2* + 2ab = b* — 2bz + z*; whence 24 = b — 22, 
and z = 45 — a. But, to find x and y, from hence, 
we have now given x + (- 2) = $6 + a, and 
xy = ab: the former of theſe equations, multiplied by 


x, gives x* + xy = — + ax; from which the latter 


Wy =ab being ſubtracted, we have x* = Zbx + ax — ab, 
24 ＋ 


or * — * x = — ab : whence, by completing 


S 4 the 
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+ S TY 
the ſquare, &c, x = 2 . ſo 


. 4 
that the three ſides of the triangle are, Ib — g, 
24 +b+V 44*— 12a6 +b* ed 2a +b—V 4a*—126h +Þ 
4 3 4 , 
Otherwiſe. 

Te right-angled triangles ADE, ADG, having the 
ſides DE, DG equal, and AD common, have alſo 
AE equal to AG : and, for the like reaſon, is CE = 
CF; and conſequently AC (AE + CE) = AG + CF, 
Whence it appears that the hypothenuſe is leſs than the 
ſum of the two legs, AB + BC, by the diameter of 
the inſcribed circle, and therefore leſs than half the pe- 
rimeter by the ſemi-diameter of the ſame circle. Hence 
we have AC - a, and ABT BCS ET a. Put, 
therefore, 0 —a = c, 2b + a = d, and half the dif- 
ference of AB and BC = x; then will AB = 4 + x, and 
BCS d- x; and conſequently 24* + 2x* (AB*+ BC?) 
=> (AC?), whence x is found = /$c*—04*; therefore 


AB is dT Vi- d, and BC S Ad- IC . 


PROBLEM XV. 


All the three ſides of a triangle ABC being given; 10 
find the perpendicular, the ſegments of the baſe, the area, 
and the angles. | 

Put AC S a, AB = b, BC = c, and the ſegment 
AD = x; then BD being = b — x, we have & — 
b =? (= CD*) g — &,, that is, c — b* + 20s 

AC 


-:Þ RS a 9 
— * = 4 — x*; whence 2bx = aa + bb — cc, and 
| * = 


to GEOMETRICAL PROBLEMS. 265 


s = 2X Z=&: Now CD* = AC! — AD* = 


_ MET 33 
A. N= e 3 


aa + bb — cc -:. 209 F aa + 5 — cc 

8", 0 TR "* Tg 
2ah — ag — bb + er e 
. 2b „ 25 , 
hence CD = x a+ —OxO=—a—d)3 


and the area => - Ling —1 


Va TIF enn 


But, becauſe the difference of the ſquares of any two 
lines, or numbers, is equal to a rectangle under their 


ſum and difference, the factor a + þ\* — © will be = 

a+b+cxa+b—c; and the remaining factor 

Oung—n  =c+e—xXc—ae+93: and fo 

the area will be likewiſe truly expreſſed by 

Hatb+cxa+b—cxchta—b X c- 4125 

„„ x ILSS pe DOES 
2 2 2 2 


2 


a+b+c 


VN. 1. 3. —4; by making s = 


In order to determine the angles, which yet remain to 
be conſidered, we may proceed according to Prop. 11. 
m Trigonometry, by firſt finding the ſegments of the 
baſe : but there 1s another proportion frequently uſed 
in practice; which is thus derived : let BA be produced 
to F, ſo that AF may be = AC; and then, FC being 
joined, it is plain that the angle F will be the half of 
the angle A; and DF (= AC + AD) will be g ven 


3 (from 
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(from above) = a+b\ —< =2+b+c, 
26 b 2 
25 — 25 X 4 — C 


ET * but DF (— 7 — is to DC 


22—ññ —T—— : . 
(F vs. 4. . - a), ſo is the radius to the tan- 


—— 


gent of F; and conſequently 5s x = :- = 
2 : {q. rad. : ſq. tang. of F; that is, in words, as the 
rectangle under half the ſum of the three ſides and the 
exceſs of that half ſum above the fide oppoſite the re. 
quired angle, is to the rectangle under the differences 
between the other two ſides and the ſaid half ſum, ſo is 
the ſquare of the radius, to the ſquare of the tangent of 
half the angle ſought. 


PROBLEM XVI. 


Having given the baſe AB, the vertical angle ACB, 
end the right line CD, which biſects the vertical angle, 
and is terminated by the baſe ; to find the ſides and angles 
of the triangle, 


Conceive a circle to be deſcribed about the triangle, 

G and let EG be.a 8 

of that circle, cutting the 

tes. baſe AB perpendicularly 

in F; alſo from the cen- 

ter O, ſuppoſe OA and 

O OB to be drawn, and let 

CD be produced to E 

| (for it will meet the pe- 

— Of 4, 8 riphery in that point, be- 

cauſe the angles ACD 

and BCD, being equal, 

E muſt ſtand upon equal 

arches EA and EB). 

Now, becauſe the angle AOB at the center, ſtanding 

upon the arch AEB, is double to the angle ACB at 

the periphery, ſtanding upon the ſame arch (Zuc. 20. 53 
10 


re,, 


20 = = 


EF. 
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that angle, as well as ACB, is given ; and, therefore, 
in the iſoceles triangle AOB, there are given all the 
angles and the baſe AB ; whence AO and FO will be 
both given, by plane 5% e and conſequently 

AO — FO) and EG (=2AO). Call, therefore, 
EF == a, EG =b, CD S c, and DE x; and ſup- 
poſe CG to be drawn ; then, the angie ECG, being a 
right one (Euc. 31. 3.) the triangles EDF and EGC 
will be ſimilar; whence#:@::b:x+c; therefore, 
by multiplying extreams and means, we have x* + cx 


ab, and conſequently x = Vab + zcc—#c; from 
which DF (y ED*— EF), half the difference of the 
ſegments of the baſe, will be ſound, and from thence all 
the reſt, by plane trigonometry. XN 


Before I proceed further in the ſolution of problems, 
it may not be improper, in order to render ſuch ſolutions 
more general, to ſay ſomething here, with regard to the 
geometrical conſtruction of the three forms of adfected 
quadratic- equations. | 


* + ax = be, 
Viz. * — ax = bc, 


ax - * = bc. 


Conſtruction of the firſt and ſecond forms. 


With a radius equal to $a, let a circle OAF be de- 
ſcribed ; in which, from any point A in the periphery, 
apply AB equal to b —=c A 3 
(being ſuppoſed greater 
than c) and produce the 
ſame *till BC becomes 
Se; and from C, thro E 
the center O, draw CDE 
cutting the periphery in 
D and E; then will the 
value of x be expounded 
dy CD, in the firſt caſe, and by CE, in the ſecond. 

For, 
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For, ſince (by conſtruction) DE is = a, it is plain, if 
CD be called x, that CE will bex+ a; but if CE be 
called x, then CD will be x — a: but, by Eucl. 37.3 
CE x CD S AC Xx BC, that is x + a X (* + ay) 
is = bc, in the firſt caſe; and x x x — 4 (* — ay) 
= bc, in the ſecond : which two, are the very equa. 
tions above exhibited. 

When b and c are equal, the conſtruction will be 
rather more ſimple; for, AB vaniſhing, AC will then 
coincide with the tangent CF : 1 if a right. 
angled triangle OFC be conſtituted, whoſe two legs 
OF and FC are equal reſpectively to the given quanti- 
ties Za and h, then will CD (= CD — OF) be the true 
value of x in the former caſe, and CE (= CD + OF) 
its true value in the latter, 


Conſtruction of the third form. 


With a radius equal to za, let a circle be de- 
ſcribed (as in the two preceding forms) in which applj 
AB, equal to the ſum of the 
two given quantities b + 
and take therein AC equal 
to either of them ; through 
C draw the diameter DCE; 
then either DC, or EC, will 
be the root of the equation. 

For, the whole diameter 
— ED being = a, it is evident 
that, if either part thereof 
(DC, or EC) be denoted by x, the remaining part will 
be a—x: but DC x EC = AC x CB (Exc. 35: 3 
that is, ax — * = bc, as was to be ſhewn. 

The method of conſtruction, when b and c are equal, 
is no- ways different; except that it will be unneceſlary 
to deſcribe the whole circle; for, AC being, here, per- 
pendicular to the Ciameter ED, if a right-angled triangle 
OCA be formed, whoſe hypothenuſe is Za, and one 0 
its legs (AC) =b, it is evident that the ſum (EC) 
and the difference (DC) of the hypothenuſe and the 
ther leg, will be the two values of x requiicd, 


as. = by G = b 
r OED 


"ey 


„„ 
3 * _—_ 71 _ 
— 
— 


— 
EB 
— 


_ 
* — 
2 & * 
2 ah td 2X — * 
— 2 - 2 — —— 


Py = \ - 
— 1 
—— — 
— I 
a ——— — — 
- SV - 
- m 
— _ _ — > 
- 
— — 


Nate. 


wy >... toad. an an 


1 
ince (by Euc. 20. * | 1) Q 
2.) the angle BFD 
is equal to ACB, it 
) 
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Note. If b and c be given ſo unequal, that b — c, in 
the two firſt forms, or h + c, in the laſt, excceds (a) 
the whole diameter ; then, inſtead of thoſe quantities, 
you may make uſe of any others, as 3b and ac, or 3% and 
ze, whoſe rectangle, or product is the ſame; or you 
may find a mean proportional between them, and then 
procced according to the latter method, 


PROBLEM XVII. 


The bafe AB, the vertical angle ACB, and the right line 
CD, drawn from the vertical angle, to biſect the baſe, being 
given ; to find the ſides and perpendicular. 


Suppoſe a circle to be deſcribed about the triangle; 
and let CQ be perpendicular to AB, and ED equal, and 
parallel to CQ; moreover, from the centre F, let FA, 
FB, and FC be drawn; alſo let CE be drawn (parallel 
to AB). Put the 
ſine of the given 
angle ACB, to the 
radius 1, = m, its 
co-ſine = u, the 
ſemi- baſe BD = a, 
the biſecting line F 
CD =, and the 
perpendicular C 

DE) = x: then, 


' 


will (by plane tri- 
gonometry) be, as m (ſine of BFD): « (DB): : (ſine 


of DBF): - = DF; and, as m (fine of BFD): 4 


(DB) : : x (fine of BDF) ;= = the radius BF, or 


FC; whence EF (ED - DF) = x e or 


m m 
But (by Fuc. 12, 2.) DF* + FC* + 2DF «x FE =DC*; 
tnat 
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n*a* * , 2na mx — na 


that is, in ſpecies, 7 12 x — 2 


m m 
inn ſince the ſum of the 


ſquares of the ſine and co- ſine, of any angle whatever, 
is equal to the ſquare of the radius, or, in the preſent 
caſe, m* + n* = 1, therefore is 1 — #* = m', and conſe. 
a® n*a* a® 2 
quently — r, (or 1 892 Nn =; 
| 2nax 
whence our equation becomes a* + —_ b* ; which, 


m X b* — a* _ m DC* — DB 


ordered, gives x = — —_ = = x ——x71 
m DC + DB x DC— DB n 
* 3 3 where — expreſſez 
AB 7 


” | 
the tangent of the angle ACB : therefore, in any plane 
triangle, it will be, as the baſe is to the ſum of the 
ſemi-baſe and the line biſecting the baſe, ſo is their dif- 
ference to a fourth proportional; and, as the radius is to 
the tangent of the vertical angle, ſo is that fourth pro- 
portional to the perpendicular height of the triangle: 
whence the ſides are eaſily found, | 


The ſame otherwiſe. | 
Let the tangent of the angle ACB, or BF, be . 
preſented by p, and the reſt as above; then it will be 


(ly trigonometry) as þ : 1 (the radius) : : a (BD) 55 
SDP; therefore FE (DE — DF) = x — 7. and FC' 


42* 


(=FB*=DB* + DF*) =a* +=: ; and conſequently 


a* * 24 a 
LTG T= xx——= (DF*+ FC* FxFE)= 
TT * 1 7 K* 4 * +2DF x 1 


35 (S DC-) that is, a* 4 2 l=; whence pc. . 


the ſame as before. | 
P R O- 
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PROBLEM XVIII. 


The area, the perimeter, and one of the angles of any 
plane triangle ABC, being given; to determine the triangle. 


Suppoſe a circle to be inſcribed in the triangle, touch- 
ing the ſides thereof in the points D, E, and F; alſo 
from the centre O, ſuppoſe OA, OD, OC, OF, OB, 
and OE to be drawn : C 
and upon BC let fall the | 
perpendicular AG ; put- 
ting AB + BC + AC = 
b, the given area S 47, 
the ſine of the angle ACB 
(the radius being 1) = m, D/ P 
the co-tangent of half that — G 
angle (or the tangent of S 
DOC) EA, and AC = x. 2 IJ 
Therefore, ſince the area | Eo 
of the triangle is equal to F—— 5 B 
JAB x OE + ZBC x OF 
+ ZAC x OD, that is, equal to a rectangle under 
half the perimeter and the radius of the inſcribed circle, 


3 
we have 2 OE =aa; and therefore OE = _ But 


AD being = AE, and BF =BE ; it is manifeſt that the 
ſum of the ſides, CA + CB, exceeds the baſe AB, by 
the ſum of the two equal ſegments CD and CF ; and fo 
is greater than half the perimeter by one of thoſe equal 
ſegments CD; that is, CA + CB = 4b + CD: but 


(by trigonometry) as 1 (radius): x (the tan ent of 
24a 2na® 


DOC) : : * (OD): DC = = Whence CA + 


CB (S + CD) =# + ==; which, taken from (3) 


b 
the whole perimeter, leaves Ib — _ = the baſe AB, 


2 


Make now 25 + _ c; then will BC e =. alfo 


(by trigenomgtry) it will be, as 1 (radius): (the ſine 
| | of 
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of ACG)::x(AC): mx= AG; half whereof, mul. 


tiplied by c = x (BC), gives — — = a", the area 


of the triangle: from whence x comes out = 464 


* 6 24a 
2 w—_— 0 
„ 


PROBLEM XIX. 


The hypothenuſe, AC, of a right-angled triangle ABC, 
and the fide 4 the inſcribed ſquare BEDF, being given; 
to determine the other two ſides of the triangle. 

Let DE, or DF a, AC b, AB x, and BC =; 


C then it will be, as x: y::x 


— 4 (AF): 3 (FD); whence 
we have ax = yx — ya, and 
| | _ conſequently xy = ax + op. 
D E Moreover, xx + yy = bb: | 
to which equation let the 
double of the former be add- t 
2 | ed, and there ariſes x* + 2 - 
l g— +Fy - + 2 + R 
LA | [ P that is, x+yÞ 3 + 20 l 
X x ＋ 7 or TY - 22 * T TY =; where, by con- , 
ſidering x + y as one quantity, and completing the x 
ſquare, we have x T —2axx+y3+@=Þ +; 0 
whence x + y—a = + a}, and x + y =Va* +60 wu 
+a; which put e then, by ſubſtituting c —x in- 
ſtead of its equal ()) in the equation xy = ax + , by 
there w'ill ariſe cx — & = ac; whence x will be found 4 
= Ic 1. Icc— ac, and y = Ic = Vice — ac. q 
It ap ears from hence that c, or its equal yaa + bb . 
+ a, ca nnot be leſs than 4a, and therefore b* not leſs 
than 84“; becauſe the quantity gcc — ac, under the 0 
radical ſign, would be negative, and its ſquare root im- , 
poſſible; it being known that all ſquares, whether from 1 


poſitive car negative roots, are poſitive; ſo that there 
cannot ariſe any ſuch things as negative ſquares, 3 
unleis 
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unleſs the conditions of the problem under conſideration 
are inconſiſtent and impoſſible. And this may be de- 
monſtrated, from geometrical principles, by means of 
the following 


L EMMA. 


The ſum of the ſquares of any two quantities is greater 
than a double rectangle under thoſe quantities, by the ſquare 
ef the difference of the ſame quantities. | 


For let the greater of the two quantities be repreſented, 
by AB, and the leſſer by BC (both taken in the ſame 
right line). Upon AB and BC let the ſquares AK and 
CE be conſtitut- | 
ed; take AP = 29 3 KK 
BC and compiete | | 
the rectangles PH 
and CF. There- — D 
fore, becauſe AB 


—- AH; ac AP 

= BC, it is plain 

that PH and PD | 

are equal to two | | $54 | 
rectangles under Tp = G 


the propoſed quan- 

tities AB and BC; but theſe two rectangles are leſs 
than the two ſquares AK and CE, which make up the 
whole figure by the ſquare FK, that is, by the ſquare 
of PB the difference of the two quantities given; as 
was to be proved. 

Now, to apply this to the matter propoſed, let there 
be given the quadratic equation x* + b* = 2ax, or x A 
+Vaa—bb: then, I ſay, this equation (and conſe- 
quently any problem wherein it ariſes) will be impaſſi- 
ble, when aa — bb is negative, or þ greater than à. 
For, fince b is ſuppoſed greater than a, 2bx will like- 
wiſe be greater than 2ax; but 2ax is given = xx + bb, 
therefore 2bx will be greater than xx + 36, that is, the 
double rectangle of two quantities will be greater than 
the ſum of their ſquares, which is proved to be im- 


te/fible, 
8 5 PR O- 


of the triangle DEC : wherefore, the area of the tri- 
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PROBLEM XX. 


The baſe AB (a) and the perpendicular BC (b) of 4 
right-angled triangle ABC, being given ; it is propoſed ty 
find a point D in the perpendicular, ſo that, if two right. 
lines be drawn from thence, one to the angular point A, and 
the other (DE] perpendicular thereto, the triangles DEC, 
ABD, cut off by thoſe lines, ſhall be to one another in 4 


given ratio. 


Let AB be produced to F ſo that the angle BFD may 
be equal to the angle BCA; putting AC , CD =, 


and thegivenratioof the triangle DEC to ABD, as m ton. 
Then, by reaſon of the fimilar triangles ABC, DBF, 
it will be, a (AB): 6 (BC) : : b— x (BD): BF = 


— b* —5 2 þ b*—b 
: 27 whence AF = 4 -+ 22 — 


c* — bs 


a 


— 
— 


. (becauſe a* + þ* =), Alſo, as ADE is a 


right-angle, theangles FAD, EDC will be equal; there- 
fore, the angles C and F being equal (by con.) the tri- 
angles AFD, DCE, muſt be ſimilar; and conſequently 
| AFxBD - — 


AF* (ZZ) : CD- ⏑ . 


a 


the area of the triangle AFD : ( 


I 
þ — x X ax? 


) the area 


2 xc — bx 


angle 


3 
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. BD x AB 5 — 6 
angle ABD being = —, or- = we ſhall have, 


— ax b—xXa WE 
51611 e (ty the guęſtion); and 
2 X c — bx 2 


mbx mer 
2 


conſequently, * = 21 x c* — bx, or x* + _— = 3 


| | 57 777 3 
which, reduced, gives x = — + IA — 75 . 
The geometrical conſtruction of this problem, from 
the equation x* + == * =, may be as follows. In 
CB let there be taken, CH: CB : : : 1, and let HK 


be drawn parallel to BA ; then CH being = =, and CK 


— =, our equation will be changed to ** + x x CH 


= AC x CK, or to CD x CD + CH = AC x CK. 
Upon EH as a diameter let the circle CTHQ bedeſcrib- 
ed, in which inſcribe CG=AK ; and in CG produced, 
take CS = CA; and from 8, through the centre O, 
draw the right-line STOQ,, cutting the circumference 
in T and Q, and make CD = ST; then will D be the 
point required. For, CG being = AK, and CS = CA; 
therefore will AC x CK = CSx GS = ST x SQ {Euc. 


37. 3.) SSTxXST + TQ = CD x CD + CH, the 
very ſame as above. | 


PROBLEM XXI. 


Having the perimeter of a right-angled triangle ABC, 
and three perpendiculars DE, DF, and DG, falling from 
a point within the triangle, upon the three ſides thereof; to 
determine the ſides. 


Suppoſe DA, DB, and DC to be drawn > and let DE 
Da, DF =4, DG =o, AB = , BC , AC = x, 
| 1 2 and 
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and the perimeter, AB + BC + AC, = þ: then, the 
C area of ADB being ex- 


pounded dy 2 3 that 


of BDC by 2 ; tha 


5 of ADC, by =; and 
that of the whole 


ABC, by =; we there- 


fore have — +L +=, or ax + by + cg = xj: 
moreover, we have * + * = 2?, and + y Tx p, 
by the conditions of the problem. Let æ be tranſpoſed 
in the laſt equation, and both fides ſquared, ſo ſhall 
* + 2zy +} = pþ* —2þpz + , from which, if # 
+ y* = 2 be ſubtracted, there will remain 2xy = f* 
— 2fpz = 2ax + 2by + 2c (by the firſt equation) : 
whence ax + by + c + þ X app: from this laſt 
equation ſubtract à times x + y + z = p, and there 
will remain by —ay + p + c —aXxz=#þ* — h; 
alſo, if from the ſame equation, þ times x + y +2 
= þ be ſubtracted, there will remain ax — bx + 
p Tc = ZS — bþ; which two laſt equations, 
by putting d =- , e = p T- 4, = 3þ* — h, 
g=þp + -, and 5 = 2p˙ — bp, will ſtand thus, 
dy + ez = f, and — dx + gz = h; whence y = 


. and x = = Let thefe values of x and) 


be ſubſtituted in * + „* = z* and we ſhall have 
f*i—2efz T. g2*—2ghz + h* 
— 7 4 — 
x 2* —2ef + 29% K $=—f*—h:p 


21 
21% == ; Whence * —＋. and z = 


=2z*, or e*+g* —d 


ut e + gf —< 
= A, F gb = 1, and f* + þ*.= m; fo ſhall 12 


7 
Xx 


1 
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<< ich x (= 
4 Ix 7 * 7 from whic x ( 
Zj=D) and y (==) will alſo be known. 


If a, b and c are all equal to each other, the point 
D will be the centre, and each of the given perpendi- 
culars a radius of the inſcribed circle ; and the value of 
z, in this caſe, will be barely equal to 2p — a; for the 
equation, by — ay PTC aN 2 = Iþ* — ap, above 
found, here becomes pz = 25. — ap. 

But, if only a and b (or DE and DF) be equal, then 


the equation will become p + c—a x p -p; and 
22— ap 
pÞ+Fc©=—86 


La. : 
2 will be 24. 3 where a is the ſide of the in- 


ſeribed ſquare. 


PROBLEM XXII. 


The perpendicular CD, the difference of the ſides, AD — 
BD, and the vertical angle D, of any plane triangle ABD, 
being given; to determine the ſides, 


From B, upon AD (produced if need be) let fall the 
perpendicular BE: let the fine of the angle BDE = s, 
its co-ſine = c (the radius being unity); alſo let the 
perpendicular CD =p, the 
lefler fide BD = x, and the D 
greater DA Ad then 
(by Prop. . in trigonometry) 
a 111 BE; 
and, as 1: c:: Xx: c 
ED. Now AB?, being = 
AD* + DB- AD x 2DE 
(uc. 13. 2.), will be ex- 
pounded by „ ö 
TA x 2cx, or 2x* + A O g 5 
| 2ds + d* — 2c — 2cdx; whence, by reaſon of the 

© I Ws ſimilay 


therefore z = in which, if c be taken =o, 
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ſimilar triangles ABE and ADC, it will be, as 2x* + 
zar + di — 2c — 2cdx (AB!) : $fx* (BE?) : : 
+ 2xd + dd (AD!) :* (DC*), and conſequently, 
by multiplying extremes and means, d + 25*dx* + 
SAX" = 2þ*x* + 2þ*dx + pd, — 2þ*cx* — 2þ* dx ; from 
whence, by tranſpoſition and diviſion, we have x* + 


E 


* — — = O. Which equation anſwering the condi. 


tions of the ſecond caſe of biquadratics, explained at 


p. 154, we ſhall therefore have x* + dx + 2 —— = 


. | 
* + "bs 4 + 


— ; and conſequently x = — 24 


— TT 
4* 1 27 22 * 


Otherwiſe. 


Suppoſing 5, c, and p to be the fame as before, put 
half the given difference of the fides = a, and half their 
ſum = x; then the greater ſide AD will be = x + a, 
and the leſſer BD =x— a; wherefore (by trigonometry) 


1: 45: : -: NK X- 4 2 BE; and, 1: c: x—4 
: KK = DE: but AB* is = AD* + DB*—2DE 
Xx AD=x Tal“ +X—@a) —2c Xx—aXx+a= 
2.x* + 2a* — 2c + 2ca*; whence, by reaſon of the 
ſimilar triangles ABE, ADC, it will be 2x* + 24 — 


2cx* + 2c (AB!) : * x x — al (BE*) :: x + aft 
(ADY): p* ODC); and conſequently * x x — al x 
x + 4] = 2x* + 2a* — 2cæ + 2ca x , or * — 
259'x* + Saf = 2p — 2f*x* + 2p 4 + 2<þ*a" 3 
whence, by tranſpoſition and diviſion, x* — 24x — 
jc Shed — — BA + TE — 4g*, Subſtitute 


| 5 | gf RG 95 
72 


«a %* —_— an. Sat. th. Af 
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2 2 ER” ae add 
f= + * r, and g = a* X — 2 — 21 
then the equation will ſtand thus, * — 25 2 : 
whence x is found f f + g. 

If, inſtead of the rr? nh ſum of the ſides had 
been given, in order to find the difference, the method 
of operation would have been the very ſame, only, in- 
ſtead of finding the value of x in terms of a, by means 
of the equation $'x* — 2 + fat = 2p*x* — 2p" x* 
+ 2þ*a* + 2cpla, that of a muſt have been found in 
terms of x, from the ſame equation. 


PROBLEM XXIIE- 


Having one leg AB of a right-angled triangle ABC; 
to find the other leg BC, ſo that the refiangle under their 


* difference (BC — AB) and the hypothenuſe AC, may be 
equal to the area of the triangle, 


Put AB ga, and BC=x; ſoſhall AC=Vaa + xx; 


and = =x—4aV aa + xx, by the conditions of the 
problem. By ſquaring both ſides O 


of this equation we have Za = 
K* — 2ax + a* X aa + xx: in 
which the quantities x and @ being 
concerned exactly alike, the ſolu- 
tion will therefore be brought out 
from the general method for ex- 
tracting the roots of theſe kinds of 
equations (delivered at p. 156): 

according to which, having di- B 


vided the whole by a*x*, we get = = © —2 + — 
| 1 * 


3 TE 8 
X = + - ; which, by making a == * will be 


reduced down to : =z—2 * 2, or 2 — 22 : 
0 95 — * a ; 
whence z is given = 1 + * 3. But, ſince — + = = 2, 


14 we 
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3 
we have x* = azx = — @*; and therefore x = ＋ + 


FR. 2 a Wee: . e : 
e Vzz — 4; which, by ſub. 


ſtituting the value of z, becomes x = 1 * 


11 N52. 
PROBLEM XXIV. 


To dratu a right-line DF from one angle D of a given 
rhombus ABCD, ſo that the part thereof FG intercepted by 
one 2 the ſides including the oppoſite angle and the other ſi: 
Produced, may be of a given length. a 

Let DE be perpendicular to AB; and let AB (=AD) 

BASE: C =4a, AE =6, FG 

; c, and AF =x: 
then DF“ (= AF 
+ AD*-2AExAF) 

= xx + 4 - Alx; 
and, by ſimilar tri- 
— angles, xx + 44 — 
* E. 25 (DE ?):xx(AF*) 
ce (FG®) : x a (BF*) ; and, conſequently 


2 — 


xx + aa — 2bx X *x — 2ax + aa = ccxx. Make na = 
b, and na c; ſo ſhall our equation become 


xx + aa — 2mMax & xx — 2ax + aa =n"a*x* : which, di- 


x a : * a | 
vided by a*x*, give + mo + | 2= 


5 a | x ; 4 — 
#*: this, by making 2 = m + _ becames z — 2m X 


 _—_T_ 


2 — 2 2 ; therefore & — 2m + 2 X Z 2 — 4. 
and z=1 +m+y/if+1—ml.= 


Arn 28 by reſtoring the values of 

| — 

# and n. From whence the value of x will be alſo 
known j 
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known; for — + — being = z, we have, by redue- 


| FEI 
tion, x* — a = — ag; and therefore & = * 


PROBLEM XXV. 

The diagonals AC, BD, and all the angles, DAB, 
ABC, BCD, and CDA, of a trapezium ABCD, being 
given; to determine the ſides. 

2 be another trapezium ſimilar to ABCD, 
whoſe ſide PQ is unity; and let Q and RS be produced 
till they meet in T: alſo let PR and QS be drawn, 
and make Ry and Sw perpendicular to IQ. Let the 


O 


. 
(natural) ſine of the given angle 8 TP, to the radius 1, 
be put = m; that of TSP, or PSR, n; that of 
TRQ = þ; the co-ſine of SPQ = x; that of R g; 
AC Sa; BDS]; and PT = x. Then (by plane tri- 


gonometry) n:im: :x:PS = = and x : 5 (PS) 


YINX 
r: — © whence, þy Euc. 13. 2, QS* (= QP* 


A mx 27 MX 
+ PS 2PQ x Pw) = 1 + — — - 


Again (by trigonometry) p: m:: 1＋* (TQ): 
= and 1:52: (D 


ms ＋ msx 


5 And therefore PR* (S PQ + QR* — 
| 2PQ 
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——. 
250 x Q = 1 + m 7 222 . But, 
becauſe of the ſimilar * ABCD, PQRS, it will 


be, Ac“: BD® ; : PR* : QS?, that is, “: *:; 
m + me 2ms + 2MSx_ my 2rmx 


75 C 
and conſequently * + 


nn A = 75 
2 Dm*x* 2b ms Dx : 
: whence, writ- 


an* b*an* bbms bum“? aarm 


"274 old ED, Pp ** 
12 + —— — we have fx* + 2gx . 


„ and 


PP 
which, ſolved, gives x = 92 + = — F* from 
whence SQ will alſo be known : We 


then, again, by 
reaſon of the ſimilar figures, it will be as QS : þ 
(unity) : : BD : AB; which therefore is known, 
tikewiſe : from whence the reſt of the ſides, BC, CD, 
and DA will all be found by plane trigonometry. 

The laſt problem is indeterminate in that particular 
caſe, where the trapezium may be inſcribed in a circle, 
or where the ſum of the two oppoſite angles is equal 
to two right ones ; for, then, there can but one diago- 
nal be given, in the queſtion, becauſe the yalue of the 
other depends intirely upon that. 


| PROBLEM XXVI. | 

Suppoſng BOD to be a quadrant of a given circle; 1 
find the ſemi-diameter CE, or CL, 7 the circle CEGL 
inſcribed therein; and likewiſe the ſemi-diameter of tht 


little circle nFmP, touching both the other circles DLB, 
LME, and alſo the right-line OB. TS 


Let BQ, Py, and CE, be perpendicular to BO; join 
C, „ and O, ; and draw OC meeting BQ in Q, 
and zr parallel to BO, meeting CE in v: put O 


(= 
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(=BQ) = 1, OQ (V by Euc. 47. 1.) = b, and 


Pn (= um) = x. Then, by reaſon of the ſimilar tri- 


angles OBQ, OEC, it will be, OQ : BQ:: OC: 


* 


2 2 
L 1 

| 

C 

| WM G 

| AV 5 

ANT DDD 
„„ ER O 


CE; whence, by compoſition; OQ + BQ: BQ: : OL 
(OC + CE) : EE that is, 31 1:12: 1. CE 


— — — ———_ CS — ——_ — 2 


— 1; Which let be denoted by a, then we ſhall have 
Cn + Cr = 2a, and Cy — Cr = 2x; and therefore ar 


(= V Cn + Cr x Cn — Cr) = 2Vax. Moreover On 
+ Pn being = 1, and Oz — Pn = 1 — 2x, thence will 
OP = /1 — 2x; which alſo being = PE + OE 

(2V ax + a) we therefore have V1 — 2x = 2Vax 

+ a; whereof both ſides being ſquared, there ariſes I — 
2x = 4ax + 4aVax ＋ a*, or 1 — a* — 2x — 4a = 
4aV ax; which, becauſe x — aa is 2a, will be a2 — 
I + 2a X x = 2aVax: this, ſquared, gives * — 1 + 2a 
X 2ax + 1 + 24* Kö & = 4a*x; whence 1 + 2a!* x * 


— I + 24 X 24x — 44*x = — aa; which, by writing 


184 
þ — 1 inſtead of its equal a, becomes 25 — 1) x * 
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b—9 


75 — 9 X 2x = 26,— 33 therefore * — TT * 


==>; from whence x is found = 
2 — 


E 
25 — 11 235 — 1“ 25 — 1 
gb — 9 = V2b 3 x 27 — 1 + 76 — 9 | 
— 4 27 — 1 5 3 
1 EL 296*—1126 + 78 
SEE 25 — N 


2x = 


: which, by writ- 


2 — I 8 
or to 1 ry laſt is the root required, the 
other being manifeſtly too large : but this value will be 


reduced to = . Therefore OP (=VvVi=—2;) 


is given = y — = NE, = 7Pn; and 
conſequently BH = FB Q; from whence we have the 
following conſtruction. 

In the tangent BQ, take BH = BO; draw HO, 
cutting the circumference BDL in F, and make the 
angle OFP = ZOHB, and draw Pu parallel to BO, 
meeting OH in, the center of the leſſer circle required. 


SCHOLIUM. 


In the preceding ſolution it was required, not only to 
extract the ſquare root of the radical quantities 136 — 
10 96 
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95/2 and 51 — 10%, but likewiſe to take away the 
radical quantity from the denominator of the fraction 


V2 —1 i 
and confine it, wholly, to the numera- 
Rv A * 
tor: all which being ſomewhat difficult, (and, for that 
reaſon, omitted in the introduction, as too diſcouraging 
to a young beginner) I ſhall therefore take the oppor- 
tunity to explain here the manner of proceeding in ſuch 
like caſes, when they happen to occur. FF; 
Firſt, then, with regard to the extraction of roots out of 
radical quantities, let there be propoſed A = VB, A be- 
ing the rational, and VB the irrational: part thereof ; 
and let the root required be repreſented by V x * 4 ” 
the ſquare of which will be x + y = 2 xy, orx+y 
= V axy; therefore we have x + y = V qzy =A += 4B. 
Let the irrational, as well as the rational parts of theſe 
two equal, quantities be now compared together ; ſa 
ſhall x + y = A, and V4xy = VB: from the ſquare 
of the former of which equations ſubtract that of the 
latter, whence will be had xx — 2xy + yy = A* — B; 
and, by taking the ſquare root, x — y A — ; 
which added to, and ſubtracted from x + y = A, &c, 
A+vVA —B A—yA*— B 
* 5 And 722 — 0 
In the firſt of the two caſes above ſpecified,” the quan- 
tity whoſe ſquare root is to be extracted being 136 — 


96/2, we have A = 126, and B = 18432 (= g61*. 
* 2); whence we have x (= ——— = ) = 72, 


and y (= A 2 — 5 = 64 ; and conſequently 
Vs = Vy =vV72—vVEz, = 6vV2 — 8, the required 
ſquare root of 136 — 967 . After the very ſame man- 
ner, the ſquare root of the other radical quantity 51 — 
19/2, or 51 — /200 will be found to be 572 . 
or, 


gives x = 
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for, A being here = 51, and B = 200, we have & = 50, 
andy = 71 ; and conſequently V — Vy = 57 — 1, 

What has been ſaid, thus far, relates to the extraction 
of the ſquare root only; but the ſame method is eaſily 
extended to the cube, biquadratic, or any other root, 
Let us take an inſtance thereof in the cube root; where 
we will ſuppoſe the given quantity, out of which the 


root is to be extracted, to be repreſented by A + VB, 
as before. Then, if the rational part of the root be de- 


noted by x, and the irrational part by V, the root itſelf 
will be expreſſed by x = V; and its cube by * + 
35 + 3% K from whence, by proceeding as 
in the extraction of the ſquare root, we have x* + 3 
= A, and 2x"Vy+yV3=y B. Let the ſum andthe 
difference of theſe two equations be taken, and there 
will come out & + 3 N 3z2y +y v9 AAT, 
and x* — 3X V + 2zy — jy = A — VB; wherte- 
of the cube root being extracted on both ſides, we thence 
have x + /y = A + BU, and æ.— /y X- URN: 
let the two laſt equations be added together, and the ſum 
Rn. 
2 


be divided by 2; ſo ſhall & = 


and by multiplying the ſame equations together, we 


get „ Y = A* =D, and conſequently y = x* — 


I; whence y is likewiſe known. 
Univerſally, let the index of the root to be extracted 
be denoted by , and let the root itſelf be repreſented 


by x 4 y (as above). Then this expreſſion, raiſed to 
11 —1 12 
— J 


* 35 &c. from whence, 


the nth power, will bex” = n 5 +2 


X 
2 


+X 2 X 


Gill following the ſame method, we ſhall here get 


x" + n N — 2 &c. A, and 


i+ 
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** V3 + n * — . : 2, &c. =+ SB: 


let, therefore, the root of the ſum, and alſo of the dif- 
ference of theſe two laſt equations, be taken, and you 


will have, x + Vy = AF /Bln, and x V5 = 


A= R; which two equations being added to- 
A++/B= + A—=YBY 
2 


n 
X 


gether, x will be found = 


— 6 CI MC 
— — + = Ad. : and, if the ſams 


2 X A + 7B 
equations be multiplied together, you will hare 


** ny = AT — BY; whence y = * ＋ A — * 
The uſe of which concluſions will appear by the fol- 


lowing examples. 
Firſt, let it be propoſed to extract the cube root of 


the radical quantity 26 ＋ 1 57 3. 3, or 26 + V 675. 
Here, A being = 26, B = 675, and z 3, we have 


(= v 675 4 = 272%; 268, 
Fo <= 

=2; and y (= 4 — 676 — 67513) =3; and conſe- 

quently : x+Vy=2+v7J y 3 = the value required; for 

2 TVI TTV 3x2+v 3=26 + 575. 


Again, let it be e required to extract the biquadratic 
root of 161 + 25920. In this caſe, A being = 167, 


689614 
B = 25920, WISE, we have x (= = 9998990, 
33 =422ELL, - 2, and 


2 * 321,09 &c)+ 2 


7 (2 
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; — 1 
(47 25921 — 25920) = 5; therefore the root 
ſought is, here, = 2 + V 3. | 


Laſtly, if it were required to find the firſt ſurſolid 
root of 76 + 5808; then, by proceeding in the ſame 


manner, x will be found (= — = 1, and 


y (= 1 — 5776 — 5808\5) = 3: and ſo of others, 
But it is to be obſerved, that the ſecond part of the 
value of x, to which both the ſigns + and — are pre- 
fixed, is to be taken affirmative or negative, according 
as that or this ſhall be found requiſite to make the value 
of x come out a whole, or rational, number ; and that, 
if neither of the ſigns give ſuch a value of x, then this 
method is of no uſe, and we may ſafely conclude that 
the quantity propoſed does not admit of ſuch a root as 
we would find. It may alſo be proper to remark here, 


that, if the upper ſign in the value of æ be taken, the 


upper ſign in that of y muſt be taken accordingly ; and 
that the application of logarithms will be of uſe to fa- 


cilitate the extraction of the root A + / BT, as be- 
ing ſufficiently exact to determine whether x be a whole 
number, and, if fo, what it is. 


Thus much in relation to the extraction of the roots 
of radical quantities ; it remains now to explain the 
manner of taking away radical quantities out of the 
denominator of a fraction, and tranſplanting them into 
the numerator. | | 


In order to which, ſuppoſing r to denote a whole 
number, it is evident, in the firſt place, that. 


fy rm XAT + oy + x +; 


fince, by an actual multiplication; the product appears 


yan 2 


. where 
— * ,. e. I ny 5 
all the terms, except the firſt and laſt, deſtroy one 
another. Hence, by equal diviſion, we have 


Y 814 


— 
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1 b 0s 3 As TEK And, 


x — y 8 | | xr ROY * 
in the very ſame manner, it will appear that 
F of 1 — + x3 ym * A457 1 + 3 


4 15 | x. =y 
where the ſign — or ＋, in, the denominator, takes 
place, according as the number r is even or odd, 


Let now x = A“, and y = B”; then our equations 
will become 


t 2 W eee 2- - ArTm-3nR?*... . 148 X 


» 


A” — B” I Ar __ BrÞ 
212 RNA. . . 4 Bros 
A*4 B* 9 A* _ * 


From which theorems, or general rmulæ, the mat- 
ter propoſed to be done, may be effected with great 
facility: for, ſuppoſing ———, or ——— to be a 
* „ upp S Am BY A BY 
fraction having radical quantities A”, B” in the deno- 
minator, it is plain, that its equal value, given by 
the ſaid equations, will have its denominator intirely 
free from radical quantities, if i be ſo aſſumed that both 


rm and rn may be integers, 


To exemplify which, let the fraction _ „ Or 
2 —I 


ms be propounded ; then, A being =2,B = x, 
mn and n = I, we ſhall, by taking r = 2, have (from 
22 | 
I 2'2..+ 1 on 
Theorem 1) T - =V2 + 1. 
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Again, let the given fraction be —==——— - — 
c 8 Vcx + No + x, 


or F In which caſe, A being = cx, 


B S f, n 2, anden = , we ſhall, by taking 
I b 

fond, £35 25," 

oxs — cx X c + * + cl X > + N — 7 N 


Ox? — x 


If the numerator is not an unit, you may proceed 
in the ſame manner, and multiply afterwards by the 
numerator given. Thus, in the caſe mentioned at the 
beginning of this ſcholium, we had given — — 
5 2V2 — U 


which may be reduced to 2 — 1 * 


2V2 —1* 

" — mn or to V2 — 1 * * e ee 
2V2 — 1. | 841 oF 
but — is found (by Theorem 1) to be = . 
82 — 1 8 a 
Vo ———_—— 
82 . : whence our expreſſion becomes V2 — 1 


72 VE + 
LAS on To £ 1 which, by multiplica- 


7 
Vw 
tion, Sc. is reduced, at length, to 2 2 . 


PROBLEM XXVII. 


Having one leg AC, of a right-angled triangle ABC, 


to find the other leg BC, ſo that the hypothenuſe AB /hall 

be a mean proportional between the perpendicular CD 

falling thereon, and the perimeter of the triangle, Put 
* 


1 WH & * ls 


* 
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put AC = a, and BC = x; then will AB = 
AC x BC 3 


Ver + aa, and CD (= =) = ==: 

therefore, by the gue/ti- 

on, x +a +V xx + ag C 

:Vax+aa:: Vr Ta 
ax 


V xx + aa 
quently — 2 ar A D B 


xx + aa . | 
= xx + aa: Whence a + 24 + 4 = 


xx + aa — n X xx + aa. Divide by a (according 


to the rule at page 156) ſo ſhall 5 + 2 + — = 


; and conſe- | | 


* a V — P Er . 
24 =y] . which, by making z = 


a N 


"TEE" 
& +, is reduced to x ＋ 2 2 2 — 1 x z, or * 


— 2x* = 2. This, ſolved (by the rule for cubics) 


gives a = 7+ > x 35+Vn +I x= 4 2 
b 3 


— — — 


5 3 351/161 
* 2 K Vr — 4) will 


N 


= 2,359 304: whence x (= 
likewiſe be known. 


PROBLEM XXVIII. 


The baſe AB, and the perpendicular BE, of a right- 
angled triangle ABE being given; it is propoſed to find a 
point (C) in the perpendicular, from whence two right-lines 
CA and CD being drawn, at right-angles to each other, 
the two triangles ACD and ABC, formed from thence, 
ſhall be equal. | | 

Suppoſe DF parallel to AC, and let AF be drawn: 
putting AB = a, BE = ty 9 =x,and AC (Va + x*) 

2. =y 


- OO” —ͤ —  —_ - — — 
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= y. Then, ſince FD is parallel AC, the triangle, 
ACF will be equal to ACD, or ABC; and therefore 
CF = BC = x; whence we have EF (= EB — BF) 
E S 2, and EC (SEB 
— BC}; = b — x : more- 
over by reaſon of the ſi- 
milar triangles ABC and 
CDF, we have, y (AC): 
x (BC) :: x (CF): FD 


XX 


* 
W hence, becauſe of the 
parallel lines AC and FD, 


"= it will be, — (FD): b— 
EF) :: y (AC): b— x (CE); and conſequently 


( 
bx* — x3 


= b —2x X y, or bx* — * =b —2x X; 


1 5 : 
which equation, by writing a* + x*, inſtead of its 
equal, y*, becomes bx* — & = ba* + bx* — 24 — 23 
whence we have x* + 2a*x = ba?, and therefore x 2 


. F J. 7 2 
a 
2 4 27 o/ ta 247 8aa 
— + a — ＋ — 
2 + 27 


PROBLEM XXIX. 
Three lines AO, BO, CO, drawn rom the angular 


points of a triangle to the center of the inſcribed circle, 
being given; to find the radius of the circle and the fide 
of the triangle. 


If, upon CQ produced, the perpendicular BQ be let 
fall, and the radii OE, OF be drawn to the points of 
contact, the triangles BOQ and AOF will appear to be 
equiangular; becauſe all the angles of the triangle 
ABC being equal to two right ones, the ſum of all their 

2 halves, 


22 1100.2 


to GromETRICAL PROBLEMS» 293 


halves, OCB +.OBC + OAF will be equal to one 
right-angle; but the two former of theſe, OCB + 
OBC, is equal to the external angle QOB ; therefore 
QOB + OAF = a right-angle = QUB + OBQ, 
and conſequently 
OAF = OBQ. 
Put now AO Za, 
BO =b, CO=c, 
and OF = x- 
then, becauſe of 
the ſimilar trian- 
gles, we have a: 


= ; whence BQ? 


= þ* 8 A | PF 5 


a aa 
and mr” (= CO* + BO* + 2CO x OQ) =# + * 
. BC* : B:: OC: OE?; that is, 


a 
e + ac* + 25x | ab — þ*y? f 


0 — — . = * 2 a 
2 _ $4 45-5 3% Brom 
whence we get this equation, viz. ax* x ab*+ar* + 2bcx 


= bo Xx a — x*; which, bv reduction, will become 
„Vb 
C4 +2 T > : whence s may be 
found, and from theice the ſides of the triangle. 

If two of the given lines, as OC and OB, be ſup- 
poſed equal, the reſult will be more fimple : for, by 
writing b for c in the equation ax* & a + ac + ex 


—— LE, 


= bick „ a — , Oc. we ſhall have ab*x* x 22 + 2x 
=b* Xx a — ; which, divided by 5* Xx 4 + x, gives 


2ax* = b* X a — x; whence * + = = 2b, and 
1 D 
eee e e 4a , 


U 3 From 
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From the ſame equations the problem may be re- 
ſolved, when the diſtances from the three angular 
points to the circumference of the inſcribed circle are 
given: for, denoting the ſaid diſtances by 7, g, and h, 
you will have AO = x + , BO =x+#&, and CO =xg 
+ ; which values being wrote in the room of a, b, 
and c, there will ariſe an equation of ſix dimenſions: 
by means whereof * may be found. | 


PROBLEM XXX, 


To draw a line NM to touch a circle D, given in mag- 
nitude and poſition, ſo that the part thereof AC, intercepted 
by two other lines BK, BL, given in peſition, ſhall be of a 
given length. 2 

Suppoſe CP and DE to be perpendicular to AB, and 
DF and DG to AC and PC, reſpectively; and let DA, 
DC, and DP be drawn: putting DE = , DF = b, 
AC S c, BE = d, PC = x, PA = y, and the tan» 


L GNM 


1 N 

ent of the given angle BCP, to the radius 1, =t. 
Then, by trigonametry, I: 7t:;:x:tx = BP; there- 
fore DG (= PE) = d — tx; which, multiplied by 
| 1 r "fx* | 
IPC, or 2 Sives 8 for the area of the tri- 


angle CDP: in like manner the area of the triangle 
| ay bc 

PDA will be found = . and that of ADC = Ts 
which three, added together, are equal to the whole area 


n K 9 


ACP; that is, * 1 2 and con- 3 


2 2 


ſequently 
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ſequently bc + dx — tx* = xy — ay. Let both ſides 
of this equation be ſquared, and you will have 


K+ ix = =Sa=—=a XxX] =x— a x 


* — ; that is, 5 + 2bcds — 21 cx + dir — 24ts* 
+ Pat = — x* ＋ 20x85 — a*x* + fx — 20x + a; 
whence 14H x xa#—2a ＋ 2dt x THA - d 2bt 
X x* + 2ac* + 2bd X x - A he g o: from which 
the value of x may be found; and then, the value of 
512 being known, the poſition of the points 
A and C, through which the line muſt paſs, will alſo 
become known. 


If the given angle B be a right one, the point B will 
coincide with P; and therefore f in this caſe being 


So, the equation will become x*— 2ax* + af — & + a* 
* * + 2ac* + 2bcd x XK - e + bc = 0. 

When the circle touches the right-line AB, a will 
then be equal to h and, in that caſe, the equation 


willbex +t* x 24 + 2dtXx* + af - + d* et 
X x + 2ac* + 2acd = o, becauſe the two laſt terms 
— 4e + Þ* deſtroying each other, the whole may, 
here, be divided by x. 

Laſtly, if ? be = o, or the line AC, inſtead of 
touching a circle, be required to pals through a given 


point, the equation will then become 1 + ?* x at — 


2.2 


24 +2dtXx* Þ - +4* x x* -+ 2a x - 0 Cf" == Os 


PROBLEM XXXI. 


Suppoſing AQ perpendicular to AF, and the given right- 
line AF (50) to be divided into five equal parts, in the 
points, B, C, D, and E; to find a point P in the perpendi- 
calar AQ, from which, if five right-lines be drawn to the 
prints B, C, D, E, and F, the ſum of the outermoſt PF + 
PE hall be equal to the ſum of the three innermoſt PD + 
PC + PB. 


Put AP=x; then (by Euc. 47.1.) BP = V Too + N, 
CP =v/400 + x*, &c. and conſequently, V100 + x* 
+ y/4oo' + »* + 9 * — Y 1600 + & — 

4 
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V 2500 + x* = O. Now, by reflecting a little on 
the nature of the problem, it is eaſy to perceive that 
„ 2 PF + PE muſt be 
| greater than o, ſee- 
F ingAF+AEis = 
90; whence it ap- 
ears that PD 4 
PC + PB muſt alſo 
exceed go, and that 
PC (conſidered as a 
mean 3 PD 
1 ä and P muſt be 
= 2 | A greater than 30: 
hence I conclude, that the value of AP, as it is ſome- 
thing leſs than PC, will be, ſomewhere, about 30; 
and therefore I write 3o + e for x ; and then, rejecting 
all the powers of e above the firſt, as inconſiderable, 


our equation ſtands thus, V 1000 + 6oe + V 1300 + boe 


+ 1800 + 60e—V 2500 Þ boe — V 3400 + be = 0; 
which, by the method explained in page 174, will be 


transformed to y 1000 + — + vT300 + 
a/ 1300 * Je — V 1800 X 2e 
T30 + y 1800 + 180 2230 
* 8 
9525 v 3400 _— 3 = o; this, contracted, 


gives 1.8 + 1.37e = 0; whence e = — 1.3, and con- 
ſequently x = 28.7, nearly. Let, now, 28.7 be put 
Dx; and then, by proceeding as above, we ſhall 
have . 083 ＋ 1.43e = o; hence e = — . o058, and 
x = 28.6942 3 which is true to the laſt figure. 


PROBLEM XXXII. 


The perimeter, AB + BC + AC, and the perpendi- 
cular CP of a triangle ABC whoſe ſides are in harmonic 


proportion (AB: EC:: AB — AC: AC — BC) being, 


gruen ; to deozrmine the triangle. 


f 


12 


li- 


nic 


ng. 


fla. 
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Let abc be another triangle, ſimilar to the propoſed 
one; and let ab =1, be x, ac=y, CP = a, and 
AB + BC + AC = then, half the lain of the three 
ſides of the triangle abc being Ihr x _ =, if from the 


ſame, each particular fide be ſubtracted, and all the re- 


8 


A 


mainders be multiplied tate together, and that 

product, again, by the ſaid half ſum, we ſhall have 

— ä . I+x+y 
X _ X 


g „equal 


2 
to the ſecond power of the area abc (« by prob. 15): 
which, as the baſe is 2, alſo expreſſes 3 of the ſquare 
of the perpendicular ut the ſquares of the ſides, 
as well as the fides of fimilar CI are propor. 


tional, Sc. and therefore x + x Ty: 22 
Dr EE 1 
r r | 3 | mm TS 
whence we have 49*x 1 +x +y= 1+x+FJXI—x +7 
KITT Ih but the ſides AB, AC, and BC, be- 


ing given in harmonic proportion, therefore I, 5, and *, 
muſt likewiſe be in the ſame propor tion; that is, 1: K 


1-5: -x; Whence y—x = x— xy, and there- 
2.X 


hots 7 5 which, fubſtituted above, gives 


42*XI + 4x + x* _ 4 1+ 24=x 2x + x*—T 
I + x IT I + x I + x 

x h, or 4.4* X 1 + 4x + x*X1 T =1+x XI + ZXT — * 

X 2x + #*— 1 x &; from which æ will be found, Lov: 

alſs 
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2x 
) and from thence the required ſides 


of the ſimilar figure ABC, will, by proportion, be like. 
wiſe known. 


PROBLEM XXXIII. 


Let there be three equi-different arches, AB, AC,and AD; 
and, ſuppoſing the ſine and co-fine of the mean wig of ihe 
leſſer extreme AB, and of the common difference BC (or 
CD) to be given, it is propoſed to find the ſi Y ne and co-ſine 
of the greater extreme 

Upon the radius AO let fall the perpendiculars Bb, 
Cc, and Dd; join B, D, and from the center O, let 
the radius OC be drawn, cutting BD in : alſo draw 
uR parallel to Cc, 
meeting AO in R: 
then, decauſe of the 
ſimilar triangles OCc 
and OR, it t will 25 
and, | n:: 6: 4 
OR : whence we have K 


alſo y = f 


Ce x On Oc x O 
R — 1 and OR — S but, ſince BCi 18 


equal to CD (and therefore By equal to Du), AR will, 
it is plain, be an arithmetical mean between Bb and Da, 


and ſo is equal to half their ſum, or — 2 : and, for 


N=, 


the very ſame reaſon, OR will be equal to 


conſequently — Bb — 2 5 * 2 Ob + 04 _ 


Oc x On C O 
—— : whence Dad = — — pn Bb and Od 


Oc x 2On 


50 —— 05; which, if the radius OC be ſuppoſed 


unity, will become Dd = Cc x 204 — Bb; and Od = 


Oc x 20 — Ob: from whence we have the two fol- 
lowing theorems, 


'T heor. 
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Theor. 1. If the fine of the mean, of any three egui- 
different arches (the radius being ſuppoſed unity) be multi- 
plied by twice the co-ſine of the common difference, and from 
the product, the fine of either extreme be ſubtracted, the 
remainder will be the ſine of the other extreme. 

Theor. 2. And if the co-ſine of the mean of three equi=- 
different arches be multiplied by twice the co-ſine of the com- 
mon difference, and the co-fine of either extreme be ſub- 
trated from the product, the remainder will be the co-ſine 
of the other extreme. 


PROBLEM RXXXIV. 


The ſine and co-ſine of an arch being given, to find the 
ne and co-fine of any multiple of that: arch. 


Let the given arch be repreſented by A, its ſine by x, 
and co-ſine by zy, the radius being unity. Then, 
ſince the arch A may be conſidered as an arithmetical- 
mean between o and 2A, we ſhall, by the firſt of the 
two preceding theorems, have 
ſine of 2A (= fine of A Xx y — fine of 0) —=Xy3 
line of 3A (= line of 2A x — ſine of A) x —x; 
fine of 4A (= fine of 3A y y = ſine of 2A = - xy 

— xy) = ay* — 2ay 3 
line of 5A (= fine of 4A x y— ſine of 3A = xyt — 2x5 

—xy + x) = — 3 + x; 
ſine of 6A (= ſine of 5A x y ſine of 4A = xy — 248 

+ xy — xy* + 2x9) = wy — 49 + 3-953 
ſine of 7A (= fine of 6A x y — fine of 5A= xy* — 490 

3 — * + 3x — x) = a9 — gayt + oxy? — x 
whence, zuiverſally, the fine of the multiple-arch nA, 
where x denotes any whole poſitive number, whatever, 
will be truly expreſſed by x x into this ſeries - 

n-1 ½—2 3 1N—J, #—4 -; 1—4 1n—5 n—6 . 
eee eee 
Sc. Moreover, from the ſecond theorem, we have, 
Co- ſine of 2A (= co-ſine of A x — co- ſine of 0 = 

2 * SELL 2 


2. 


2 8 
1 


Co- ſine 
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Co-ſine of 3A ( co-ſinc of 2A x y—co-line of A = 
25 7 £ | Pars: 3), 
IS OY | 
Co-ſine of 44 (= = 2 00-0 of 3 X 72 co- ſine of 2A = 
_ = 
whence, WIR the es of the ab 
. | 5 ny 7 
nA will be truly repreſented by — — _ + 


— 


X 


X : * 2 2 > ** —=* &c. which ſeries, as well 
as that for the fine, is to be continued till the indices 
af y become nothing, or negative. 

But, if you would have the fine expreſſed in terms 
of x only, Then, becauſe the ſquare of the ſine + the 
ſquare of the co- ſine is always equal to the ſquare of the 
radius, and therefore, in this caſe, x* + 3) = x, it is 


— 1 
manifeſt that the ſines of all the odd multiples of the 


given arch A, wherein only the even powers of y enter, 


may be exhibited in terms of x only, without ſurd 
quantities : ſo that 4 — 4x* being ſubſtituted for its 


equal y*, in the fines of the aforementioned arches, we 
ſhall have 


iſt, Sine of 3A = 3x— 4x? ; 
2d. Sine of 5A = 5x— 20x* + 16x*; | 
za. Sine of 7A = 2 56x3 + 1122— 04x? ; 
4th. Sine of gA = gx— 120x* + WE 576x7 + 256"; 
c. 
And, generally, if the e be de noted by 
A, then the fine thereof will be truly repreſented by 
n n*'—1 n 1 —1 n*—09 1 


x * R 
2 . 3 1 2 3 428 1 
22 — 


2 


— — 


m 
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From this ſeries the ſine of the ſub- multiple of any 
arch, where the number of parts is odd, may alſo be 
found, ſuppoſing (g) the ſine of the whole arch to be 
given: for let x be the required ſign of the ſub multiple, 
and n the number of equal parts into which the whole 
arch is divided ; then, by what has been already ſhewn, 


7 * —1 nm 121 
— — X NK * 4 — * 
we ſhall have nx : * x* + : "we" X 


* —9 


X x* Cc. = 5: from the ſolution of which equa» 


tion the value of x will be known. Hence alſo, we 
have an equation for finding the ſide of a regular po- 
lygon inſcribed in a circle : for, ſecing the fine of any 
arch is equal to half the chord of double that arch, let 
iy and to be wrote above for x and s reſpectively, and 


3 nu nn 2 — 1 
then our equation will become — — — x r 
2 S 


E Gs 1 
+. (hr a" X = * 57 Sc. = 210, or NU 7X 
n*—Tx d n n'—r n*—qg v 
IE to ER An "Pri an ie” Dao Frog 
preſſing the relation of chords, whoſe correſponding 
arches are in the ratio of 1 to n. But, when the greater 
of the two arches becomes equal to the whole peri- 
phery, its chord (w) will be nothing, and then the equa- 
tion, by dividing the whole by ub, will be reduced tg 


* 1 d f — 1 ͤ — of a —x 


X 
2 3 4 2.2 7 | 23 
n*—9 2 — 25 8 3 : : 


ber of ſides, and v the fide of the polygon, 


1— 


X 


From the foregoing ſeries, that given by Sir Iſaac 
Newton, in Phil. Trauſ. mentioned in p. 242 of this Trea- 


- tiſe, may alſo be eaſily derived. For, if che arch A and 


its fine x be taken indefinitely ſmall, they will be to 


vne another in the ratio of equality, indefinitely near, by 


what 
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what has been proved at þ. 246; in which caſe, the ge- 
neral expreſſion, by writing A inſtead of x, will be. 


* M2 —1 7 2 1 „ 
1 AT Sam 3 
come A 1 e 


2 2 | 
. e „ A? e. 
1 2. 3 4 . 5 6 . 7 
Therefore, if n be now ſuppoſed indefinitely great, ſo 
that the multiple-arch A may be equal to any given 
arch z, the ſquares of the odd numbers, 1, 3, 5, Cc. in 
the factors n* — 1, * — 9, * — 25, &c. may be rejected 
as nothing, or inconſiderable, in reſpect of Fl. and then 
SAS 
the foregoing ſeries will become nA — 2 1 


2. 3 2+ 3:45 
nA? aa | 
* 7.4. 7 6 7 Sc. wherein, if for uA, its _ 
z, be ſubſtituted, we ſhall then have z— 7 4 
23 * ; 


— —.uñ—.— &c. which i 
2.3.4.5 2.3. 4.5.6.7 c. which is the ſine 


of the arch x, and the ſame with that before given. 
Moreover the aforegoing general expreſſions may be 


applied, with advantage, in the ſolution of cubic, and 
certain other higher equations, included in this form 


VIZ» 2 — 7 


* X 


. 30S 

21 2n Zu 
1 —5 1 —6 2—7 
2N 37 * 47 


42 6 + 


x a*2* 67, = | 


For, if = be put = WE the equation will be trans- 


a P. 
formed to 1 x into this ſeries 
n. „52 8 4 12 „4 flo nb 
y —ny . * y n 3 X y 


| 1 F 
Sc. , and conſequently . Z , po, EEK. 
h q TY > * * 2 


* 


a 441z 
os 
ES 


| thereto = 60? ; whence the co- ſine of (20 2 thereof 
| will be found :9396926 ; z and this, multiplied by 24 
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I 
K* mx n= es ae bt x: from 
2 2 A 
— 
1 
whence, as it is proved above, that the former part of 
the equation (and therefore its equal) repreſents the 
co- ſine of times the arch whoſe co- ſine is iy, we have 


the following rule. 
Fund, from the tables, the arch * e co 2 is 


Li or its log. co-ſine log. if — — — bog. — 70 the radius 


being unity) ; take the nth part of that arch, and find its 
ro-ſme, which multiply by 2 and the product will be 


the true value of x, in the propoſed equation x - . - 


n—4 n—5 


4, Xo 2 244 X 452 e. 
2n 2n 3 


Thus, let it be required to find the value of z, in the 
cubic equation * — 4322 = 1728; then, we ſhall 
have n = 3, @ = 432, and f = 1728 ; z conſequently 


UA (= _ = .5, and the arch correſponding 


(=2 aw 2) gives 22,55262 for one value of z, But 


ö beſides this. the equation has two other roots, both 


of which may be found after the very ſame manner: 
for, ſince 0,5 is not only the co-fine of 60?, but alſo of 


; 605 + 360˙tñ; and 60 +2 X 3060®, let the co- ſine of (140? ) 
of the former of theſe arches be now taken ; which 
is — ,7660444, and muſt be expreſled with a negative 


© fign, becauſe the arch correſponding is greater than one 


h, bt. angle, and leſs than three. Then, the value 


* 77 thus 


11 
g7 id 
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thus found being, in like manner, multiplied by 24 


(=2 —), we ſhall thence get — 18,38506 for an- 


other of the roots: whence the third, or remaining 
root will alſo be known ; for, ſeeing the equation wants 
the ſecond term, the poſitive and negative roots do here 
mutually deſtroy each other; and therefore the remain- 
ing root muſt be — 4,16756, the difference of the two 
former, with a negative ſign. | 


PROBLEM NXXXV. 


From a given circle ABCH it is propoſed to cut off a 
ſegment ABC, ſuch, that a right-line DE drawn from the 
middle of the chard, AC, to make a given angle therewith, 
ſhall divide the arch BC of the ſemi-ſegment inta two equal 
parts BE and EC. | 


Let the chord BC be drawn, and upon the diameter 
HDB let fall the perpendicular EF : put the radius OB 


B of the circle Sr, and the 

| E tangent of the given angle 

| 1 CDE (anſwering to that 
1 0 radius) t, and let OF 


V rr - zz, and BC (= 


2EF) = 2V rr — zz, and 
conſequently BD (= 
AL 3 4r* y_ 42 — 
. 1 


2 v7 — = ; then will EF = 
O 


H — r * by from 


r + 22 Xr —% 
which taking BF Y-, we have DF = —— t 


a * 1 
But, by trigonometry, EF : DF : : rad. : tang. DEF, 


1122. 1— 2 
that is, Vr — 22 — N :: 71:1. Whence 


17 
we have 7 +23) Xr —azKRKFHF Xr -=; when 
1 


e a ad. an an 
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the whole being divided by r — , their reſults r + 22\" 


xr —z2 =t* xr + z which, ordered, gives 
grr — it | — 


4 
t arr = if 


7 8 
KEE — X 7 ft, 


85 — 


Pu = d, and 5X 19 ne Fe = f; then it 
will be 2 —az = f. Therefore find, from the tables, 


a I 
the arch whoſe co-ſine is . — (the radius being 
| aV Aa 
unity); take 5 thereof, and find its co- ſine; which, 
multiplied by 2 7a, gives the true value of z (ſee the 
laſt problem, ) 

Thus, for example, let the radius OB (r) = 1, 
and the given angle CDE = 25, whoſe tangent (t) is 
therefore . 4663; whence 34 . 23188, and 27 = 
09782. 

ow, by logarithms, it will be log. zf — log. 34 — 


Z log. 14 = — 1.9425328 = log. — = log. co- 
22 ud 


fine of 28* 50'; whereof the third part is 9* 367, whoſe 


log. co-ſine (to the radius 1) is — 1. 9938609; which 


added to the Z log. of 4a (= — 1.6826316) gives 
— 1.6764925 = log. of 0.47478, whoſe double :94956, 
is the true value of z, or FO: whence the corre- 
ſponding arch BE = 18* 162, and conſequently BC 
(=2BE) = 36* 3%. —By means of this problem that 
portion of a ſpherical ſurface repreſenting the apparent 
figure of the ſky is determined. 


PROBLEM XXXVI. | 
The baſe AB, and the difference of the angles at the 


baſe being given, while the angles themſelves vary ; to fina 
the locus of the vertex E of the triangle. 

Let the baſe AB be biſected in O, and the angle BOD 
lo conſtituted as to exceed its ſupplement AOD by the 
ſiren difference of EAB and EBA; and let ED, APQ, 

SF be perpendicular, and EPF parallel to OD : 
then, ſince the angle BCE (BOD) as much exceeds 

X ACHE, 


1 
— - ——— — — — 


— * „ 
— — — * 
— —— 9 — 
— — 


— —— ſ— — — 
— ———— —— —_ ” — _ 
<< — 3 - 


— — 2 — 


— —— 


— — . — 9 
S 3 


— 
22 * E 
— — - 


Le 


— — * —e 


” N 2 
_ — —m——y—— — — re So —— — — — ——r— —— ——— 
— — . —— 2 - — 


* = — 
— — * 5 . 
— „ 2 1 
— . N 7 4 "8 -- 


p *%. e py =ny 
** — * 
2 — TIDES 


= — — - 


— - 
— —ꝛꝛꝛ̃ — — 


— 23835 408 
— * 
— ——_—_— — — — 
> . - — — 
— 
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ACE, as CAE exceeds CBE, it is evident that the ſum 
oi the two angles BCE, CBE, of the triangle BCE, 
is equal to the ſum 
of the two angles 
ACE, CAE of the 
triangle ACE; and, 
conſequently, that 
the remaining an- 
gles AEC and BEC, 
are equal the one to 
the other: there- 
fore, by reaſon of 
the ſimilar triangles 
EFB, EAP, we 
have EF: EP: : 
BF : AP, that is, 
OD + OQ : OD 
.— OQ::: QA + 


1 


whence, by com- 
poſition and divi— 


:: 2QA : 2D0E; 
wherefore OD x DE is = OQ x QA; which is the 
known property of an equilateral hyperbola with re- 
ſpect to its aſymptote. 


PROBLEM XXXVII. 


77 find the ſolidity of a conical ungula BF CB, cut off 
by.a plane BRFSB paſſing through one extremity of the 
baſe-arameter, 

Let EPF be parallel to the baſe-diameter BC, cut- 
ting AD the axis of the cone in P; alſo let An be per- 
pendicular to BF; join P, », and let RS be the conju- 
gate axis of the elliptical ſection BRF SB: then the 
part ABF, above the ſaid ſection, being an oblique el- 
liptical-cone, its ſolidity will be expreſſed by . 7854 X 


SRX BF * ce that is, by the area of its baſe BRFSB 
| : 0 | drawn 


DE : QA — DE; 


ſion, 2OD : 200 
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drawn into + of the perpendicular height. But 
the triangles BCF and AP will appear to be equi- 
angular; for, APF and AzF being both right-angles, 
the circumference of a circle, deſcribed on the diame- 
ter AF, will paſs through P and u; and ſo the angles 
AF (BFC) and APs, as well as AFP (FCB) and AnP, 


infiſting on the ſame arch, are, reſpectively, equal. : 
Hence we have BC : BF : : AP; and therefore 
BF * An BC AP: this . being ſubſtituted above, 
the content of the part ABF. becomes SRX BCO AP x 


2618: which, becauſe SR is known to be = / BU x EF, 


is farther RPE to BC AP NBC EF x .2618. 
This ſubtracted from, BC* x AD x .2618, the content 
of the whole cone ABC, leaves 


BC* * AD - BCN APxVEC > FF x .2618 for the 
required folidity of the ungula BCF; which, becauſe 
DP:x BC DP x EF 


&0'= BEDZFÞP and AP = BCDEP will be re- 


BC* —EF x BO EF 
duced to = e 2 X .2618DP x BC, 


X 2 PRO 
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PROBLEM XXXVIII. 


Let A and B be two equal weights, made faſt to the 
ends of a thread, or þ T7C flexible line pPnQ q, ſupported 
by two pins, or tacks, Q, in the ſame horizontal plane ; 
over which pins the line can freely 14 either way; ard let 
C be another weight, nl to the thread, in the middle, 
between Pand Q. now the queſtion is, to find the poſition f 
the weight C, or its diſtance below the horizontal line PQ, 
to retain the other two weights A and B in eguilibris. 


Let PR (=2ZPQ,) be denoted by a, and Ru (the 
diſtance ſought) by x; and then Px, or Qu, will be re 


7 


2 


w 
* 

A = 
L_ 
- * 


preſented by V a* + x*. Therefore, by the ran f 

forces, it will be, as Va* + x* (Pn): x (Rn): 

whole force of the weight A in the direction 1 0 
Ax 


Va a* + x* 

deavours to raiſe the weight C; which quantity alſo 

expres the force of the weight B in the ſame directi- 
: but the ſum of theſe two forces, ſince the weights 

are ſuppoſed to reſt in equilibrio, muſt be equal to that 


2Ax | 
=C; whence we 


its force in the direction R, whereby it en- 


of the weight C; that is, T5 
7 + x* 


aC 
94K — C> 


have 4A*x* = Ca + C*x*, and conſequently x = 


P R O- 
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; PROBLEM XXXIX. 


7 determine the poſition of an inclined plane AE, along 
which a heavy body deſcending by the 7 of its own 
gravity from a given point A, fhall reach a right-line BP, 
given by poſition, in the leaſt time poſſible. 


Through the given point A, perpendicular to the 
horizon, ſet there be drawn the right-line RB, meeting 
BP in B; alſo conceive the g; 
ſemi-circle AER to be de- 

+ ſcribed, touching BP in E; Q. 
then let AE ” drawn, which 
will be the ition required; Ar 
becauſe the * of deſcent a- * . 4 

long the chord AE being equal RAE 

to. that along any other chord > 

An, it will conſequently be 0 — 

leſs than the time of the deſcent Ne 

along Ae, whereof An is only | 

a part: therefore, if AQ and P 

OE be now made perpendi- | 

cular to BP, we ſhall have (by R 

reaſon of the ſimilar triangles) 

AB: AQ: : AB + AO : (OE) AO; whence, by 

multiplying extremes and means, AB x AO = AQ x 

AB + AQ x AQ; therefore AB x AO — AQ A0 


AQ) 
=AQ x AB, and AO (OE) = x AY ; from which 


AB -A 
BE and AE are alſo given. 

The geometrical conſtruction of this problem is ex- 
tremely eaſy; for, if AQ (as above) be drawn perpen- 
dicular to BP, and the angle OAQ be biſected by AE, 
the thing is done: becauſe, OE being drawn parallel 
to AQ, the angle OEA is = QAE = EAO ; and fo, 
AO being = OE, the ſemi-circle that touches BP, 
will paſs through A, 
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PROBLEM XL. 


A ray of light, from a lucid point P in the axis AP » 
a concave ſpherical ſurface, is reflefted at a given point 
in that „ee to find the point D where the reflected ray 
Meets the axis. 


Draw EQ perpendicular to AP, and from the center 
Clet CE be drawn; alſo make CE = a, CQ = +, CP 
| % ET 
and (by Euc. 12. 3.) 
PE will - de 
Va* + > + Ae. 
wherefore, the ane 
gles of incidence 

ES = and reflection, CEP 
Þ e A and CED being e- 


qual, we have, as 
PC (e): CD (*): : PE (Va? + & + 26c) : ED = 
x''a + c& + 26c 


: alſo, for the ſame reaſon, we 


c 
have FE -x ED =» FC x CD: = EC? that 16, 
— — TE 5 cx = a* ; which, reduced, gives 


ca® 


a” + 2bc 
ray cuts the axis. But if the lucid point P be ſup- 
poſed infinitely remote, ſo that the ray PE may be con- 
ſidered us parallel to the axis AP, the expreffion will be 
more ſimple ; for then @?, in the diviſor, may be rejected 
as nothing in compariſon of 2bc; that being done, CD 


2 - „ſhewing how far from the center the 


a 
or x becomes = >] which, therefore, if E be taken 


near the vertex A, will be = za, very nearly. 


PROBLEM XLI. 
To find the magnitude and poſition of an image formed 


ly refrattion at a given lens. 


Let MN be che given lens, DOBCEF the axis thereof, 


and 


”— YT © . 0 He ER 


| RJ, 


{'V 
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and Du the object whoſe image FH we would find; alſo 
let CB be the radius of that ſurface of the lens MBN, 
which is neareſt the object, and OZ that of the other 
ſurface: make RCg perpendicular to DF, and from 


$8 


n, to any point E in the ſurface of the lens, draw the 
incident ray E, and let the continuation thereof be 


EI, and let the direction of the ſame ray, after the 


firſt refraction at E, be E2; and, after it is refracted a 
ſecond time, at e, Jet its direction be zH; draw CE 
and OeR, and make ndv parallel to DF, calling Ob, b 
CB,c; BD, d; Du, p; and the diſtance of the cine 
E from the axis DF, x; and let the fine of incidence 
be to the ſine of refraction, out of air into glaſs, as 
n ton. Then, the taicknefs of the lens being looked 
upon as inconſiderable in reſpect of the focal diſtance 
Fb, we ſhall have, as : x —þp (Ed) :: d + c (n)): 
155 + ox — 4 — c 
| da 


d. i 
2 — 2 = Cx : therefore m : 1 <7 4 


S vr; which added to Cv (þ) gives 


1X dx Tc — <þ | 
2 =C2. Moreover, 5 (Ob) « (BE) 62 


1 | 
(oc): D - Ly = CR; whence R2 (= CR 


b 
b + X x d. qo 
— C2) = — - — 7 X _—_ L: butn:m:: 
mx X b Cp — dx 
Rz: R3 == 77 $54 he 72 ; and therefore 


X 4 C3 
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C2(= * _m—nXxXb+c p- dr 
3(=R3—RC) = 55 , 

Let x be now taken = o, and then C3 will become 

E . g 

>, which let be repreſented by C 3, and draw Bg, pro- 


ducing the ſame till it meets ez, produced, in H: then 
Tee m—nxb+cxx 


— —w_—_— 


£3 being (= Cg—C3) = 7 3 
and the triangles H3g and HEB equiangular, it will 


be, as (gy) ESSALEEET 7 (Bg) c:: 


nbcd 
EB — = the requir- 
8 nA K Te N d nbe N 


ed diſtance of the image from the lens; and as e 


c BF * E 
(c (Cg) : : BH (or BF) : FH = B 
nbc 


= t d 
S HF) the magnitude of 


the image, or its linear amplification, 


ORO. 1. 

Becauſe the values of BH and HF are alike affected 
by b and c, it follows that both the diſtance and mag- 
nitude of the image will remain unaltered, if the place 
of the lens be the ſame, let which ſide you will be 
turned towards the object. 


COROL. 2. 
If 4 be made infinite, or the diſtance of the obj ect 
from the lens be ſuppoſed indefinitely great, BF will 1 


nbc 


come ; which is the principal focal diſ- 


m—nXxb+c 
tance, at which the parallel rays unite, and this diſ- 
tance, when both ſides of the lens have the ſame con- 


nb 
vexity, or b is = c, will become = - but in 
F ne eee 


"Ry . M K nc 
a plano-convex, where þ is infinite, it will be e 


and, 
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and, in a meniſcus, where b is negative, or one ſurface 


3 nbc 
concave and the other conyex, it will be . 
| m—nxb—c 


The ſame anſwered otherwiſe, allowing alſo far the thicks 
| neſs of the lens. | 
Suppoſing, as before, that F is the place of the image 


of an object at D, let FR and DS be ſuppoſed perpen- 
dicular to the axis FBQ, interſecting the continuation 


of Ez (the intercepted part of the ray DEeF) in r and 
5, and meeting the radii Oe, CE (produced) in R and 
S; likewiſe let Ea and ec be perpendicular to QF, and 
Ev and ew parallel thereto: then, becauſe the ray is 
ſuppoſed to be indefinitely near the axis, ac may be 
taken for the thickneſs of the lens, which let be de- 
noted by ?; putting F = x, ce , aE x, Ob = b, 
CB = c, and BD d (as before). By fimilar tri- 


angles, Ca (c): E (x) :: CD (c +4): DS — 25 


and, by the law of refraction, m: : : DS : 8s = 


= R whence Ds (= DS — 8.) = 


m 
1 7 xXc+4d 
E (= aE — Ds) = 


ac 


4 
C 4 — > — 2 ——— 222 


— ——————— — . — 
* * " — 
— . — 


= — — x ᷑⁊F——ł— 


- 2-F? = 
- K N 1 2 
ͤ——ä—— .... —— — 
„ — > 0 — > 
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—_— — 


: ad "Lp 
XX Fo E, by making r = —, and q = —— 


: Now, vs: Ev (BD) :: aE : 4 (BQ;) that is, 
4 = 2 
! : 2 which is 


Xx Mr — — : 4: 4 
c 


cr — 6 
given from hence. 5 | 
Again, in rhe very ſame manner, Oc (b) : ce (9) :: 


"OF (b + =): FR = L242, andm:n:;: FR: 
Rr =— x 2 : whence Fr = WRT ALE 
— 2: "= 8 and wy (Fr —ce) = =) x5 —7; and 
therefore cQ (= =) _ — ow 7 from which ſub- 
tracting the 8 BQ, wwe et above, we get this 


equation, ix. r S whence the va- 


c. — 25 
Jue of z, by making the given quantity: + 


N oy — 8 
But, if you had rather have the 


rbg 
SP. . 5 | 
ſame in original terms, it is but ſubſtituting for gz whence, 


after reduction, £ == ried + rht-x ve = 
94xb+c—rbc + t v re 4 
which, by reſtoring z2 and 7 becomes 


comes out = 


mnbed + nbt x nc — m — nx d | 


— — — 


mu e e eee 
where, if t be taken = o, we ſhall have 
nbed 


m—nxdxtb + c— nbc 
found by the preceding method, 


2 2 


2 = „the very ſame as was 


APP E N- 


1 


APP E ND IX: 


| | Containing the 
CONSTRUCTION 
OF 


GEOMETRICAL PROBLEMS, 


II 


The Manner of reſolving the ſame 
| numerically, 


— 


= — .. — — — — Gd. 


Es PROBLEM-1 
The baſe, the ſum of the two ſides, and the angle at 
the vertex of any plane triangle being given, to deſcribe the 


triangle. 
CONSTRUCTION. 

RAW the indefinite right-line AE, in which 
b take AB equal to the a 

ſum of the ſides, and 
make the angle ABC equal to 
half the given angle at the ver- 
tex, and upon the point A, as 
a center, with a radius equal 
to the given baſe, let a circle 
Cm be deſcribed, cutting BC 
in C; join A, C, and make 
the angle BCD S CBD, and 
let CD cut AB in D; then 


will ACD be the triangle that 
was to be conſtructed, 


318 The ConsTRUCTION of 


DEMONSTRATION. 


Becauſe the angles BCD and CBD are equal, there. 
fore is CD = DB (Euc. 6. 1.) and conſequently AD + 
DC = AB: likewiſe, for the ſame reaſon, the ano] 
8 = BCD + CBD, Euc. 32.1.) is equal to 20BD. 
* Method of calculation. 

In the triangle ABC are given the two ſides AB, AC, 
and the angle ABC, whence the angle A is known; 
then in the triangle ADC will be given all the angles, 


and the baſe AC; whence the ſides AD and DC will 
alſo be known, 


PROBLEM II. 


The angle at the vertex, the baſe, and the difference if 
the fides being given, to determine the triangle. 


CONSTRUCTION. 

Draw AC at pleaſure, in which take AD equal to 
the difference of the ſides, 
and make the angle CDB 
equal to the complement 
of half the given angle to 
a right angle; then from 
the point A draw AB e- 
qual to the given baſe, ſo 
as to meet DB in B, and 

make the angle DBC = 
K B CDB, then will ABC be 

| the triangle required. 
DEMONSTRATION. 

Since 65 conſtruction) the angles CDB and DBC are 
equal, CB is equal to CD, and therefore CA — CB = 
AD : moreover, each of thoſe equal angles being equal 
to the complement of half the given angle, their ſum, 
which is the ſupplement of the angle C, muſt therefore 


be equal to two right angles — the (whole) given angle, 
and conſequently C = the given angle, 


Method of calculation. 
In the triangle ABD are given the fides AB, ny 
an 


RR wa wc] * aRTA#9: "RY " a 
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and the angle ADB, whence the angle A will be 
given, and conſequently BC and AC. | 


PROBLEM III. 
The angle at the vertex, the ratio of the including ſides, 
and either the baſe, the perpendicular, or difference of the 
ſegments of the baſe being given, to deſcribe the triangle. 


CONSTRUCTION. 

Draw CA at pleaſure, and make the angle ACB 
equal to the angle given; take CB to CA in the given 
ratio of the ſides, and join A, B; then, if the baſe be 
given, let AM be taken equal thereto, and draw ME 
parallel to CA meeting CB in E, and make ED parallel 
to AB; but if the perpendicular be given, let fall CF 
perpendicular to AB, in which take CH equal to the 
given perpendicular, and draw DHE parallel to AB; 


C 


NN 


laſtly, if the difference of the ſegments of the baſe be 
given, take FG = AF, and join, C, G, and take GN 
equal to the difference of the ſegments given, drawing 
NE parallel to CG, and ED to BA (as before;) then 
will CDE be the triangle which was to be conſtructed. 


DEMONSTRATION. 
Becauſe of the parallel lines AB, DE; ME, AC; 
and NE, GC; thence is DE = AM, and EI NG; 
and alſo CD: CE: ; CA: CB Fuc. 4. 6.) Q. E. D. 


Met bed 
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| Method of calculation. | 

Let AC be aſſumed at pleaſure; then, the ratio of AC 
to BC being given, BC will become known; and there- 
fore in the triangle ACB will be given two ſides and the 
included angle, whence the angles B and A, or E and D 
will be found; then in the triangle EDC, EHC, orEIC, 
according as the baſe, perpendicular. or the difference of 
the ſegments of the baſe is given, you will have one ſide 
and all the angles, whence the other ſides will be known, 


PROBLEM IV. | 
The angle at the vertex, and the ſegments of the baſe, 
made by a perpendicular falling from the ſaid angle, being 
given, to deſcribe the triangle. | 


CONSTRUCTION. 

Let the given ſegments of the baſe be AD and DB; 
biſect AB by the perpendicular EF, and make the angle 
S EBO equal to the difference 
a | between the given angle and 

a right one, and let BO meet 
EF in O; from O, as a cen- 
ter, with the radius OB, de- 


= Y ſcribe the circle BGAQ, and 


. draw DC perpendicular to 
e E 1 AB, meeting the periphery of 
the circle in C; join A, C 

Q and C, B, then will ACB be 


the triangle that was to be conſtructed. 


DEMONSTRATION. 

The angle ACB, at the periphery, ſtanding upon the 
arch AQ, is equal to EOB, half the angle at the cen- 
ter, ſtanding upon the ſame arch; but EBO is equal 
to the difference of the given angle and a right one (by 
conſlruetion) therefore ACB (EOB) is equal to the angle 


given. Q. E. D. 


| Method of calculation. | 
Draw CFG parallel to AB ; then it will be, as the 
baſe AB : to the difference of ſegments CG (: : EB : 


CF) : : the fine of the given angle at the vertex (EOB) : 
to 


1 289908 „„ wo. YT WE MR SIRE. 0 


—— & = 


00 > 
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to the ſine of (COF=CBG) the difference of the angles 


at the baſe; whence the angles themſelves are given. 

After the ſame manner a ſegment of a circle may be 
deſcribed to contain a given angle, when that angle is 
greater than a right one, if, inſtead of BO being drawn 
above AB, it be taken on the contrary ſide. 


PROBLEM V. 


Having given the baſe, the perpendicular, and the angle 
at the vertex of any plane triangle, to conſtruct the triangle. 


CONSTRUCTION. 


Upon AB the given baſe (ee the preceding figure) let 
the ſegment ACGB of a circle be deſcribed to contain 
the given angle, as in the laſt problem; take EF equal 
to the given perpendicular, and draw FC parallel to 
AB, cutting the periphery of the circle in C; join 
A, C and B, C, and the thing is done: the demonſtra- 
tion whereof is evident from the laſt problem. 


Method of calculation. | 

In the triangle EBO are given all the angles and the 
ſide EB, whence EO will be known, and conſequently 
OF (= DC- EO); then it will be as EB: OF: : 
the ſine of EOB (the given angle at the vertex) to the 
ſine of OCF, the complement of (COF or CBG) the 
difference of the angles at the baſe ; whence theſe an- 
gles themſelves are likewiſe given. — This calculation 
+ is adapted to the logarithmic canon; but, by means of a 
table of natural ſines, the ſame reſult may be brought 
out by one proportion, only : for BE being the fine of 
BOE, and OE and OF co-ſines of BOE and COF 
(anſwering to the equal radii OB and OC) it will there- 
fore be, BE: EF: : fre BOE (ACB) : c-/ne BOE 
+ co-ſine COF; from which, by ſubtracting the co- ſine 
of BOE, the co- ſine of COF (= CBG)} is found. 


PROBLEM VI. 
The angle at the verte v, the ſum of the two including 
fides, and the difference of the ſegments of the baſe being 
given, to deſcribe the triangle. 


9 C O N- 
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CONSTRUCTION. | 
Draw the right line AC at pleaſure, in which take 
AB equal to the difference of the ſegments of the baſe; 
and make the angle CBE equal to half the ſupplement 
| of the given angle; 
and from A to BE 
apply AE equal to 
the given ſum of the 
ſides; make the an- 
gle EBD = BED 
and let BD meet AE 
in D, and from the 
center D, with the 
radius DB, deſcribe 
| the circle DBC, cut- 
ting AC in C, and join D, C; then will ACD be the 
triangle required. 


DEMONSTRATION. i 

The angle EBD being = BED, therefore is DE 
= DB = DC, and conſequently AD + DC = AE. 
Moreover the angle CDE, at the center, is double to 
the angle CBE, at the periphery, both ſtanding upon 
the ſame arch CE; which laſt (by conſtruction) is equal 
to half the ſupplement of the given angle, therefore 
CDE is equal tothe whole ſupplement, and conſequent 
ly ADC equal to the given angle itſelf. Q. E. D. 


| Method of calculation. 
In the triangle ABE, are given the two ſides AB, AE; 
and the angle ABE, whence the angle A will be given; 
then in the triangle ABD will be given all the angles 
and the ſide AB, whence AD and DC (DB) will be 
; alſo given. 


PROBLEM VII. by 
The angle at the wertex, the ſum of the including ſides, 
and the ratio of the ſegments of the baſe being given; to 
eletermine the triangle. 
CONSTRUCTION. 
Let AG be to GB, in the given ratio of the ſegments 


of the baſe, and, upon the right-line AB, let a ſegwent 


3 0 


04, _— 
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8 


be 
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10 
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of 
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of a cirele be deſeribed, capable of containing the given 
angle; draw GC per- 
pendiculat to AB, 
—_— the periphe- 
ry in C; join A, C 
and C, B, andin AC, 
produced, take CH 
= CB; join B, H, 
and in HA, take HD 
equal * the given 715 
of the ſides, draw Ret B 
parallel to AB, and A 1 3 | 
EF to BC; then will DEF be the triangle required. 
DEMONSTRATION. 

Let Fx be perpendicular to DE. Whereas (by con- 
flrufion) CH is equal to CB, and FE parallel to CB, 
therefore is FE = FH (Euc. 4. 6.) and conſequently 
FE + FD = HD: alſo, becauſe FE is parallel to CB, 
therefore is the angle DFE = ACB: moreover, the 
triangles ABC, DEF, being equiangular, it will be, as 
AG: GB:: Di: E. C. E. D. 

| Method of calculation. ER 

From the center O, conceive AO and OC to be 
drawn ; ſuppoſing KO] perpendicular, and CI parallel 
to AB: then it will be, as AK is to CI (KG) ſo is the 
ſine of AOK (= ACB, ſe Prob. 4.) to the ſine of 
COT, the difference of the angles ABC and BAC; 
which are both given from hence, betauſe their ſum is 
given by the queſtion : therefore in the triangle DHE 


Ire given all the angles and the ſide HD, whence the 
baſe DE will be known. 


PROBLEM VIII. 

Having the angle at the vertex, the difference of the in- 
cluding ſides, and the difference of the ſegments of the aſe, to 
deſtribe the triangle. | 

CONSTRUCTION: 
Take AB equal to the difference of the ſegments of 


the baſe, and make the angle AB equal to half the 
F given 
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given angle; from A to Bn apply AE = the differ- 
1 5 ence of the ſides; 
produce AE, and 
D make the angle EBO 
= BEO, and let BO 
meet AE, produced 
in O, and from the 
center O, at the di- 
ſtance of OB, de- 
Q ſcribe the circumfe- 
K — rence of a circle, cut- 
| ting AB produced in 
C, join O, C; then is AOC the triangle ſought, 
DEMONSTRATION. 

Becauſe the angle EBO is = BEO (by conſtruction); 
therefore is EO = BO = CO, and conſequently AO 
— OC = AE. Furthermore becauſe the angle AOC 
is double to ADC, and ADC = ABE {Euc. Corol. 22. 
3.) therefore is AOC alſo double to ABE. Q. E. D. 


Method of calculation. 

The two ſides AB AE, and the angle ABE being 
given, the angle A will from thence be found; then 
in the triangle ABO will be given all the angles and the 
ſide AB, whence OB (OC) and OA will be known. 


PROBLEM IX. 
The angle at the vertex, the difference of the including 


fides, and the ratio of the ſegments of the baſe being given, 
to determine the triangle. 


CONSTRUCTION. 
C Let AG be to GB, in 
the given ratio of the ſeg- 


C 


* 8 | ments of the baſe, and up- 

MAS, N on the right-line AB let a 

555 ſegment of a circle ACB 
be deſcribed (by Prob. 4.) 

ans 3 capable of the given an- 
A h gle; draw GC perpendi- 


cularto AB, meeting the periphery in C, and join A, 0 
X | an 
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and B, C; in AC take AP = BC, and draw BP; alſo, 
in AC, take CQ equal to the given difference of the 
ſides, drawing QE parallel to PB, and ED to BA; then 
will CDE be the triangle which was to be deſcribed. 


DEMONSTRATION. 

The angle DCE is equal to the given angle by con- 
ſtruction; Bale EQ being parallel to BP, DE to AB, 
and AP = BC, therefore muſt DQ = EC (Euc. 4. 6. ) 
and conſequently DC — EC = CQ. Moreover, if 
CG be ſuppoſed to cut DE in u, then Du i Ex:: AG 

: GB, Q. E. D. 

Method o unn 

Let Cm be equal to CE, and let Em be drawn, Tt 
will be, as AB is to AG - BG, ſo is the fine of ACB 
to the ſine of the difference of CBA and CAB (by 
Prob. 4.); then in the triangle DEm will be given all 
the angles and the ſide Dm, whence DE will be given. 


; PROBLEM X. 


The angle at the vertex, the perpendicular, and the dif- 
ference of the ſegments of the baſe being given, to conſtruc? 
the triangle. 

CONSTRUCTION. 

Draw RS at pleaſure, in which take DE equal to half 
the difference of the ſegments of the baſe, and make 
EC perpendicular to RS and equal to the given per- 


— R 5 | B 8 

B A 2 . - 

* | O 

li- pendicular, and the angle DE equal to the difference 
between the given angl and a right one; join D, C, 


nd and draw DxO parallel to ys and in DC take the 
Y 2 point 
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point p, ſo that np (when drawn) may be equal to E; 
draw CO parallel to np, meeting 5,0 in O; and 
upon O as a center, with the radius OC, deſcribe the 
circle BCA, cutting RS in B and A; join A, C and 
B, C, and the thing is done. 


DEMONSTRATION. 

Join O, B and O, A: ſince OC is parallel to pr, 
therefore is OC : DO : : pn: D, or OB: DO:: 
„E: 1D; and conſequently the triangle OBD ſimilar 
to the triangle ED (by Euc. 7. 6.) Therefore, ſeeing 
the angle DEx is (by conſtruction) equal to the exceſs of 
the given angle above a right one, ACB muſt be equal 
to the angle given (by Prob. 4.) Moreover, ſince AD 
is = DB, AE — BE will be equal to 2DE, which is 
the given difference of the ſegments (by conflrudion). 
Q. E. D. 

Method of calculation. 

In the triangle CDE, right-angled at E, are given 
both the legs DE and EC, whence the angle EDC will 
be known, and conſequently ODC ; then, as the radius 
is to the ſine of DBO (:: OB: DO:: OC: DO) ſois the 
ine of ODC to the fine of OCD; whence DOC, the 
difference of the angles ABC, BAC, ( /ee Prob. 4.) is 
allo given, and from thence the angles themſelves. 


PROBLEM XI, 
The angle at the vertex, the perpendicular, and the rats 
of the ſegments of the baſe being given, to conſtruct the 


triangle. 
CONSTRUCTION.-- « 


C Take AF to FB in the 
given ratio of the ſeg- 
ments of the baſe, and 
upon the right-line AB 
deſcribe a ſegment of 2 
circle ACB capable of 
the given angle; make 
FC perpendicular to AB 
meeting the circumference 
of the circle in C, in which 
take 
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take CG equal to the given perpendicular; draw DGE 
parallel to AB, meeting AC and CB in D and E; and 
then DCE will be the triangle required. 


DEMONSTRATION. 

Becauſe of the parallel lines DE and AB, it will be 
e : GE; or AF : 
FB :: DG: GE; whence it appears, that DG and 
GE are in the ratiogiven. Alſo the angle DCE and the 
perpendicular CG are reſpectively equal to the given 
angle and perpendicular, by conſtruction. Q. E. D. 


Method of calculation. | 
As ABis to AF - BF /e Prob. 4.) ſo is the ſine o 
ACB to the ſine of the difference of A and B; whence 
both A and B will be given, becauſe their ſum, or the 
38 at the vertex, is given: then in the triangles 
DGC, EGC, will be given all the angles and the per- 
pendicular CG, whence the ſides will alſo be known. 


PROBLEM XII. 


The baſe, the ſum of the ſides, and the difference of the 
angles at the baſe being given, to deſcribe the triangle. 


CONSTRUCTION. 

At the extremity of the baſe AB, erc the perpen- 
dicular BE, and Ne 
make the angle 
EBC equal to E. 
half the given dif- D >, 
ference of the an- | 
gles at the baſe ; 
from the point A, 
to BC, apply AC F 
equal to the ſum 
of the ſides; and 
make the angle oO = 
CBD = BCA; A H 5 
then will ABD be the triangle required. 


DEMONSTRAT ION. 
From the center D, with the radius CD, deſcribe the 
Y 3 ſemi- 
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ſemi-circle CHF, and join F, B. Then, whereas by 
- conſtruction the angle CBD is = BCD, therefore is 


DB = DC; whence it appears that AD + DBis = 


AC, and that the ſemi-circle muſt paſs through the 
point B: therefore, the angle CBF, ſtanding in a ſemi- 
circle, being a right angle, and_therefore = ABE, let 
FBE, which is common, be taken away, and there 
will remain ABF = EBC; but DF being equal to DB, 
it is manifeſt that ABF (EBC) is equal to half the dif- 
ference of the angles ABD and DAB. Q. E. D. 


Method of calculation. 
As the ſum of the ſides (AC) is to the baſe (AB) fo 
is the ſine of ABC, or of the complement of half the 


given difference, to the ſine of (C) half the angle at the 


vertex 3 whence the other angles BAD and ABD are 
alſo given. . 8 


PROBLEM XIII. 
The baſe, the difference of the ſides, and the difference 


triangle, 
CONSTRUCTION. 
At the extremity B of the given baſe AB, make the 
C 5 angle ABD equal 


difference of the 
angles at the baſe; 
and from A to BD 
apply AD = the 
difference of the 


8 — > fides; draw ADC 
B and make the an- 
gle DBC = BDC, and ABC will be the triangle re- 
quired, 5 | 
DEMONSTRATION. 


Becauſe the angle DBC is = BDC, CD will be = 
CB, and AC will exceed BC by AD. Moreover, 
ſince A + ABD = (CDB) CBD {(Euc. 32. 1.) there- 
fore is A + 2ABD (= CBD + ABD) = ABC, and 
conſequently ABC — A = 2ABD, equal to the dif- 


Met hed 


ferencęe given. Q: E. D. 


of the angles at the baſe, being given, to determine the 


to half the given 


r acc Aa 1 1 


a - _ _ «a. . 
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Method of calculation. 
In the triangle ABD are given the two fides, AB 
and AD, and the angle ABD, whence the angles A 


and ADB will be given, and from thence the angles 
CBA and ACB. 


PROBLEM XIV. 


The difference of the angles at the baſe, the ratio of the 
ſides, and either the baſe, the perpendicular, or the differ- 
ence of the ſegments of the baſe being given, to deſcribe the 


triangle, 


CONSTRUCTION. 


Draw AC at pleaſure, and make the angle ACD equal 
to the given difference of the angles at the baſe, and take 
CD to CA in the given ratio of the ſides ; draw ADE, 
upon which let fall the 
perpendicular CQ, take 
QE equal to QD, and 
join E, C; then, if the 
baie be given, let AB be 
taken equal thereto, and 
draw BF parallel to CA 
(meeting CE in F) and 
FG parallel to EA ; but 
if the perpendicular be A TD FE. 
given, ſor P be taken e 
equal thereto, and through P draw FPG parallel to 
AE; laſtly, if the difference of the ſegments of the 
baſe be given, then let AR be taken equal to that dif- 
ference, draw RH parallel to CA, and FHG to EA; 
then will CFG be the triangle required. | 


DEMONSTRATION. 

Since QE = QD, and the angle EQC = DQC 
mY CE Dep and the angle E pee 
A+ACD (Euc. 32. 1.) and therefore E AS ACD; 
whence, by reaſon of. the parallel lines AE, GF, Cc. 
we have GFC — FGC = ACD. alſo FG = AB, GH 
= AR, and CF; CG::CE (CD): CA. Q. E. D. 

Y 4 Method 


H 


r ER TORT rr _ 
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Method of calculation. 


Let CA and CD be expreſſed by the numbers exhi. 
biting the given ratio of the fides : then in the triangle 
ACD will be given two fides and the included angle 
ACD; whence the angle CAE (CGF) and CEA (CFG) 
will be given, and from thence the ſides CG and CF, 
PROBLEM XV. 

The baſe, the perpendicular, and the difference f the 
angles at the baſe being given, to conſlrutt the triangle. 
CONSTRUCTION. 


Biſe& the given baſe AB by the perpendicular DF, 
in which take DE equal to the given height of the 
triangle; draw CEGH parallel to AB, and make the 


F angle EDH equal 
. to the given dif- 
H T 15 8 ference of the an- 


gles at the baſe; 
draw EAQ, and 


take Q therein, 


ſo that QD = 

5 5 ; _ paral- 

A = el to draw 

D 5 W ck DE 

6 in O; upon O, as 


a center, with the 
radius OA, defcribe the circle AGF Cg, and from the 
point G, where it cuts the right-line CH, draw GA 
and GB; then will AGB be the triangle required. 

DEMONSTRATION. 

Let OG and BC be drawn. By reaſon of the paral- 
lel lines QD and AO, it will be D (DH): 5885 
:: ED: EO; therefore the two triangles EHD, EGO, 
having one angle, E, common, and the ſides about the 
other angles D and O proportional, are 1 
(Euc. 7. 6.) and conſequently EOG = ED H. More- 
over, becauſe DOEF is perpendicular both to AB and 
GC, and AD equal to BD, it is evident that the circle 
paſſes through the point B, and that the arches FC, F 8, 
ar to wo, Ser dean bo 1 
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as well as the angles ABC, BAG, are equal; and 
conſequently that the angle 'GBC is the iference of 
the angles BAG, ABG : but this difference GBC is 
equal to EOG, or EDH AE 5. 20. 3.) that is, equal to 
the difference given. 


80 of calculation. 

Firſt, in the right- angled triangle AED are given 
both the legs AD and DE, whence he angle DEA will 
be given; the it will be, as the radius is to the fine of 
the angle H, the complement of the given difference 
(:: DH: DE : D: DE) ſo is the fine of DEA to the 
fine of Q; whence AQE (QDE) will alſo be given; 
from which take GOE, and there will remain AOG, 
equal to twice ABG, the leſſer angle at the baſe, 


PROBLEM XVI. 

The ſum o oi the fides, the difference of the ſegments of the 
baſe, 1 the difference of the angles at the baſe, being 
given, to deſcribe the triangle. 

CONSTRUCTION. 

Make AD equal to the ſum of the ſides, and the 
angle ADE = to half the difference of the angles 
at the baſe; from A to 
DE apply AE equal to 
the given difference of 
the ſegments of the baſe; 
make the angle CED 
= EDC, and from the 
point C, where EC cuts 
AD, with the radius EC, 
deſcribe the ſemi- circle 
FEB, e AE, produced in B; join B, C, and the 
thing i is done. 


DEMONSTRATION. 


Upon AB let fall the perpendicular CQ. 
Becauſe EQ is = BQ (Zc. 3. 3.) therefore will AQ 
—BQ= AE: alſo, becauſe the angles CED, EDC, 
are equal (by conſtruction) CD will be = CE = CB, 
and conſequently AC + CB = AD. Moreover, » ABC 
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— BAC = BEC — BAC = ACE (Euc. 32.1.) = 
2ADE (Euc. 20. 3.) . Q. E. D. . 


Method of calculation. 


In the triangle ADE are given the ſides AD, AE, and 
the angle D, whence the angle A will be given; then 
in the triangle ACE are given all the angles and the fide 
AE, whence AC and CB (CE) will be given likewiſe. 


PROBLEM XVII. 


The difference of the angles at the baſe, the ratio of the 
ſegments of the baſe, and either the Aar, of the ſides, the 
difference f the fades, or the perpendicular being given, to 
e 


cunſtruct the triangle. 
CONSTRUCTION. 


Let AC be to BC in the given ratio of the ſegmeuts 
of the baſe; and upon AB let a ſegment of a circle 
BPA be deſcribed (by Problem 4.) to contain an angle 
equal to the difference 
of the angles at the 
baſe; raife CP per- 
pendicular to AC, cut- 
ting the periphery of 
the circle in P, and in 
P AC produced, take CD 
2 G 3 and draw "Os 
85 3 and PD : then, if 

2 K \p the perpendicular be 
given, take PF equal 
thereto, and, through F, draw EFG-. parallel to AD; 
but if the ſum or difference of the ſides be given, let a 
fourth proportional PE, to AP PD, AP and the 
ſaid ſum or difference be taken, and draw EFG as 
above; then will PEG be the triangle required. 


DEMONSTRATION. 


Since CP is perpendicular to AD, and CDS Cg, the 
angle D will be equal to DBP = A + BPA: whence, 
becauſe EC is parallel to AD, PGE will be = PEG 


P 


2 
— 
— 
Sa 
— 


+BPA ( Euc. 29. 1.) and coniequently PGE — PEG 


10 


„ , a. as. wa 


_—— 
-_ 
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= ABP, which, by conſtruction, is equal to the given 
difference of the angles at the baſe. 

Again, by reaſon of the parallel lines AD and EG, 
it will be, PEN FG: AC (BC) CD. Likewiſe, for 
the ſame reaſon, AP PD: PA:: PE + PG: PE: 
given ſum or diff. of ſides : PE ( by conflruttion) — 
. PE + PG = the ſaid given ſum or dif- 
ference. Q. E. D. 


Method of calculation. 


Firſt, it will be as AB is to AD, ſo is the ſine of APB 
to the fine of APD (by Prob. 4.) ; then in the triangle 
PGE will be given all the angles, and either the per- 
pendicular, or the ſum or difference of the ſides, whence 
the ſides themſelves are readily determined. 

Note. The perpendicular cutting the circle in two 
points, indicates that this problem is capable of two 
different ſolutions, 


PROBLEM XVII. 


The difference of the ſides, the difference of the ſe;ments 
of the baſe, and the difference of the angles at the baſe being 
given, to deſcribe the triangle. 


CONSTRUCTION. 


Draw the indefinite line AQ, in which take AD 
equal to the given difference of the ſides, and make the 
angle QDH e- Q 
1 to the com- 
plement of half 
the difference of 
the angles at the 5 | 
baſe; from A to m 
DH apply AC 
„ La : 
ference of the & ME © Hts MBE: 2M 
ſegments ; and, | . H 
having prod uced 
the ſame to L, make the angle DCE equal to CDE, 
and let CE meet AQ in I and upon the center E, 
with the radius EC, deſcribe an arch, cutting AL in B; 
join E, B, fo ſhall AEB be the triangle re 3 

DEMO N. 


| 
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. DEMONSTRATION. 


Upon AB let fall the perpendicular EP. 

Becauſe the angle DCE = CDE, therefore is ED 
= EC, and conſequently AE —EB (= AE—EC = 
AE—ED) = AD. Alſo, ſince EB = EC, therefore 
will PB = PC, and conſequently AP - BP (AP—PC) 
= AC. Moreover, the angle EBC being = ECB 
( Euc. 5.1.) and ECB — A = CEA (ZFEuc. 32. 1.) it is 
plain that EBC — A = CEA equal to the given differ- 
ence, becauſe the triangle EDC is iſoſceles, and the 
angle at the baſe equal to the complement of half the 
aid difference, by conſtruction. Q. E. D. 


Method of calculation. 


In the triangle ADC are given two ſides and the angle 
ADC, whence the angle A will be known; then in the 
triangle ACE will be given all the angles and the ſide 
AC, whence AE and CE (BE) will alſo become known. 


PROBLEM XIX. 


The perpendicular, the difference of the angles at the baſe, 
and the difference of the ſegments of the baſe being given, 
to conſtrue? the triangle. | 


CONSTRUCTION. 


Upon AQ, equal to the given difference of the ſeg- 
ments of the baſe, let a ſegment of a circle QCA be 
deſcribed, capable of the difterence of the angles at the 
iS baſe; biſect AQ with 
: the perpendicular 

TL, in whichlet TE 
be taken equal to the 
. ven perpendicular; 
e — C parallel to 
AQ, cutting the pe- 
riphery of the circle 
| inC; alfo mu J 
perpendicular to AQ, 

A bs 3 " 1 AQ produced 
take PB PQ; join C, A and C, B; then will ACB 


be the triangle required. 
DEM O N- 


E 
O 


„„ £=, Paw «ati a +4 a « tt the. i — gh "Oh 


a” &@ „„ hw 
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DEMONSTRATION. 

Since (by conftrufion) CP is perpendicular to QB, 
and PB equal to PQ, thence will the angle B POL, 
and B (PC) — BAC = ACQ E difference of angles 
given: alſo, for the ſame reaſon, will CP = TE, and 
AP —BP S AP — PQ AQ. Q. E. D. 

Method of calculation. 

From the center O, conceive OA and OC to be 
drawn : then in the triangle AO will be given all the 
angles and the ſide AT, whence OT and OE will be 
given ; then it will be as AT : OE : : fine of AOT 


(ACQ) : fine of OCE; whence all the angles in the 


gure are given. 
PROBLEM XX. 


The ſegments of the baſe, and the ſum of the ſides of any 
plane triangle being given, to determine the triangle. 
CONSTRUCTION. 
From the greater ſegment AQ, take QF equal to the 


leſſer ſegment BQ; make QL perpendicular to AB, 
and draw AI, mak- 3 


ing any angle with 
AB at pleaſure, in | 
which take AE e- 8 n D 
qual to the given 
ſum of the 7 aes, N . 
and * B, * 4 
make the angle = E 
AFG = AEB, 2g A. G | 
and from B as a 
center, with the ra- 2 
dius EH, deſcribe Cn, cutting the perpendicular Q 
in C; join C, A and C, B, and the thing is done. 
DEMONSTRATION. 
From the center C, with the radius CB, let the circle 
BDLKF be deſcribed ; and let AC be produced to meet 
its periphery in D. By reaſon of the ſimilar triangles 


AEB, AFG, it will be as AE: AB:: AF: AG, 
whence AG x AE = AF x AB; but (by Euc. 37. 32 


| 
! 
| 
, 
* 
| 
4 
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AF x AB=AK x AD; therefore is AG x AE = AK 
x AD: whence, as EG and DK are equal, by con- 


ſtruction, it is evident that AG and AK, as well as AE 
and AD, muſt be equal. Q. E. D. 


Method of calculation. 
| As AE: AB:: AF: AG; which taken from AE, 
and the remainder divided by 2, gives BC (EH) the 
leſſer ſide of the triangle. 


PROBLEM XXI. 


The ſegments of the baſe and the difference of the ſides 
being given, to deſcribe the triangle. 


CONSTRUCTION. 


Take AF equal to the difference of the given ſeg- 
ments AQ, BQ, (fee the 3 figure) and draw Al 
making any angle with AB at pleaſure, in which take 
AG equal to the given difference of the ſides ; join F, G, 
and make the angle ABE = AGF, and from the center 
B, at the diſtance of EEG, deſcribe „Cm, cutting the 
perpendicular Q in C; join C, B and C, A, then will 
ACB be the triangle that was to be conſtructed. The 


demonſtration of which is ſo very little different from the 


precedent, that it would be needleſs to give it here. 


LEMM A. 

4 a given right-line AB be divided in any given ratio, 
at C, and the right-line CBO be taken to AC in the ratio 
of BC to AC - BC; and from O as a center, at the 
diſtance of OC, a circle CPD be deſcribed, and two right- 
lines AP, BP be drawn from A and B, to meet any where 
in the periphery thereof; T ſay theſe lines will be to one an- 
other (every where) in the given ratio of AC to CB. 


For, ſince CO: AC:: BC: AC - BC, therefore 
by compoſition, CO: AO:: BC: AC, and by per- 


mutation, CO: BC :: AO: AC; whence, by di- 
viſion, CO: BO : : AO: CO, or PO: BO: : AO: 
PO : wherefore, ſeeing the ſides of the triangles POB, 


AOP, about the common angle O, are proportiona}, 


thoſo 


% ⅛i pQ ..,, —1⁰² . — oc. as 
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thoſe triangles muſt be ſimilar (Euc. 6. 6.) and there- 
fore the other ſides alſo proportional, that is, PO 


(CO): AO: : BP: AP; whence (by the ſecond fle 
BU: AC: : BP: AP. Q. E. D. , che 


PROBLEM XXII. 
The ſegments of the baſe, and the ratia of the ſides being 


given, to determine the triangle. 


CONSTRUCTION. | 
Let AQ, and QB be the ſegments of the bafe ; and 


let the whole baſe AB be divided at C, in the given 
ratio of the ſides; 


take CO to AC, 
as BC to AC — 
BC, and with the 
radius CO de- 


icribe the circle 199 e e — 

88 2 OM bY 15 0 9 

erpendicular to , meeting the periphery in P; 

Nun A, . and B, P; then will ABP be the 8 

required. The demonſtration of which is manifeſt from 

the preceding lemma. 
Method of calculation. 

Since the ratio of AC to CB, and the length of the 

whole line AB are given, thence will AC and CB be 
lv OC AC x BC c 

given, and conſequently | [Y) from 

whence 
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whence the Ea Fe, = TTX DO ) is 


Itkewiſe given. 


PROBLEM XXIII. 


Having the baſe, the perpendicular, and the ratio of the 
fides, to deſcribe the triangle. 


CONSTRUCTION. 
Let the baſe AB be divided at C, in the given ratio 
of the ſides, and let the circle CPD be deſcribed as in 
the laſt problem; 
P RDP in OR, perpen- 
. dicular to AD, 
take On equal 
to the given per- 
pendicular, and, 
i BEEN thro' , draw PP 
A 1 2 5 8 to AD, 
cutting the periphery of the circle 1 in Þ join P, A and 


P, B, and the thing is done. The truth _f this is alſo 
evident from the preceding lemma. 


Method of calculation. 


Upon AD let fall the perpendicular PQ, and join 


O, PF: thed POT= 22 2 1185 will be given; there- 


fore, in the triangle OPQ, are given OP and PQ, from 
whence not only OQ , but AQ and BU are alſo given. 

Note. The paralle] PzP cutting the circle in two 
points, ſhews that this problem admits of two different 
ſolutions, 


PROBLEM XXIV. 
The difference of the ſegments of the baſe, the perpendi- 
cular and the ratio of the ſides being given, to conſtruct the 
triangle, 


CONSTRUCTION. 


Let AB be the difference of the ſegments of the baſe 

( ee the laſt figure) and let every thing be done as in 
e preceding problem: take Qb = QB, and join P, 5; 
ud. will Al be the triangle required The reaſons of 
3 which 
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which are obvious from what has been ſaid already; 
and the numerical ſolution is alſo evident from the laſt 


PROBLEM XXV. 
The ratio of the ſegments of the baſe, the perpendicular, 
and the ratio of the ſides being given, to conſtruct the tris 


angle. | 
CONSTRUCTION. 
Draw any right-line ABC at pleaſure, in which take 
AE to EB in the given ratio of the ſides, and AF ta 


TS 


() 


PAs. PBT | 
FB in the given ratio of the ſegments of the baſe, and 
make FQ perpendicular to AB, and equal to the given 
height of the triangle; make alſo EC: AE : : BE: AE- 
BE, and with the radius CE deſcribe the circle ERS, and 
from the point R where it interſects the perpendicular 
FQ draw RA and RB, and draw QP and QT parallel 
to RA and RB; then will PT be the triangle that 
was to be deſcribed. | 

DEMONSTRATION. 

By the foregoing lemma, AR: BR:: AE: BE; 
therefore, by reaſon of the parallel lines, it wil} be 
QP : QT (:: RA: RB): : AE: BE. And, for the 
ſams reaſon, PF: TF:: AF: BF. QE. D. 

Method of calculation. 
Having aſſumed AB at pleaſure, there will be given 


BE, AE, BF and CE (= 8 whence RF 


| problem. 


C 


 (=vEFxCE + CF) is alſo given; then, in the 


right-angled triangle BRF, oY be given both the 155 
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BF and RF, whence the angle B is given; laſtly, in the 
triangle FQT will be given all the angles and the fide 


FO, whence QT and TF will be given, and conſe- 
quently PQ and FP. | 


PROBLEM XXVI. 


To divide a given angle ABC into two parts CBF, ABF, 
ſo that their ſines may obtain a given ratio. 
CONSTRUCTION. 
In BA, and CB produced, take BE and BD in the 
given ratio of the fine of CBF to the fine of ABF; 


As 


draw DE, and parallel 
thereto draw BF, and 
the thing is done, For, 
by trigonometry, BE : 
BD : : the fine of D 
(= CBF) : the fine of 
BED (ABF). Hence 
the numerical ſolution is 
C alſo evident; ſince it 
will be, as the ſum of 
BE and BD is to their difference, ſo is the tangent of 
half the given angle ACB to the tangent of half the 
difference of the two required parts FBC and FBA. 


PROBLEM XXVII. 


To divide an angle given into twa parts, fo that their 
tangents may be to each other in a given ratio. 


CONSTRUCTION. 


Take any two right lines AD, BD, which are in the 

C ratio given, and upon the whole 
compounded line AB let a ſeg- 
ment of a circle BCA be de- 
ſcribed, capable of the angle 


ar to AB, meeting the peri- 
hery in C, and draw AC and 
C, then will ACD and BCD 
D B be the two angles Oy: 

e 


Fr make DC perpendicu- 
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The reaſon of which is evident, at one view, from the 
conſtruction. The method of ſolution is alſo very eaſy; 
for it will be, as AB is to AD — DB, ſo is the fine of 
ACB to the fine of B — A (ſee Problem 4.) whence B 
and A, and alſo BCD and ACD are given. 


PROBLEM XXVIII. 
To divide a given angle ABC into two parts, ſo that 
their ſecants may obtain a given ratio. | 
CONSTRUCTION. 


Take BE to BT in the given ratio of the ſecants; 
join T, E, and let BF be drawn perpendicular to 


B 7 5 e 
ET, and the thing is done. The truth of which is 
manifeſt, from the conſtruction. 


Method of calculation. 


The angle EBT and the ratio of the ſides BE, and 
BT being given, the angles E and T will alſo be given, 
T 


0 and conſequently their complements EBF and F 

4 PROBLEM XxIx. 

4 From a given point O, to draw a right-line OF, to cut 
te two right-lines AC, AB, given by poſition, ſo that the 
5k parts thereof, OE, OF, intercepted between that point and 
oh theſe lines, may he to one another in a given ratio. 

nd CONSTRUCTION, | 

D From O, through A, the point of concourſe of BA 


ed. and CA, let OAD be drawn, in which take AD to AO 
he . in 
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in the given ratio of FE to EO, and draw DF parallel 


O 


to AC, cutting AB in F; join F, O, and the thing is 
done; as is manifeſt from Euc. 2. 6. 


Method of calculation. 


Since the point O and the lines AC and AB are 
given by poſition, OA and all the angles at the point 
A are given; therefore, from the given ratio of AD 
and AO, AD will be given likewiſe; then in the tri- 
angle DAF will be given AD and all the angles (be- 
cauſe FDA = CAO); whence AF is alſo given, 


PROBLEM XXX. 
To divide a given arch CD into two ſuch parts, that 
the rectangle under their ſines may be of a given mag- 


nitude. 
CONSTRUCTION: 

D pon the radius OC let fall the perpendicular DF, 
| in which (pro- 
duced if need be) 
take FG = ZOC, 
and thereon con- 
H ſtitute a rectangle 
F. FIHG equal to 
the given rect» 
angle; * * 
— — C poſing HI to cu 
O 1 1 the Sen 
in E, draw QB to biſect DE; then will CB and DB 
de the parts required, DE- 
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DEMONSTRATION. 

Draw CM, and DNE perpendicular to the radius 
OB, and Nu and Ee perpendicular to DF. 

It is evident, by conſtruction, that the triangles OCM, 
and DNz are ſimilar (becauſe Nu is parallel to CO, 
and ND to CM) therefore OC: CM : : DN: Nu 
(=ZEe), and conſequently CM x DN = OC x ZEe 
= 1OC x Ee = FG x Ee = the given rectangle by 
conſtruction. ©, E. D. 

Method of calculation. 

Dividing the meaſure of the given rectangle by half 
the radius, FI will be given, which added to OF, the 
co- ine of CD, gives the co-ſine (OI) of CE, the dif- 


ference of the two parts; whence the parts themſelves 
will be known. ä 


PROBLEM XXXI. 


Having the ratio of the ſines, and the ratio of the tangents 
of two angles, to determine the angles. 


CONSTRUCTION. 
Let AD be to ED in the given ratio of the fines, and 
AD to FD in the given ratio of the tangents ; and 
about the center D, with the interval DE, let the ſemi- 


H 
, SE 
A EY 5 Yi. 


circle ERK be deſcribed ; and, upon AF, deſcribe an- 
other ſemi-circle, cutting the former in H, and through 
H draw AR, and join H, D; then will DHR and DAR. 
be the two angles required. 
DEMONSTRATION, 
oin F, H, and draw DQ perpendicular to AR, 

he angle AHF, ſtanding in a ſemi-circle, being a 

right one, the lines FH and DQ areparallel (by Euc. 27. 1.) 


2Z 3 and 
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and therefore AD: FD : : AY HQ : : tang.. of 
DHQ : tang. DAQ. Likewiſe DA: DE (DH): 
fine of DHQ. : fine of DAQ, as was to be ſhewn. 


| Method of calculation. 

If AR be ſuppoſed to meet the priphery in R, and 
RN be drawn parallel to HF, meeting AK in N; then 
will DN = DF,, and AN: AR: : AF: AH; but 
(by Euc. 37. 3-) AR; AK : : AE: AH; whence, by 
compounding the terms of theſe two proportions, &. 
AN: AK : : AF x AE: AH“; whence AH, as well 
as AD and DH, being known, the angles A and K 
will alſo be known. 


PROBLEM XXXII. 
To draw from a point A in the circumference of a given 
circle, two ſubtenſes AB and AD, which ſhall be to one 
another in the given ratio of m to n, and cut off tw» 


arches AB and ABD, in the ratio of 1 to 3. 


CONSTRUCTION. 


Draw the diameter AH, 
and take the ſubtenſe AQ, 
in proportion thereto, as 
n— m to 2m; from the 
center O draw OB paral- 
lel to AQ, meeting the 
age arr in B; join A, 

„and make the ſubtenſes 
BC and CD each equal 
to AB, and draw AD, and 
the thing is done. 


DEMONSTRATION. 


by 


Join H, Q, and draw BE and CF perpendicular to 


AD. 2 

The angle AOB (QAH) at the center, ſtanding up- 
on the arch AB, is equal to the angle BAD at the cir- 
cumference, ſtanding upon double that arch ; therefore, 
AQ being equal to AEB or a right angle ( Euc. 31- 3. 
the triangles AQH, AEB muſt be equiangular, and 
conſequently AB; AE; ; AH: AQ; but, by con- 
| | | / ſtructions 
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ſtruction, AH : AQ: : 2m : „ m, whence AB: AE 
:: 2m: n m, or AB: 2AE: : 2m: 2n—2m; there- 
fore 3 companies! AB: AB + 2AE (::2m:2n):: 
m: n. But AB being = BC = CD, EF is =BC= AB, 
DF = AE, and AD =2AE + AB. Hence AB: AD 
:: n. Q. E. D. 


Method of calculation. 
Let AP be perpendicular to OB; then, becauſe of 
the ſimilar triangles OAP, AHQ,, it will be as AO: 
OP (:: AH: AQ): : 2m: n—m (by conſtructiun) 


— 1 AO: BP = AO—OP) _ 


therefore OP = 2 
2M 


— A and conſequently AB(V2AO x BP) = 


N 2 x AO; whence AD is alſo given. 


m 
PROBLEM XXXIII. 
The area and hypothenuſe of any right-angled plane tri- 
angle being given, to deſcribe the triangle, 
CONSTRUCTION, 


Upon the given hypothenuſe AB, as a diameter, let 
the ſemi-circle ACB be deſcribed, and upon OB, equa! 
to half AB (by Euc. 41. 1.) conſtitute the rectangle OE 


| - ce. ©. ROOT") 
| | 


| 


f , WIIEEEwD 


equal to the given area of the triangle, and let the ſide 
thereof, EF, cut the periphery of the circle in C; 
join A, C, and B, C, and the thing is done. 5 

Z 4 DEMON- 
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DEMONSTRATION. 

The triangle ABC, ſtanding upon the whole diameter 
AB, is equal to the rectangle OE, of the ſame altitude, 
ſtanding upon half AB (by Euc. 41. 1.) which laſt (by 
conſtruction) is equal to the area given. 

Method of calculation. 

Join O, C, and let CD be perpendicular to AB; 
then it will be, as AO* (AO x OC) : AQ x DC 
(:: OC: DC) : : radius: fine of DOC; which, in 
words, gives this theorem. 


As the ſquare of half the hypathenuſe of any rigbt- 
angled plane triangle is to the area, ſo is the radius to the 


fine of double the laſſer of the two acute angles. 


N. B. Since no fine can be greater than the radius, it 
is plain, that, if the ſquare of half the hypothenuſe be 


not given greater than the area of the triangle, the pro- 
blem will hecome impoſſible; in which caſe the ſide EF, 


inſtead of cutting, will paſs quite above the circle, 


PROBLEM XXXIV. 
To deſcribe a right-angled triangle, whoſe area fhall le 


equal to a given ſquare, and the ſum of its two legs equal to 
4 given right-line AB. | | 


CONSTRUCTION, 
Upon AB let a ſemi- circle be deſcribed ; make ACD 
- = half a right an- 
= E IP gle, and CD S twice 


| (PQ) the ſide of the 
given ſquare; draw 

Il DE parallel to AB, 
meeting the circum- 
| K C — | 05 3 E, and EF 
A. perpendicular to AB, 
8 interſecting AB in F, 
in which produced 
fake FG = FB, and draw AG ; ſo ſhall AFG be the 


triangle requited. 
DEMONSTRATION. 


It is evident that AF+FG=AB ; and alſo that the 
area 


al. - " TMJ r _— aw 
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area AFG = IAF x FG = TAF x FB = #FE* (= 
DH) =:4CD* = PQ*. Q.E:D: 
Method of calculation. 

If the radius CE be drawn, in the right-angled tri- 
angle CEF, there will be given CE (= ZAB) and 
EF“ (= 2PQ?) whence CF (= ViAB* — 2PQ?) 
will be known, and, from thence, both AF and FG. 


LEMM A. 
The area of any right-angled triangle, ABC, is equal 
to a rectangle under half its perimeter and the exceſs 0 


that half perimeter above the hypothenuſe, or longeſt fide. 


DEMONSTRATION. 

In the propoſed triangle let the circle EGF be in- 
ſcribed, and from the center D, to the angular points 
A, B, C, and the points of contact, E, F, G, let the 
right-lines DA, DB, DC, DE, DF, and DG be drawn. 
It is plain that the ſum of the three triangles ADB, 
BDC, and ADC, is 
equal to the whole 
triangle ABC ; but 
the triangle ADB is 
equal to the rect- 
angle ZAB x DG; 
and ſo of the reſt; 
therefore the ſum of 
the rectangles ZAB 
3 + 725 * | 
| + zAC * 

DE is equal to the & 9 
whole triangle ABC; but the ſum of theſe rectangles 
(by Euc. 1.2.) is equal to the rectangle under half the 
periineter AB + BC + AC and the ſemi- diameter 
DG, which laſt rectangle is, therefore, equal to the 
triangle given. But the angles E and G being right 
ones (Euc. 17. 3.) and the fide AD common, and alſo 
DE equal to DG, thence will AE = AG (BEuc. 47-1.) 
And in the fame manner will CE = CF; conſequently 
AC (AE + CE) will be = AG + CF; whence it 
| appears 
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appears that the hypothenuſe is leſs than the ſum of 
the two legs by BG + BF, or twice the radius of the 
inſcribed circle, and therefore lefs than half the peri- 
meter by once that radius, or DG : whence the propo- 
ſition is manifeſt, 


PROBLEM XXXV. 


The perimeter and area of a right-angled triangle being 
given, to deſcribe the triangle. 


CONSTRUCTION. 
Make AB equal to the given perimeter, which biſect 
in C, and upon AC let a rectangle ACDE be con- 
ſtituted equal to the given area; take CF = CD 


1H 
WM 3 
Pg | 
A — WK » IK "7" 


and, from F through D, draw the indefinite line FH, 
to which, from B, apply BI = AF; then, upon AB 
let fall the perpendicular IK, ſo ſhall BIK be the tri- 
angle that was to be conſtructed, 


DEMONSTRATION, | 
Since (by conſtrudtion) CD is = CF, therefore is IK 


= FK, and conſequently IK + IB + BK = FK 
+ AF + BK = AB. Again, the exceſs of the half 


perimeter AC above the hypothenuſe BI (AF) being = 
CF = CD, it is evident (from the premiſed lemma) that 
the area of the triangle will be = ACDE = the given 
area by conſtruction. Q. E. D. | 


Method of calculation. 
Dividing the area by half the perimeter, CD (= CF) 
will be given; then, in the triangle BFI, will be given 
BF, BI, and the angle F (= 45*) ; whence the angle 
B will alſo be known, and from thence BK and 51 


Ji 
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PROBLEM XXXVI. 


To make a right-anghed triangle equal to a given ſquare 
ABCD, whoſe 7 des ſhall be in arithmetical progreſſion. 


CONSTRUCTION. 


3AB 
In AB produced, take BF = = > and upon AF 


deſcribe the ſemi-circle AEF, cutting BC produced 


* = F Q 
4EB 
n E; take BQ = == Z join E, Q, and the thing 28 


done. 
DEMONSTRATION. 
Since, by conſtruction, (8: BE ::4:% Inns 
will B: BE*: : 16: 9, and 5 + BE* : BE*: 
+9 (25) : 9, that is, OG BE“: : 25:9 (Euc. 47. I. ” 
whence EQ: BE: 3 (FZuc. 23. 6.) therefore the 
ſides BE, BQ and EQ? being to one another in the 


ratio of the numbers 3, 4, and 5, are in arithmetical 
progreſſion. And, becauſe BQ is = W will 
EB x BQ. 2EB* 2BE x AB 


h = n—_— Af Q.E.D. 

2 3 3 — 
Method of calculation. 

Seeing BF is = * „BE (V AB x BF) will be = 


AB v3; whence 40 250 nd EQ (is 


likewiſe given, 


) will be 


PR O- 
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PROBLEM XXXVII. 
In a given circle CIHK, to deſcribe three equal circles 
E, F and G, which ſhall touch one another, and alſo the 
periphery of the given circle. 


CONSTRUCTION. 


From the center C let the right lines CH, CI and 
CE be drawn, dividing the periphery into three equal 
parts, in the points H, I and K; join I, K, and in 
CK produced take KL = IIK; draw IL, and paral- 


lel thereto draw K F meeting CI in F; make HE and 
KG each = IF, and upon the centers F, E and G, 
through the points, I, H and K, let the circles Frl, 
EmH, and GK be deſcribed, and the thing is done. 


DEMONSTRATION. 


Draw FE, FG and EG. | 
Becauſe {by con/irudiom) HE, IF, and KG are equal, 
CE, CF, and CG will likewiſe be equal, and FG pa- 
rallel to IK (by Euc 2. 6.) and therefore, KF bein 
parallel to IL (by conſtruction) the triangles IKL — 
FGK are equiangular ; whence, IK being = 2K L, 
FG is =2GK (2Fr) (Zuc. 4. 6.) whence it is mani- 
feſt that the circles F and G touch cach other, 
3 More- 


SS A. ˙ 0— af „ 
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Moreover, the angles ECF, ECG and FCG, as 
well as the containing ſides CE, CF, and CG being 
equal, EF, FG, and EG muſt alſo be equal (by Euc. 4. 1.) 
and therefore EF or EG 2FI or 26K; whence it is 
evident that the circles E, F and E, G alſo touch one 
another. But all theſe circles touch the given circle, 
becauſe they paſs through given points H, I, K in its 
periphery, and have their centers in right lines joining 
the center C and the points of concourſe. 


Method of calculation. 

In the triangle FGK we have given the angle FGK 
(150 and the ratio of the including ſides (viz. as 2 
to 1) whence the angle FK G will be given; then in 
the triangle FCK will be given all the angles and the 
ſide CK, whence CF and alſo FI will be given. But, 
if you had rather have a general theorem for expreſſing 
the ratio of FI to CI, then let EC be produced to meet 
FG in r. Therefore, the angle FC being = 402, 
Cr will be = 3CF; whence (by Euc. 47. 1.) Fl or 
Fr (/FC* — Cr*) is = FC x V4, and therefore CI 
= FC + FCV3; conſequently CI : FC 71 + V2: 12 
whence, by diviſion, CI: FI (:: 1 4 VA: Y): 57 
411 1. 


PROBLEM XXXVIII. 


In a given cireh CEAG to deſeribe five equal circles 
K, L, M, N and O, which ſhall touch one another, and 


the circle given. | 


CONSTRUCTION. 
Let the whole periphery EGH be divided into five 
equal parts, at the points E, F, G, H, and I (by Euc. 
11. 2.) and draw CE, CF, CG, CH and CI; join G, 
H, and in CH produced take HP = GH; draw PG, 
and parallel thereto draw HM, meeting CG in M; 
take FL, EK, IO and HN, each equal to MG, and 
upon the centers K, L, M, N and O, let circles be 
deſcribed through the points E, F, G, H and I, and 
the thing is done. 
| The 


The demonſtration whereof is evident from the laſt 
propoſition: and in the ſame manner may 6, 8, or 10, 
Sc. equal circles be inſcribed in a given circle, to 
touch one another, 

The method of calculation in this, or any other caſe, 
will alſo be the ſame as in the laſt problem; for in the 
triangle MNH will be given the ratio of NM to NH 
(as 2 to 1) and the included angle MNH equal to 
126% 120% I1122?, or 1089, &c. 9 as the num- 
ber of circles is 5, 6, 8, or 10, &c. from which the angle 
MHN will be given; then in the triangle CMH will be 
given all the angles, and the fide CH, to find CM, 


PROBLEM XXXIX. 


The perimeter 75 a right-angled triangle, whoſe ſides 
are in geometrica 
triangle, 


CONSTRUCTION. 


Upon AC, equal to the given perimeter, deſcribe the 
ſemi-circle ABC, and let AC be divided in D, ac- 
cording to extreme and mean proportion ; make DB 
perpendicular to AC, meeting the periphery of the 

5 | Circle 


progreſſion, being given, to deſcribe the 


„ „„ 
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circle in B, and having joined A, B and C, B, let 
AE and CE be 5 
drawn to biſect | 
the angles BAC, 
BCA; and, from 
point of interſec- 
tion E, let EF 
and EG be drawn | 
aralleltoBAand , © — — — . 
BC, cutting AC A. F D G C 
in F and G; then will EFG be the triangle that was 
to be conſtructed, 


DEMONSTRATION. 


Since (by conſiruction) AC: AD: : ADB: DC, there- 
fore is ACq: AC Xx AD: : AC Xx AD:AC x DC (by 
Euc. 1.6.) or ACq : ABg :: ABS: BCg (by Cor. to Euc. 8. 


6.) and conſequently AC : AB:: AB: BC; whence, 
the triangles ABC, F 


:: FE: EG. Alſo EF is = AF, becauſe the angle 

FEA (= EAB) S FAE; and in the very ſame man- 

ner is EG = GC; therefore EF + FG + EG (= AF 

+ FG + GC) = AC. Moreover the angle FEG 

i= ABC) is a right-angle, by Exc. 31. 3. Q. E D. 
Method of calculation. 

Becauſe (by conſtrudtion) AD (= V 5ACq—ZAC) = 
AC Vi — 2, thence is AB (VAC x AD) = AC 
x VE — , and BC (TN CD = AD) = 

Wr Ps 
AC x — : but, by reaſon of the fimilar tri- 


angles ABC, FEG, it will be as AC + AB + BC 
(FG + FE + EG) AC:: AC: FG:: AB: FE 


:: BC: EG; or 26 VE —3+5+vVE:3:: 


AC: FG: : AB: FE ; : BC: EG; whence FG, 


FF, and EG are given. 
PR O- 


EG, being equiangular, FG : FE. 
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PROBLEM XI. 
To draw a right-line PQ to touch two circles C and O, 
given in magnitude and poſition. 


CONSTRUCTION. 
Upon the line CO, joining the centers of the given 
circles, deſcribe the ſemi- circle CDO, in which inſcribe 
CD equal to the difference of the ſemi-diameters CF and 


L 


Q B — 
CR of Þ 
=) | 


OE ; and from the point B, where CD produced meets 
the periphery BF, draw PB perpendicular to CB; then 
will BP touch both the circles. 


DEMONSTRATION. 
Join O, D, and draw OA perpendicular to PQ. 
The angle CDO, ſtanding in a ſemi-circle, is right; 
therefore, the angles B and A being both right ones, 


— — Q —ꝛ— ꝗ -lw1lIlIll „„ 


by conſtruction, the angle AO D muſt alſo be right, t] 
and the figure DOAB a rectangle, and conſequently cl 
AO = BD = BC - CD = CF — CD = OE (by con- li 
| ftruftion). Wherefore, ſeeing CB and OA are reſpec- fit 
tively equal to CF and OE, and both the angles A and be 
B right ones, it is evident that the right line PQ m 
| touches both the circles. Q. E. D. an 
| The numerical ſolution of this problem is extremely al 


eaſy; for, ſince the two ſides CO and CD of the right- 
angled triangle CDO are both given, the angles DCO 
and AOC, determining the points of contact B and A, $02 
are from thence given, at one operation. 
But if it be required to draw a right-line (ab) to 
touch both circles, and to paſs between the centers 5 tin 
an 
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and O; then, inſtead of taking CD equal to the dif- 
ference of the ſemi=diameters CF, OE, let Cd be taken 
equal to their ſum; and the reſt of the proceſs will be 
exactly the ſame. 
PROBLEM XLI. ; 

To draw a right-line AD througb two circles GAE, 
HCSR, given in N and poſition, ſo as to cut off 
ſegments thereof, ARBm, CT Dn, equal reſpectiuely to 


two given ſegments EQFa, SPRô. 
. CONSTRUCTION; 
Upon the ſubtenſes EF, SR, from the centets G and 
H, let fall the perpendiculars GQ,and HP; and from 


77 


the ſame centers, at the diſtances GQ, HP, let tub 
circles GQ K, HP T be deſcribed ; then draw a right- 
line AD to touch both theſe circles, by the laſt propo- 
fition, and the thing is done; for the lines FE, AB 
being at the ſame diſtance from the center G, the ſeg- 
ments cut off by them muſt conſequently be equal : 
and, in like manner, the ſegments SPR, CT Du, are 
alſo equal. | 
Ln PROBLEM XLII. X 
To deſcribe the circumference of a circle through a given 
point P, to touch two r1ght-lines AB, AC, given by poſition. 
CONSTRUCTION. 5 
Join A, P, and biſect the angle BAC, with the right- 
line AK, and, from any dein Q in that line, draw QT 
| a a 
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perpendicular to AC; then, from Qto AP, draw QS 
= QT; draw likewiſe PO parallel to SQ, meeting 


B 


W 


- 
*% 


. 
D 


N 


0 


AK in O ; and from O, as a center, with the radius 
OP, deſcribe the circle PKF, and the thing is done. 


DEMONSTRATION. 

Let OH' be perpendicular to AC, and OW to AB; 
then, by reaſon of the parallel lines, it will be QS: 
OP (:: AQ: AO) :: QT : OH; whence, as QF 
= QS, OH will be = OP; and therefore the cir- 
cumference PKF will paſs through the point H, and 
fo, AHO being a right-angle, AC muſt touch the 
circle in that point. Moreover, the triangles AOH 
and AOW being equiangular and having one fide 
common, OW will therefore be = QH, and the circle 
alſo touch AB in the point W. 2. E. D. 


Method of calculation. 5 
Having aſſumed AQ at pleaſure, there will be given, 
in the triangle AQ, all the angles and one fide, 
whence. QT (= QS) will be given: then, in the tri- 
angle AQS, will be given AQ, Qs, and the angle 
QAS, whence the angle AQS (= AOP) will be given- 
Laſtly, in the triangle AOP will be given all the angles 

and the fide AP, whence AO and PO will be given. 


Say, as the fine of OAH ; radius (:: OH: OA Z 5 
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OP: OA) : : the fine of OAP : fine of OPA; then, 
in the triangle AOP will be given all the 1. 4 and 


the ſide AP, whence the other ſides AO and OP will 
be found. | | 
PROBLEM ALIII. : 
To K be the circumference of a circle through two given 
points D, G, to touch a right-line AB, given by poſition. 
CONSTRUCTION. We 
Draw GD, and biſect the ſame by the perpendicular 
FC, meeting AB in 
C; join C. and 
4.8 FP perpendi- x {2 5 
cular to AB; and, 8 a Wo 
hots F to CD, pro- | | 
uced, draw FS = D | 
FP; make DH pa- 12 1 
rallel to FS, and "iy Q 
from H, the inter- | No 
ED of CF and 3 | 
H, with the radius 
DH, deſcribe the A T C B 
circle HDQ, and the thing is done. 


DEMONSTRATION. 

Join H, G, and draw HT parallel to FP, meeting 
AB in T; then becauſe of the parallel lines, it will 
be, FS: HD (:: CF: CH): : FP: HT; wherefore, 
as the antecedents FS and FP are equal, the conſe- 
quents HD and HT muſt likewiſe be equal; and there- 
fore ſince HT is perpendicular to AB, the circumfer- 
ence of the circle will touch AB in T; and it will alſo 
paſs through the point G, becauſe the two -triangles 


DFH, GFH, having two ſides and the included angles 


equal, are equal in every reſpect. Q. E. D. 
Method of calculation. 


— 


The angle FCA, and the numbers expreſſing FC 


and DG being given, in the triangle CFD will be 
given (beſides the right-angle) both the legs CF and 
FD, whence CD and the angle FCD will be known ; 


A a 2 > then. 


F 
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then it will be, as the ſine of FCA (TCH) : radius 
(:: TH: CH:: DH: CH) : : the fine of HCD: the 
ſine CDH; therefore in the triangle HCD there will 


be 5 all the angles and the ſide CD, whence CH 
an 


HD will be known. 


PROBLEM KXLIV. 
Having given AB, and alſo AD and BG, perpendicular 
to AB; to find a point T 54 AB, to which if two right- 
lines DT, GT be drawn, the angle DTG, formed by 
thoſe lines, ſhall be the greateſt poſſible. 


CONSTRUCTION. 


Deſcribe, by the laſt problem, a circle GDQ, that | 


ſhall paſs through G and D and touch AB, and the 
point of contact T will be the point required. 


DEMONSTRATION. 
Join G, T and D, T; and from any other point 
R in the line AB, draw RG 
and RD; alſo, from the 
point Q where GR cuts the 
circle, draw QD: then, the 
* GQD, being exter- 
nal with regard to the tri- 
angle DR, will be greater 
than GR D; therefore GTD, 
| Q 2 rn Q I 5 * 
with „ Wi e alſo 
AR FT CB greater than GRD. 2. E. D. 


. Method of calculation. 

Draw DE parallel to AB; then in the triangle GDE 
will be given DE, EG (= BG — AD) and the 70555 
angle DEG, whence the other angles EDG, EGD, 
and the ſide DG will be found; then in the triangle 
CFP, ſimilar to GD E, will be given all the angles and 
the ſide FP (= .O) whence FC will be given; 
from which, by proceeding as in the laſt problem, all 
the reſt will be found. 55 


r ao om... .Þ. 
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PROBLEM XLV. 1 
To deſcribe a circle, which ſhall touch two right-lines 
AB, AC, given in poſition, and alſo another circle O, 
given in magnitude and poſition. | 
CONSTRUCTION. | 
Let the angle CAB, made by the concourſe of the 
two lines, be biſected by AK; and, from any point 
P in this line, let fall PQ perpendicular to AB, which 
produce to R, ſo that QR may be equal to the ſemi- 


C 
e 
2 | | 
7 / | 


2 


@ 8 . 


D 

diameter of the given circle; and through R, parallel 
to AB, draw HM, meeting KA produced in H; draw 
HO, to which, from P, draw Po = PR, and draw 
OE parallel to Pv, meeting AK in E, and cutting the 
periphery of the given circle in ; laſtly, from E, 
with the radius Er, deſcribe the circle ErK N, and the 
thing is done. 


DEMONSTRATION. 
Draw EG perpendicular to HM, cutting AB in F: 


then, by reaſon of the parallel lines, PR: EG (:: HP 

f : : HE) : : Pw : EQ; therefore PR being = Po (by 
eonſtruttion) EG and EO muſt likewiſe be equal ; from 

j which the equal quantities FG and Or being taken 


away, the remainders EF and Er will be equal; and 
| A a 3 there- 
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therefore the circumference KN paſſes through F; 
but it alſo touches AB in that point, becauſe EF (l 
conſtruction is perpendicular to AB; it likewiſe 
touches AC, becauſe AE biſets the angle BAC; 
laſtly, it.touches the circle O, becauſe the right-line 
OE joining the centers O and E, paſſes through the 
point 7, common to both peripheries. | | 


Method of calculation. 


Suppoſing AO drawn, and AS perpendicular to HM, 
in the triangle AHS (beſides the right angle) will be 
given AS (= rO) and the angle AHS (= EAF = 
1BAC) whence AH will be known; then in the tri- 
angle AHO will be given AH, AO, and the included 
angle, whence AHO and HO will alſo be given : then 
it will be, as the fine of EHG is to the radius (:: EG 
: EH: : EO: EH) fo is the fine of EHO to the ſine 
of EOH; therefore in the triangle HEO will be given 
all the angles and the tide HO, whence EO and EH 
are known alſo. | 


PROBLEM XLVI. 


To deſcribe the circumference of a circle through a given 
point P, ſo as to have given parts cut off by two right-lines 
AB, AC given in poſition. 


CONSTRUCTION. 

Let the ares to be cut off by AC and AB be ſimilar 
reſpectively to the arcs ab, bc of any given circle abcg, 
whoſe chords ak, bc ſubtend, at the center, any given 
angles agb, lc. Let the angle abc be biſected by bd; 
take, in AB and AC any two points, E, D, equi- 
diſtant from A; and, having drawn DE, make the an- 

te EDF = gba, CDR = gba, and BFR = gbc; then 

rom the interſection R of the lines DR and FR, with 
the radius RD, deſcribe an arch mSn, cutting the line 
AP in S, draw RS and ARK, andalſoPQ, parallel to 
RS, meeting AK in Q; then from the center Q, with 
19 radius PQ, deſcribe the cle KPI, and the thing 
is done. 


DEMON- 
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K 


0 
| DEMONSTRATION. 

Draw QH and'QG parallel to RF and RD, meetin 
AB and AC in Hand G. The angles BED and CD 
being equal, BFD will exceed CDF by twice EDF, 
or by twice gbd, that is, by as much as g exceeds gba, 
or laſtly, by as much BFR exceeds CDR ; therefore, 
ſeeing the whole angle BFD as much exceeds the 
whole angle CDF, ag the part BFR of the former ex- 
ceeds the part CDR of the latter, the remaining parts 
RFD and RDF muſt be equal, and conſequently FR 
= RD = RS. But by reaſon of the parallel lines it 
will be, RF: H:: RD: Q:: RS: QP; whence, 
the antecedents RF, RD, RS being equal, the conſe- 
quents QH, QG, QP, muſt be equal too, and the cir- 
cumference paſs through the points H and G; whence 
the ſolution is — 


Method of calculation. 

If two perpendiculars be conceived to fall from Q 
upon AB and AC, they will, it is plain, be in the given 
ratio of the fines of the angles QHI and QGL ; there- 
fore the poſition of the line AQK will be given (from 
A a4 rob. 


®. 
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Prob. 26.) by ſaying, as the ſum of the ſaid fines is to 
their difference, ſo 1s the tangent of half BAC to the 


tangent of half BAQ — CAQ. ; 

Again, it will be as fine QAH : fine QHA (: : QH 
A:: QP: QA) : : fine QAP : fine QPA; there- 
fore, in the triangle AQP, are given all the angles and 
one ſide AP, whence AQ and BQ will be found, 


PROBLEM LXVII. 
Having the three perpendiculars, let fall from the angles 
of a plane triangle on the oppoſite ſides, equal to three given 
right-lines KA, Ll, and Mm, to deſcribe the triangle. 


CONSTRUCTION. 
Draw the indefinite right line RS, in which take 
AB equal to K+: find a fourth proportional to Mm, 
LI, and K&, with which as a radius, from the center A, 


* 


OOO TIT 


* —— N 7 Y 


"#2533 2 . 
let an arch rCs be deſcribed; and from B, with the 
radius Li, let another arch be deſcribed interſecting the 
former in C; join A, C and B, C, and upon RS let 
fall the perpendicular QC, in which produced, take 
QP = L1, and draw PF parallel to RS, meeting AC, 
produced, in F, draw FG parallel to CB, and AFG 
will be the triangle required, | 


DEMONSTRATION. _ 
Draw FE, Ge and Av, perpendicular to the three 
fides of the triangle, 


99. 


The 
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The triangles ABC, AGF; AFE, AG9q; and GFE. 
Av, are equi- angular, by conſtruction; therefore Gy : 
FE:: A0. Ar: AB (K: AC (T) :: Mn 
: Ll; whence, as the conſequents FE and LI are equal, 
by conſtruction, the antecedents Ge and Mm muſt be 
equal likewiſe. Again, BC (L!) : AB (K) (:: FG 
AG) :: FE (Li): Av; and conſequently K = Ay, 
Q.E.D | 


Method of calculation. 
1 : Kt x L 
Since K4, Li, and Mm are given, AC (= Tag ) 


will be known then in the triangle ABC will be given 
all the three ſides, whence the angles are known; 
laſtly, in the triangle AFG will be given all the angles 
and the perpendicular EF, whence the ſides are alſo 
known, 


PROBLEM XLVIII. 

The poſition of three points, in the ſame right-line, being 
given, it is propoſed to find a fourth, where lines, drawn 
nd the former three, ſhall make given angles with each 
other. f | 

| CONSTRUCTION. | 

Let the three given points be A, B, and C: mak 
the angles ACE and 
CAE refpeCtively equal 
to the given angles 
which the lines drawn 
from B, A, and B, C 
are to make ; and let 
AE and CE meet in 
E; thro A, C and E, 
let the circumference 
of a circle AEC D be 
deſcribed, and, thro' E 
and B, draw EBD, 
meeting it in D, then 
will D be the point re- 
quired. 158 
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DEMONSTRATION, 


oin A, D, and C, D. | 
he angle EDA is equal to ACE, ſtanding on the 
ſame ſegment; and, for the like reaſon, is EDC = 


CAE. Q. E. D. 
Method of calculation. 


In the triangle ACE are given all the angles and the 

fide AC, whence AE will , given; then, in the tri- 

angle ABE, will be given the two ſides AE, AB, and 

the included angle, whence ABE and all the reſt of the 
angles in the figure will be given. 


PROBLEM XLIX. 


Three points A, B, C, being, any bu, given; to find 
« fourth, where lines, drawn from the former three, ſhall 
make given angles with one another, 


CONSTRUCTION, 


C Join the given points, 
\ and upon the right-line 
AB deſcribe a ſegment of 
a circle, capable of the 


iven angle which that 
D A B ſine is ta ſubtend; com- 
* leat the circle, produce 
A, and make the angle 
PD AQ equal to the angle 
which BC is to ſubtend, 
and let AQ meet the pe- 
riphery in Q; draw QC, 
cutting the ſame peripher 
in P; join A, P, and B. 
Q P, and the thing is done. 


DEMONSTRATION. 


The angle ABP is equal to the given angle which 
AB was to ſubtend (by n and the angles 
QAB and QPA, ſtanding upon the ſame ſegment, bein 
equal to each other, their ſupplements DAQ and BP 
muſt likewiſe be equal. Q. E. D. 


5 Method 
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| Method of calculation. 
Join B, Q; then, in the triangle ABQ will he given 
all the angles and the ſide AB, whence BQ and 250 
will be known; then in the triangle CBQ vil be — 


two ſides, and the included angle CBQ, whence the 
angle CQB, equal to BAP, will be known: laſtly, in 


the triangle AP B will be given all the angles and the 


fide AB, from which AP and BP will be found, 


PROBLEM L. 


To draw a right-line EG through a circle O, given in 
QG, give and poſition, which ſhall alſo cut a right-ling 
ven by poſition, in a given angle, and have its parts 
F, FG, intercepted by the circle and that right-line, in 

44 given ratio of the two rigbi- lines ab and bc. 


CONSTRUCTION. 
At any point B, in the right- line Q, make the angle 
A equal to the given angle, and through the center 


O, perpendicular 
to BA, draw DQ. Fg © 
x of 


een, BA in 
as 
72 


R, and CG in 
Q "bile ab in 
d, and in RB take 
Rp = =-bd, and pg 
== Af. and draw 

m and gn paral- 
Jel to DQ; from 
the point z, where 
95 * oe | 

raw AL paralle 
to BA, * /a:: of ; 6 e 
pm in ; through , wy 
the points Q and 2 
m draw Qn F, 

cutting the eriphery of the circle in F, and through F, 
parallel to BA, draw EFG, and the thing i is done, 


DEMONSTRATION. 


The lines GE, BA and aL, being parallel, the 2 
gles 
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les QGE, QBA, Sc. will be equal, and likewiſe 
F:FG:: LN: mn; but L (by confiruftion) is 
(= Rp) = db, and mn (= pg) = bc; therefore SF 
FG: : ab: bc, and conſequently EF (2SF) : FG 
: ab (26d) : be. Q. E. D. wh 
Method of calculation. 
Ln (de): Lm (db): : the tangent of LQz (the com- 
lement of the given angle QBR) : the tangent of 
Ln; therefore, in the * OQF, will be given 


one angle OF and two ſides, 1 „FO; whence, 
not only the angle SOF, but alſo SQ and SF will be 


known, . 

PROBLEM LI. | 
To apply, or inſcribe, a given right-line AD between the 
peripheries of two circles C and O, given in magnitude and 
poſition, ſo as to be inclined to the right-line To Joining 

- the centers in @ given angle. | 

CONSTRUCTION, | 

Make OCB equal to the given angle, and let CB be 
taken equal to the given line; upon the center B, 
with the radius of the circle C, let the arch Da be 


77 D 


deſcribed, cutting the circle O in D; then draw BD, 
and parallel thereto, draw CA, meeting the periphery 
in A; join A, D, and the thing is done. 
DEMONSTRATION, | 
Becauſe (by conſtruction) CA and BD are equal and 
parallel, therefore will AD and CB*be alſo equal and 
parallel (by Euc. 33. 1.) Q. E. D 
3 | Method 
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Method of calculation. 


In the triangle CBO are given two ſides CO. and 
CB, and the angle OCB, whence OB and the angle 
COB will be known; then in the triangle OBD will 
be given all the three ſides, whence all the angles, and 
conſequently DOC, will alſo be known, 


PROBLEM LIL 


From a given rectangle ABCD, to cut off a gnomon 
ECG, whoſe breadth ſhall be every-where the ſame, and 
whoſe area ſhall be juſt half that of the rectangle. 


CONSTRUCTION. 


In BA take BH equal to BC, or AD; and in 
DA produced take 
AP a mean-proporti- 
onal between BA and 
AD (ſo that AP“ 
may = the given area 
AGFE). FromP to 


the middle of AH BTR 7 

draw PO; make OE * 0 

= OP, and DG = | | 

BE; compleat the —_ — | C 

rectangle EAGF, and (+ D 

the thing is done. IIS 
DEMONSTRATION. 


If the ſemi-circle EPQ,, from the center O, be de- 
ſcribed, it is plain that AQ = EH = BH — BE = 
AD —DG = AG; and conſequently that AE x AG 
= AE x AQ = AP! (Euc. 13. 6.) Q. E. D. 


Method of calculation. 


In the right-angled triangle AOP are given AO 


B — BC I 
(===) and AP (=vFAEF BO); whence 


OP will be known, and from thence boch AE and AG. 
| PRO. 
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PROBLEM LIII. 

Three points A, B, C, being given, it it propoſed to 
find a fourth, P, from whonce lines, drawn to the thres 
former, ſhall obtain the ratio of three given lines, a, 6 and 
c, reſpectively. 

CONSTRUCTION. | 

Having joined the given points, take AF, in AB 
equal to @, and AI c; alſo make the angles AF 
5 and AlK e ual, 
each, to ACB j 
and from the cen- 
ters F and G 
with the radii 3 
and AK reſpec- 
tively, let two 
>|) arcs be deſcribed 
B interſecting in H; 


K 11 
F 


. 8 

— — . — from which point 
draw HF and HA; then draw BP to make the angle 
ABP = AHF, and it will meet AH (produced) in the 
point P, required, 

DEMONSTRATION. 

Let BP, CP, and GH be drawn, The triangles 
ABP, AHF, being equi-angular (by conſtruction) it will 
be AP: BP:: AF (a): FH (6); alfo AB: AP: : 
AH: AF; and AB: AC:: AG: AF (becauſe ABC 
and AGF are likewiſe equi-angular) whence it is evi- 
dent, ſince the extremes of the two laſt proportions are 
the ſame, that AP Xx AH=AC x AG, or AC: AP 
::AH: AG; therefore the triangles ACP, AHG being 
equi-angular (Exc. 6. 6.) we have AP: CP;: AG + 
GH (AK): : AF (4): Al (c). Q. E. D. 
| Method of caltulation. - 

In the triangles AFG, AIK are given all the angles 
and the ſides AF and Al, whence AG, FG, and AK 

(GH) will be found ; then in the Rouge FGH will 
de given all the ſides, to find the angle HFG; which, 
added to AFG, gives AFH (APB) from whence, and 
the two given files AF and FH including it, every 
thing elſe is readily determined. PRO 


a 
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PROBLEM LIV. 


Do deſcribe a triangle (ABC) ſimilar to a given one 
AMN, ſuch that three lines (AP, BP, CP) may be drawn 
from its angular points to meet in the ſame point (P) ſo as to 
be equal to three given lines AD, AF, and AK, reſpectively. 


CONSTRUCTION. 


Draw DE and KG, making the angles ADE 
and AKG, each, equal to the given angle N, and 


interſecting AN in N 
E and G 5 from the C 
centers and E | 

with the intervals E N 


AF and AG, let two | W 
arcs be deſcribed, G N II 


interſecting in H; 
draw AH, in which 
take APS AD; and 


from P, to AM and A K F D =: 

AN, apply PB and PC equal, reſpeCtively, to AF and 
AE, and let B, C be joined; ſo ſhall ABC be the tri- 

angle that was to be determined, 


The three lines AP, BP, CP, are, reſpectively, 1 
equal to the three given lines AD, AF, AK, by 1 
conſtruction ; we therefore have only to prove that 4 
the triangle ABC is fimilar to the given one AMN. 
Now ſuppoſing DH and EH to be drawn, it will be ( 
AP: PC (or AD: AK) :: AE: AG (EH); whence y 
the triangles APC and AHE will be equi-angular [ Euc. 1 
6. 6.) and conſequently AC : AH : : AP (AD) : AE | 
:: AN: AM (Euc. 5. 6.) : but the triangles ABP 
and ADH (having AP = AD, PB = DH (by con- 

uction) and the angle DAP common) are equal in 
all reſpects; therefore, by ſubſtituting AB in the room 
of AH, our laſt proportion becomes AC : AB:: AN 
AM; whence it is manifeſt that the triangles ABC 
and AM N are equi-angular, Q. E. D. 


Method 
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Method of calculation. 


In the triangles ADE, AK G, are given all the an- 
gles and the ſides AD and AK, from which AE, DE, 
and AG will be known; then in the triangle DHE 
will be given all the ſides, to find the angle EDH, 
which added to ADE gives ADH; from whence, and 
the two given ſides Acting it, AH (= AB) will be 


known. 
PROBLEM LV. 


In the triangle ace, beſides the angle c, are given the 
ſegments of the ſides ab and de, and the angles acb and dbe 
ſubtended thereby ; to deſcribe the triangle. 


CONSTRUCTION. 


Upon AB, equal to ab, let a ſegment of a circle be 
| deſcribed to contain an angle equal to geb; make the 


angle ABF = ace, BAn = abe, and the line BF =ed; 


2 3 
from the point u, where An cuts the periphery of the 
circle, through F, draw nFE, meeting the periphery 
inE; join A, E, and B, E, and draw EC parallel to 
BF, meeting AB, produced, in C; and then the thing 
is done. | 
DEMONSTRATION. 


Let BD be parallel to FE. 
Since the lines BD, EF, and ED, FB, are parallel, 
therefore is ED = BF (= ed), and the anglg ACE alſo 
= ABF (ace) Euc. 28, 1. Moreover, the angle BE* 
(DBE) 
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DBE) is equal to BAn (dbe), both ſtanding upon the 
ſame ſegment Bu. Q. E. D. 


Method of calculation. 

Join B, n; then in the triangle AB will be given 
all the angles and the ſide AB, whence Ba will be 
known; then in the triangle zBF will be given Ba, 
BF, and the included angle BF, whence BF: (CDB) 
and all the reſt of the angles in the figure will be known. 


PROBLEM LVL. 


To make a trapezium, whoſe diagonals, and two oppoſite 
fides, ſhall be dll of given lengths, and whereof the angle 
formed by the given ſides, when produced till they meet, 
hall alſo be given. 

CONSTRUCTION. 
Draw the indefinite right-line AC, and take therein 


AB equal to one of the two given ſides; make the angle 
CBG equal to 


the given an- 
gle, and letB G 
be made equal 
to the other 
given ſide; up- 
on the centers A 
and G, with in- 
tervals equal to 
the two diago- 
nals, let two 
arches be de- 
ſcribed, cutting 
each other in 
D; make DE 8 
equal, and parallel, to GB; join D, B, and E, A; 
then ABDE will be the trapezium required. 


DEMONSTRATION. 
Draw DG, DA and BE, and let BA an DE be 


roduced to meet each other in F. 
The lines BG and DE are equal, and parallel, by 
conſtruction ; therefore BE 3 -q DG, which laſt (% 


£0738 
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conſtruction) is equal to one of the given diagonals, as 
AD is equal to the other: moreover, the ſides AB and 
ED (BG) are equal to the given ſides, by conſtruction 


and the angle F is equal to the given angle CBG, be- 
cauſe DF is parallel to GB. Q. E. D. 


Method of calculation. 

Suppofe AG to be drawn; then in the triangle ABG 
will be given the two ſides BA and BG, and the included 
angle ABG, whence the fide AG and the other two 
angles will be known ; then in the triangle ADG will 
be given all the ſides, whence the angle AGD will be 
known, and from thence the whole angle BG; laſtly, 
in the triangle BGD will be given the two ſides BG 


and GD, and the included angle BGD, whence the 
ſide BD will likewiſe be known. 


PROBLEM LVII. 


The ſegments of the baſe AD, DB, and the line DC 
biſecting the vertical angle AC B of a Plane triangle being 
given, to deſcribe the triangle. | 

CONSTRUCTION. 


In AB, produced, take DO to AD, as DB to AD 


— DB and 
2_C from the cen- 
ter O, with the 


deſcribe the 
circle DCQ; 
alſo 9 the 
„ center D, at 
A 7 8-3.» Q the given diſ- 
tance DC, deſcribe the circle M Cn, and from C, the 
interſection of the two circles, draw CA and CB, and 
the thing is done. | 


DEMONSTRATION. 
Since DO: AD: : DB: AD — DB; therefore (by 


the lemma in p. 334.) AC: CB :: AD: DB: whence 
CD biſects the angle ACB (by Zuc. 3. 6.) Q. E. D. 


Method 
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Method of calculation, 
Draw CP perpendicular to AQ, | 
AD x BD 


Becauſe, by conſtruction, OD is = AD <BD? 


therefore will DQ = *. = = ; whence, by reaſon 


of the ſimilar triangles DCQ, DPC, it will be, as 


2AD x BD AD — BD V DC* 
Ab- DC:: DC: DP = ——5 Br” * |; wy. 


whence AC and CB are given, 


PROBLEM LVIII. 


Having given the baſe, the angle at the vertex, and the 
line drawn from thenee to biſect the baſe ; to conſtruct the 
tri ang le. LS 


CONSTRUCTION. 


Upon the given baſe AB 
deſcribe (by Prob. 4.) a ſeg- 
ment of a circle ADB ca- 
pable of the given angle; 
and, from the point F, in 
which the perpendicular 
DF biſects AB, with a ra- 
dius FC equal to the biſect- 
ing line, deſcribe Cm, 
eutting the periphery ACB 
in C; join A, C and B, 
C, and the thing is done. 
The demonſtration f 
which is evident from the conſtruction. 


Method of calculation. | 


From the center O let OA and OC be drawn; then 
in the triangle AOF will be given all the angles and 
the ſide AF, whence FO and OC (OA) will be known ; 
and in the triangle CFO will be given all the ſides, 
whence the angle FOC, and its ſupplement. DOC, 
expreſſing the difference of the angles at the baſe, will 


alſo be known, | 
Bb2 PRO- 
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PROBLEM LIX. x 


| The baſe, the difference of the angles at the baſe, and the 
line drawn from the vertical angle to biſett the baſe of any 
plane triangle, being given; to deſcribe the triangle. 


CONSTRUCTION. 
Upon AB, equal to the given baſe, let a ſegment of 


acircle AHEB be deſcribed to contain an angle equal to 


B OS A K the difference of the 


angles at the baſe; 
biſet AB in C, and 
take CD to AC in the 

duplicate ratio of AC 
to the given biſecting 
line KL; make CS 
and DI perpendicular 
to AB, cutting the 
circle in S and I; draw 
Al, cutting CS in G; 
and, through G, draw 
| the chord EGH paral- 
lel to AB; join A, E and A, H, and in Al take AN 
equal to KL; draw MNP paralle] to EH, meeting 
AE and AH in M and P; then will AMP be the tri- 
angle which was to be conſtructed. | 


DEMONSTRATION. | 
Since, (by conſirufim) CG is parallel to DI, and K Lg 
AC:: AC: CD; therefore (Euc. 4. 6b.) KLy : 
ACg::AG:Gl:: AGq: GI x AG: but GI x AG 
_ = EG x GH = EG ( Euc. 35. 3. and 3. 3.) therefore 
KLyq : ACg : : AGgq: EGꝗ; and e of. Ace KL: 
AC: : AG: EG:: AN: NM; but AN is (by con- 
ſiruction) equal to KL, therefore NM is = AC, and 
conſequently MP (2MN) = AB. Moreover the dif- 
ference of the angles at the baſe, P— M, is (= AHE 

— AEH) = AEB; which (by con/ſtrudion) is equal to 
the difference given. Q. E. D. 


Method of calculation. 
From the center O draw OA and Ol, alſo draw Iv 
parallel to EH, meeting OS in v: then it will be (by 
| con- 
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conſlruftion) as KL: ACq (:: AC: Iv): : the fine 
of AOC or AEB, the given difference of the angles at 
the baſe, to the ſine of SOI; which, added to AOS, 
ives AOI, whoſe ſupplement, divided by 2, will be 
IG; from whence OGl and its ſupplement OGA are 
given, and conſequently ANM (equal to AGE) ; then 
in the triangle ANM will be given AN, NM, and the 
included angle ANM, whence the angles M, A, P, 
will alſo be given. 


PROBLEM LX. 


The perpendicular, the angle at the vertex, and the ſum 
of the three ſides of a triangle being given; to deſcribe the 


triangle. 
CONSTRUCTION. 


Make AB equal to the ſum of the ſides, which biſe& 


in P, making PO perpendicular to AB, and the angle 
PAO equal to half the given angle at the vertex ; from 
the center O | 

with the radi- 

us OA deſcribe 

the circle AHB, 

and in OP, pro- 

duced, take PK 

equal to the 

given perpendi- 

_ cular, and draw 
KH parallel to 
BA, cutting the | 
circle in H; join A, H and B, , and make the angles 
BH F and AH E equal to HBF and HAE reſpeQively : 
then will EHF be the triangle required. ' 


DEMONSTRATION. 


Join O, B and O, H, and draw HQ perpendi ular 


to AB. 

The angle EFH is (= BHF + HBF = 2HBF (2y 
conſtruction) = HOA (Euc. 20. 3.) : and, in the ſame 
manner is FEH = HO; hence it follows that EFH 


+FEH (= HOA + HOB) = AOB; and, by taking. 


each of theſe equal quantities from two right-angles, 
ns b 3 we 
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we have EHF = OAB + OBA (Euc. 32. 1.) = 20AB 
= the given angle (by conſtruction). orcover QH is 
= PK = the given perpendicular ; and EH being = 
AE, and FH = BF (Exc. 6. 1.), EH + HF + EF 
will therefore be = AB = the given ſum of the fides. 


Gk. b. 
Method of calculation. 


In the triangle AOP are given all the angles and the 
fide AP, whence OP and AO (HO) are known; then in 
the triangle OHK will be given the fides OH and OK 
(OP + PK) whence HK will be given; next, in the 
triangle BH will be given QH and BQ (BP — HK) 
whence QBH, and its double QFH, will be given; laſtly, 
in the triangle EFH are given all the angles and the per- 
pendicular QH, whence the ſides will alſo be given. 

But the anſwer may be more eaſily brought out, by 
firſt finding, HOK, the difference of the angles ABH 
and BAH, as in the fifth Problem. 


PROBLEM LXI. 


The ſum of the three ſides, the difference of the angles 
a! the baſe, and the length of the line biſetting the vertical 
angle 4 any plane triangle being given; to deſcribe the 
triangle. | 

CONSTRUCTION. 


Make AB equal to the ſum of the ſides, which biſect 
in E by the perpendicular DE», and make the angle zEr 


1 D equal to half the 


iven difference 
DMN of the angles us 
8 | | the baſe, taking 

; \> Er equal to the 
Q P F B line biſecting the 
— vertical angle; 
through r . =D, 
Cur parallel to 
AB,cuttingDE# 
in n; draw nA, 
to which draw Ex = Er, and draw AD parallel to Em, 
meeting ED in D; and on the center P, at the diſtance 


O 
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of DA, deſcribe the circle ACB, cutting C in C; 
join A, C and B, C, and make the angle BCF = CBF, 
alſo make ACG = CAG, and let CF and CG meet 
AB in F and G; then will FCG be the triangle that 
was to be deſcribed. 


DEMONSTRATION. 


Upon Ag let fall the perpendicular CP; let CQ biſect 
the vertical angle GC F, and let DH be drawn parallel 
to Er, meeting Cr in H. Then, by reaſon of the parallel 
lines, it will be as Er: DH (: : En: Dn) :: Em: DA; 
whence, Er being = Em (by conſtruction) DH and DA 
are alſo equa], and the point H falls in the periphery of 
the circle : therefore the angle DH (Er) at the cen- 
ter, ſtanding upon half the arch HC, will be cqual to 
the angle HAC, at the periphery, ſtanding upon that 
whole arch, that is, equal to the difference of the an- 
gles ABC, and BAC ; but the angle GFC being double 
to ABC, and FGC double to BAC (ty conſtruction) the 
difference of (G3FC and FGC will be double to the dif- 
ference between ABC and BAC, and therefore equal 
to 2nEr (zu DH) the difference given. Moreover, be- 
cauſe GCQ = F CQ, 2PCQ will be the difference be- 
tween PCG and PCF, which muſt likewiſe be equal 
to 2u Er, the difference of their complements PG C and 
PFC; whence PCQ = zEr, and conſequently CQ = 
Er. Furthermore, ſince the angle ACG = CAG, and 
BCF = CBF, thence will CG = AG, and CF =FB; 
and therefore CG + GF + FC = AB. 2. E. D. 


Method of calculation. 


In the triangle Eur are given all the angles and the 
fide Er, whence En will be given; next, in the tri- 
angle AE will be given (beſides the right-angle) both 
the legs Ex and EA, whence the angle EnA is given; 
then it will be, as the radius to the {ine of DH or Ern 
(:: DH: Di:: DA: Dn) fo is the fine of DnA to 
the fine of D An, whence AD», the ſupplement of AC B, 
is alſo given ; from which all the reſt of the angles in 
the figure are given by addition and ſubtraction only, 

Bb 4 This 


376 The ConsTRucTION of 


This method of ſolving the problem, it may be ob- 
ſerved, requires three operations by the fines and tan- 
gents, but the ſame thing may be performed by two 
proportions only: for as Er: AE : : the ſecant of En 


to the tangent of ExA; whence all the reſt will be 
found as above. 


PROBLEM LXII. 


To reduce a given triangle into the form of another, or ts 
make a triangle which ſhall be ſimilar to one triangle, and 
equal to auother. 


| CONSTRUCTION. 

Upon the baſe AB of the triangle ABC, to which you 
would make another triangle equal, deſcribe ADB ſimilar 
5 to the trian- 
| 915 required; 
C E. raw CF pa- 
F rallel to AB, 
| meeting AD 
inF; take AE 
| a mean pro- 
| portional be- 
2 8 tween AD and 
HM A a G AF; and, pa- 
rallel to DB, Fe 2 ; then will AGE be the 55 

angle that was to be conſtructed. 


DEMONSTRATION, 


Let FR and DQ be perpendicular to AB; then the tri- 
ang. ADB: triang. Ac B:: DQ: FR (Schl. Euc. 1. 6.) 
: AD: AF. (RA. 4. 6.) :: ADT: AD x AF Hus. 
1. 6.) : : AD* : AE* (by conſtruction) :: triang. ADB 
triang. AEG (uc. 19. 6). Therefore, the antece- 
dents of the firſt and laſt of theſe equal ratios being 
the ſame, the conſequents AC B and AEG muſt neceſ- 
ſarily be equal. Q. E. D. 


Method of calculation. 


In the triangle ADB are given all the angles and the 
fide AB, whence AD will be given; next, in the tri- 
angle AFR will be given all the angles and the fide 


FR 
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FR (= CH) whence AF will be given; and then, AD 


and AF being given, AE = VAD x AF will alſo be 
given. f 


PROBLEM LXIII. 


To find a point in a given triangle ABC, from whence 
right-lines drawn to the three angular points, ſhall divide 
the whole triangle into parts (COA, AOB, BOC) hav- 
ing the ſame ratio one to another, as three given right- 
lines, m, n and p, reſpectively. | 


CONSTRUCTION. 


In CA and AB produced, if need be, take CE and 
AF, each equal to m + u + p, joining E, B and F, C; 


take Ce = m, 


Ac = n, and * * e 
draw eb and /, : W 7 — — 
parallel to EB : W 

and CF, meet- : 5 F 

ing the ſides of : . 

the given tri ji P 0 


angle in h and 
V; draw alſo 


bQ and P pa- : « 
rallel to AC ; N E 
and AB, and , 1 D 7 A 


at O, the in- 
ter ſection of theſe lines, will be the point required. 


DEMONSTRATION. 

Let 4H and BD be perpendicular to AC. The tri- 
angles CBE, Che, as alſo CBD, CH are ſimilar ; 
therefore, m (Ce): m + 2 + þ (CE) :: Ch: CB:: 
bH : BD : : the triangle AOC : triangle ABC. In 
the very ſame manner it may be proved, that the part 
AOB is to the whole triangle ABC, as » to m + un 
+p; whence it follows, that the remaining part BOC 
muſt be to the whole triangle, as p tom + n + þ; 
therefore theſe parts are to one another in the given 
ratio of , u, and p. Q. E. D. 


Meiſod 
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Method of calculation. 
4m +n+p:m:: AB: AQ 
Since mi+n+p:n::AC: Af (QO), 
both AQ and QO will be given from thence; then, in 
the triangle AOQ, will be given two fides and the in- 
cluded angle, from which every thing elſe will be known. 


PROBLEM LXIV. 

To divide a given trapexium ABCD, whoſe oppoſite 
fides AB, CD are parallel, according to a given ratio, by 
a right-line QM, paſſing through a given point P, and 
falling upon the two parallel ſides. 


CONSTRUCTION. 
Biſect AN inG, 
T and draw GH pa- 
9 

meetin 

G AP — Hin ; then divide 
of A P G in M, accord- 
— — ing to the given 
A F 18 K B ratio, and rough 
P M draw PQN, 


and the thing is done. 


DEMONSTRATION. 

Draw EMF and IHK parallel to AD, meeting DC 

and AB in E, I, K and F. a 
Becauſe of the parallel lines, we have GD = ME 
= HI, and AG = FM = KH; whence, as GD is 
= AG (by conſtruction) ME will be = FM, and HI = 
HK; and the triangle EMN will be = FMQ, and 
IHC = BHK (Fuc. 4. I.) whence it appears that the 
trapezium AQND is alſo equal to the parallelogram 
DF, and the trapezium QBCN equal to the parallelo- 
zram FI; but theſe parallelograms are to one another 
as their baſes, or as GM to MH (Euc. 1. 6.) ; there- 

fore GM: MH : : AND: QBCN. 2, E. D. 

Method of calculation. 

Whereas AB and DC are parallel, GH is an arithme- 
tical! mean between them, and therefore equal to ard 
their 


S 2 
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their ſum, Therefore, as the whole line GH and the 
ratio of its parts GM, MH are given, the parts them- 
ſelves will alſo be given. 


PROBLEM LXV. 

To cut off from a given trapezium ABCD, whoſe oppo- 
ſite ſides AB, CD, are parallel, a part AQND equal to 
a rectangle given, by a right-line paſſing through a given 
point P, and falling ro the two parallel fades. ¶ See the 
figure to the laſt problem.) 

. CONSTRUCTION. 

Biſet AD in G, and draw GH parallel to AB; 
upon AD (by Euc. 45. 1.) deſcribe the parallelogram 
ADEF equal to the rectangle given, and through the 
interſection of GH and EF draw PN, and the thing 


is done : The demonſtration whereof is manifeſt from 
the preceding problem, 


PROBLEM LXVI. 
To divide a given trapezium ABCD, whoſe fides AB 


and DC are parallel, into two equal parts, by a right-line 
parallel to thoſe ſides. 


CONSTRUCTION, 

Produce AD 
and BC till they 
meet in H, and 
make AG equal, 
and perpendicu- 
lar to HD; draw 
HG and biſe&t 
the ſame with 


HA take HE e- K 


Since HE* (= H = HP* + PO = 2HP* = 
HG?* _ HA* + AG* _ HA* + HD. 


2. 4 — 


8 2 — 9 ) is an arith- 


metical 
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metical-mean between HA* and HD?, it is evident that 
the triangle HEF will alſo be an arithmetical-mean 
between the triangles HAB and HDC (or ABFE = 
EFCD); becauſe thoſe triangles, being ſimilar, are to 
one another as (HE*, HA, HD!) the ſquares of their 
homologous fides. Q. E. D. 


Method F calculation. 
Since all the ſides and angles of the trapezium are 
ſuppoſed given, the ſide CD and all the angles of the 
triangle HDC will be given; therefore HD and AH 


— 


TT T I A? 
k. = 22 — „will 


alſo be given. But the ſame thing may be had without 
the angles; for, ſince DC is parallel to AB, we have 
AB — DC: AD: : DC: HD; whence HE will be 


given, as before. 


PROBLEM LXVII. 
To divide a given trapezium ABCD according to a 


will be known; whence H 


given ratio, by a right-line LH cutting the oppoſite ſides 


AC, BD in given angles. 
CONSTRUCTION. 


Produce the faid oppoſite fides till they meet in E; 


draw AD, and CF parallel to it, meeting BE in F; 


An divideBFin 
r, G, accord- 

7 * % ing to the 

F A C given ratio; 

ö K and, having 

5 X — made EAK 
H N equal to the 


: * % %. ; . 
—. Robto, Whats. 
SE” Ko 
is to make with AC, take EH a mean-proportional be- 
tween EG and EK ; then draw HL parallel to AK, 

and the thing is done. | 


DEMONSTRATION. 
By conſtruction, EG: EH: : EH: : EK :: EL: 
EA (Euc. 5.6.) whence it follows that EG x EA = 
E 


IF * N. 
DIRT; 


#8 
; 
4 

* 1 
I 


1 — — 12 1 24 
a * 4 
wn” x: F i — i , F 
1 4 2 1 % wa, +- J .# 
\. 4 wes Ct fy 2 2 * 2 ww 4.& 


* * "I 2 % 4 7 


N 
1 
; 


make B 
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EH x EL, and conſequently that the triangles EHI, 
and EAG are alto equal to each other (Euc. 15. 6.) 
from which taking away EDC, common, the remain- 
ders CDHL and CDGA will be equal likewiſe, and 
conſequently ALHB = AGB, being the differences 
between thoſe remainders and ACDB. But the tri- 
angle ADF is = ACD, ftanding upon the ſame baſe 
AD and between the ſame parallels; therefore (by 
adding AGD, common) AGF is alſo = CDGA {= 
CDHL); but AGF (CDHL): AGB (ALHB) :: GF 
GB {Euc. 1.6). Q. E. D. 
Method of calculation. 

In the triangles ABE and ABK are given all the 
angles and the fide AB, whence BE, BK, and EC will 
be known ; then, in the triangle EFC will be given 
all the angles and the fide CE, whence EF, and from 
thence FG and EG, will be known; laftly, from 
the known values of EK, EG, and EF, the valuc of 


FH (=vEG x EK — EF) will be found. 


6 PROBLEM LXVIII. 
Two right-lines AG and AH, meeting in a point A, 
being given by poſition ; it is required to draw a right-line 


un to cut thoſe lines in given angles, ſo that the triangle 


AnP, formed from therce, may be equal to a given ſquare 


ABCD. 


CONSTRUCTION. 
Let the angle ABE be equal to the given angle AP, 
and let BE 
meet AG in 12 i 
E; draw EF 
perpendicu- 


lar to AH, E. 


equal 2EF, 
and upon N 
AQ deſcribe \ F. 
the ſemi- circle Am Q, cutting BC in ; draw mn pa- 
rallel to AH, meeting AG in z, and P parallel to EB, 
and AnP will be the triangle required. 


3 DE - 


Ls 


are alſo given. 


* 
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DEMONSTRATION. 

The triangles AEB and AzxP, being ſimilar, are to 
one another as the ſquares of their perpendicular 
heights EF and mB (nS) : but nB is = BQN AB = 
2EF x AB; therefore it will be, as the triangle AEB 
(EF x ZAB): the triangle AnP : : EF*: 2EF x AB 
:: EF: 2AB:: EF x ZAB: AB*(Euc. 1.6.) where- 
fore, the antecedents being the ſame, the conſequents 
muſt neceſlarily be equal, that is, AzP = ABCD, 

Z. D. 

2 Method of calculation. 
In the triangle ABE are given all the angles and 
the fide AB, whence EF will be given, and conſe- 


quently Su (= / AB x 2EF); whence AP and An 


LEMM A. 

If from any point C, in one fide of a plane angle 
K 175 . CB be 3 th fides AK, 
AL in equal angles (ACB, ABC); and from any other 
point D in the ſame fide AK another right-line be drawn, 
to cut off an area ADE equal to the area ABC; I ſay, 
that DE will be greater than CB. 

DEMONSTRATION. 

Compleat the parallelogram DCBG, and join B, D, 
and in BG (produced if need be) take BF = BE, and 
draw FD. 

Since the triangles ABC, AED are equal, by ſuppo- 

| ſition, and have one 

K angle, A, common, 

therefore will AD: 
AC:: AB (AC): 
AE (Euc. 15. 6.) 
and conſequently 

AD + AE greater 
8 than AC + AB 

Luc. 26. 5. 

F whence it LL years? 
8 ” = feſt that mu 

E P L be greater than EB, 


or BG than BF. Moreover, becauſe the angle ABC 
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= ACB = CDG) is = GBC, it will be greater than 
BD, which is but a part of GBC; and therefore 
ABD muſt, evidently, be greater than GBD ; where- 
fore, ſeeing BF and BE are equal, and that DB is com- 
mon to both the triangles DBE, DBF, it is manifeſt 
that DE is greater than DF ſ Euc. 19. 1); but DF is 


greater than DG (by the ſame) becauſe the angle DGF 
(DCB), being obtuſe, is greater than GFD, which 
muſt be acute (Euc. 32. 1): conſequently DE is 
greater than DG, or its equal CB. . E. D. | 


PROBLEM LXIX. 


From a given polygon ABCDEF, to cut off a given 
area AFEIK by the ſhorteſt right-line, KI, poſſible. 


CONSTRUCTION, 

Let the given area to be cut off be reprefented by 
the rectangle LMNO ; and let the ſides AB and DE, 
by which the dividing line is terminated, be produced 
till they meet in G; make upon OL ( Zuc. 45. 1.) a 
rectangle OQ equal to AFEG, and let a ſquare GST'V 


P 'T) N 


be conſtituted (by Euc. 14. 2.) equal to the whole 
rectangle QN : biſect the angle BG by the right- line 


GH, and make GR perpendicular to GH ; and draw 
3 | KI, 
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KI, by the laſt problem, parallel to RG, ſo as to form 


the triangle K GI equal to the ſquare GS TV, and the 
thing 1s done. 


DEMONSTRATION. 

Since, by conſtruction, KGI (= GSTV) = QN, 
let AFEG = OQ be taken away, and there will re- 
main AFEIK = LN. Moreover, ſince the angle HGI 
is = HGE, and the angle IHG (HGR) a right one, 
the angles IJ and K are equal; and therefore, by the 
preceding lemma, IK is the ſhorteſt right-line that can 
poſſibly be drawn to cut off the ſame area. Q.E.D. 


Method of calculation. 

Let the area of the figure AFEG be found, by di- 
viding it into triangles AFG, EFG, and let this area 
be added to the given area to be cut off; and then, the 
ſquare root of the ſum being extracted, you will have 


GS the ſide of the ſquare GT; from whence GI will 
be determined, as in the laſt problem. 


Note. In the ſame manner may a given area be cut 


off, by a right-line making any given angles with the 
oppolite ſides. 


PROBLEM LXX. 


Through a given point P, to draw a rigbt-line PED to 
cut two right-lines AB, AC given by poſition, ſo that the tri- 
angle ADE, formed from thence, may be of a given magnitude. 

CONSTRUCTION. 
Draw PFH parallel to AB, interſecting AC in F; 


Ee 8 
F P H Bs u 
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and upon AF let a parallelogram AF H be conſtituted 
equal to the given area of the triangle; make IK 
perpendicular to Al, and equal to FP; and, from the 
point K, to AB, apply KD = PH; then draw DPE, 
and the thing is done. 


DEMONSTRATION. 

Suppoſing M to be the interſection of DE and IH, 
it is evident, becauſe of the parallel lines, that all the 
three triangles PHM, PFE, and MDI are equiangu- 
lar; therefore, all equiangular triangles being in pro- 
portion as the ſquares of their homologous ſides, and 
the ſum of the ſquares of PF (IK) and DI being equal 
to the ſquare of PH (KD), by conſiruction and Euc. 47. I. 
it is eyident that the ſum of the triangles PFE and 
DMI is = the triangle PHM ; to which equal quan- 
tities in fig. 1, let AFPMI be added, ſo ſhal! ADE be 
likewiſe equal to AFHI : but, in fig. 2, let PFE be 
taken from PHM, and there will remain EFHM = 
DMI ; to which adding AIME, we have AFHI = 
ADE, as before. Q. E. D. 


Method of calculation. 

By dividing the given area by the given height of 
the point P above AB, the baſe Al of the parallelogram 
AFHI will be known, and conſequently PH (= KD); 
whence DI (= V KD* — PF*) will likewiſe become 
known. — This problem, it may be obſerved, beeomes 
impoſſible when KD (PH) is leſs than KI (PF); which 
can only happen, in caſe I. when the given area is leſs 
than a parallelogram under AF and FP. 


PROBLEM LXXI. 

To cut off from a given polygon BCIFGH, a part 
EDBHG 91 to a given refangle KL, by a right-line 
ED paſſing through a given point P. 

CONSTRUCTION. 

Let the ſides of the polygon CB and FG, which the 

dividing line ED falls upon, be produced till they meet 


in A; upon ML (by Euc. 45. I.) make the rectangle 
>. Up ( . MN 
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MN equal to AGHB, and, by the laſt problem, let ED 
be ſo drawn through the given point P, that the triangle 
AED, formed from thence, may be equal to the whole 


p F 
G 
V 
P I 
H 
Pr 4 
V 
„ 
. 


rectangle KN; then will EDBHG be equal to KL: 
for ſince AED is = RN, let the equal quantities 


AGH B and MN be taken away, and there will remain 
EDBHG = KL. 


Method of calculation. 

Let the area of the figure AGHB be found, by di- 
viding it into triangles, and let this area be added ta 
the area given, and the ſum will be equal to the area 
AED, or the rectangle KN; from whence AD will 
be found, as in the laſt problem, 


PROBLEM LXXII. 


Having the baſe, the vertical angle and the length of 


the line liſecting that angle and terminating in the baſe, tg 
leſcribe the triangle. 
CONSTRUCTION. 

Upon the given baſe AB let a ſegment of a circle 
ACB be deſcribed (by Problem 4.) to contain the given 
angle, and, having completed the whole circle, from 
O, the center thereof, perpendicular to AB, let the ra- 
dius OE be drawn; draw EB, and make BG perpen- 

dicular 


4 
'1 


J 
h 
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dicular thereto, and equal to half the given biſecting 
line; and from G, as a C 


center, with the radius | 

GB, let a circle BHF 5 

be deſcribed; interſect- / 

ing EG (when drawn) © 

in 85. and H; from E A Rl /D RD 
to AB draw ED = EF, WY D 


and let the ſame be pro- > A) 
duced to meet the cir- ; 


cumference in C; join 


A, C, and B, C; ſo ſhall ABC be the triangle re- 
quired. 


DEMONSTRATION. 


The triangles CBE and BDE are ſimilar, becauſe 
the angle BEC is common to both, and the angles BCE 
and DBE ſtand upon equal arches BE and AE; there- 
fore EC : EB :: EB : ED; and conſequently ED * 
EC = EB*: but (by Euc. 36. 3 EB SE EF x EH = 
ED x EH (ly conſtruction). e ED x EC = ED 
x EH, and conſequently EC = EH; from which tak- 
ing away the equal quantities ED and EF, there re- 
mains DC = FH = the given line biſecting the ver- 
tical angle (by conſtrudion) : and it is evident that DC 
biſects the angle ACB, ſince ACD and BCD ſtand 


upon equal arches AE and EB. 2. E. D. 


Method of calculation. 


If BE be conſidered as a radius, BR (ZAB) will be 
the co-ſine of the angle EBR, 14 BG the tangent of 
BEG; therefore BR: &G (or AB: DC}: : co-ſin, EBR 
(ACE) : tang. BEG, whoſe half-comple: ment EHB is 
likewiſe given from hence : then, the angle HBb (ſup- 
poſing EB produced to þ) being the complement of 
EHB, we ſhall have tan EHE. rad. (:: ſin. EHB: 
ein. EHB :: BE : E : EP:; KOI :: fin. ECB 
* ſin. CBE = in. EDB = LG OED, half the dif- 
ference of the angles (ABC and BAC) at the baſe. 


Se PR O- 
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PROBLEM LXXIII. 
Having git en the two oppoſite ſides ab, cd, the two 
diagonals ac, Id, and alſo the angle aeb in which they in- 
ter ſect each other; to deſcribe the trapexium. 


CONSTRUCTION. 
In the indefinite line, BP, take BD equal to hd, and 
make the angle DBF equal to the given angle gel, and 
BF = ac; alſo from the centers 5 and F, with the 


| 
A : 

radit dc and 4b, let two arches Cn and Cs be de- 

ſcribed interſecting each other in C; join D, C and F, 


C, and make BA equal and parallel to FC; then draw 
AD, AC, and BC, and the thing is done. 


DEMONSTRATION. 
Since (by conſtruction) AB is equal and parallel to 
CF, therefore will AC be equal and parallel to BF 


Euc. 33. I.) and conſequently the angle AEB (Euc. 29. 
£ „ = ak Q.E.D. , f , 


Method of calculation. 

Join D, F; then in the triangle DBF will be given 
two ſides DB, BF and the angle included, whence the 
angle BFD and the ſide DF will be known; then in 
the triangle DFC will be given all the three ſides, 
whence the angle DFC will be known, from which 
BFC (BFD — DFC) = BAC will alſo be known. 

5 PR O- 
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PROBLEM LXXIV. 


Having given the two diagonals and all the angles, to 
deſcribe the trapeztum. 


CONSTRUCTION. 

Aſſume AB at pleaſure; and, having produced the 
ſame both ways, make the angles QAC, RBC equal, 
reſpectively, to two oppoſite angles à and e of the tra- 
pezium; moreover, make ACF equal to ace, one of 
the remaining angles ; and from F, the interſection of 


AF and BQ, take FG = the given diagonal dc, and 


”= 
——— . 7˙ »A 


2 C 
= E 
G \ 
1 * 4 
TT nn 


draw GH parallel to CB, meeting FB in H. Then 
from A and B (Ly the lem. p. 334.) let two lines AE 
and BE be drawn to meet in FC, fo as to be in the 
iven ratio of ae to FH: in AE take AN = ae, and 
8 NM parallel to FC, meeting AC in M laſtly, 
draw NP making the angle MNP = ced, and meeting 
FBinP; ſo ſhall AMNP be the true figure required. 


DEMONSTRATION. 

Let ED be parallel to NP, and let DC and PM be 
drawn. 

It is evident, by conſtruction, that the diagonal AN, 
and all the angles of the trapezium, are equal to the 
reſpective given ones; it therefore remains only to 
prove that PM is equal to the other given diagonal gc. 
Now, the angle RBC being = CED (y conflruttion), 
the circumference of a circle may be deſcribed through 
all the four angular points of the trapezium BCED; 
and ſo the triangles FBE and FCD (as both the angles 
FBE and FCD ſtand upon the fame chord ED) will 


C 3 be 
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be ſimilar; and conſequently BE : DC (::FB: * 

: FH: FG (dc). But (55 conſtruction) AE : BE : 

: FH; therefore, by OPER theſe two pro- 
Portage, we have AE : DC: Ac; but (becauſe 
of the funilar figures ADEC, APNM) we alſo have 
AE: DC:: AN (a): PM; and conſequently PM 
i" ts Q. E. D. 


Method of calculation. 


All the angles of the triangles ABC, FAC, and 

BC being given, we hall have ſin. ACB X En. F 2 

in. ABC” x fin. ACF :: AB: AF; and fin. FHG 
(FBC) : fin. FGH (FCB) : FG (de): FH; whence 
AF and FH are knoyn. | | 


Find AK = —.— —, and KO = AR x FH 
FH — ae 


FH + 4 
which laſt is equal to (OE) the radius of the circle de- 
termining the point E ¶ (ce the aforeſaid lemma). There- 
fore, in the triangle Fe E are given two ſides FO and 
OE, beſides the = le F, whence the angle FOE will 
be given; then in the triangle AOE will be given OA, 
OE and the included angie; whence the angle OAE, 
which the diagonal AN makes with the ſide AP, will be 
known, and from thence every thing elſe required. 


This problem, as the circle deſcribed from O cuts 
FC in two points, admits of two different ſolutions 
(except, only, when FC touches the circle), If the 
circle neither cuts nor touches that line, the problem 
will be impoſſible; the limits of the ratio of AE to BE 
(and conſequently of ge to de) growing narrower and 
narrower, as AB becomes leſs and leſs, with reſpec to 
AC, or according as the ſum of the oppolite angles 
{a + e = QAC + RBC) approaches nearer and nearer 
to two right- angles; fo that, at laſt (ſuppoſing AC and 
BC to coincide) AL and BE will be, every-where, in 
the ratio of equality; therefore cd can here have on] 
one particular ratio to aez and the diagonal AN E may 


be drawn at pleaſure, the problem being, in this caſe, 
indęterminate. 


3 P R O- 
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| PROBLEM LXXV. 
Suppoſing the right-lines m, n, p, to repreſent the lengths 
of three ſtaves erected perpendicular to the horizon, in the 
given points A, B, C; to find a point P, in the plane of 
the horizon ABC, equally remote from the top of each 


A. CONSTRUCTION. 

Join A, B and B, C, and make AE and BF per- 
pendicular to AB; alſo make BG and CH perpendi- 
cular to BC, and let AE be taken n, CH = p, and 
BF and BG each N; draw EF and GH, which biſect 


R 
Fi v, LY NL _ Tz : : 
H EEE 5 
; Rn. % bh % ' e — 
f , as, * A 
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G 2 — P 1 
by the perpendiculars LN and IK, cutting AB and 


CBinNandK ; make KP and NP perpendicular to 
BC and BA, and the interſeCtion P of thoſe perpendi- 
culars will be the point required, 


DEMONSTRATION, 
.. Conceive the planes AEFB and BCHG to be turned 
up, ſo as to ſtand perpendicular to the plane of the ho- | 
rizon ABC and interſect it in the right lines AB and þ, 
BC; then, becauſe BF and BG are equal to each other, | | 
and perpendicular to the plane of the horizon, it is | 
04 | evident 
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evident that the points F and G muſt coincide, and that 
AE, BG (BF and CH will repreſent the true poſition 
of the ſtaves: ſuppoſe KG, KH, PG, PH, PE, and 
PF to be now drawn; then, ſince (by conftruftion) GI 
= HI, and the angle GIK = HIK, therefore is GK 
= HK (Euc. 4. 1): moreover, ſince KP is (ly con- 
firucti n) perpendicular to BC, it will alſo be perpendi- 
cular to the plane BCHG, and conſequently the angles 
PEG and PKH both right-anglcs : therefore, ſeeing 
the two triangles GKP, HEP have two ſides and an 
included angle equal, the remaining ſides PG and PH 
muſt likewiſe be equal (Fuc. 4.1). After the very 


ſame manner it is proved that PF (or PG) is equal to 
EF. .. 


Method of calculation. a 
Draw Ir perpendicular, and Hg parallel to BC; then, 


by reaſon of the ſimilar triangles HqG and IrK, it will 
BG + CH 
be as BC (He): BG — CH (Gg) :: (Ir) 


2 > 
BG — C BG 
$4 - CLI « ; which ſubtracted 


from By (= BC) gives BK: and, in the ſame man- 
ner will BN be found ; then in the trapezium KBNP 
will be given all the angles and the two ſides BK and 
BN; from whence the remaining ſides, &c. may be 
eaſily determined. Ke 


PROBLEM LXXVI. 
The baſe, the perpendicular and the difference of the ſides 


being given, to determine the triangle. 


CONSTRUCTION. 


Biſe& the baſe AB in C, and in it take CD a third 
proportional to 2AB and the given difference of the 
ſides MN; erect DE equal to the given perpendicu- 
lar, and draw EK parallel to AB, and take therein EF 
= MN; draw EAG, to which, from F, apply FG = 
AB; draw AH parallel to FG meeting EK in H; 
then draw BH, and the thing is done, 


DEM O N- 
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DEMONSTRATION. 


By reaſon of the parallel lines, FG (AB): FE (MN) 


:: AH: EH (DP); therefore AB x DP = AH x MN, 
or 2AB x DP = 2AH 


Xx MN; to which laſt R EH — 
equal quantities adding 
2AB x CD = MN*(4y 
conſtruftion) we have 
2AB x CP = 2AH Xx 
MN + MN“; but 
2AB x CP is = BH* 
— AH* (by a _ 
roperty of triangles) ; 
8 11. OF AH* oV 
= 2AHXMN + MN}, 


or BH*=AH* + 2AH x MN + MN* = AHT MNV 
( Euc. 4.2.) conſequently BH = AH + MN. 2. E. D. 


Method of calculation. 
In the right-gogled langle ADE we have DE and 


AD 25 IAB — £ I whence the angle DAE 


(FEG) will be found; then in the triangle EFG will 
be given two ſides and one angle, from which the angle 


GFK (= BAH) will alſo be known. 


PROBLEM LXXVII. 


The baſe, the perpendicular, and the ſum of the two ſides 
being given, to deſcribe the triangle. | 


CONSTRUCTION. 


Biſe& the baſe AB in C, and in it produced take CD 
a third proportional to 2AB and the ſum of the ſides, 
MN; erect DE equal to the given perpendicular, and 
draw HE parallel to AB, and take therein EF = 
MN ; draw EAG, to which from F, apply FG = 
AB, draw AH parallel to FG, meeting EF in H, 
then draw BH, and the thing is done. 


D E M O N- 
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DEMONSTRATION. 

Becauſe of the parallel lines, FG (AB) : FE (MN) 
:: AH: EH (DP); and therefore 2MN x AH = 
2AB x DP; which equal quantities being ſubtracted 
from MN“ = 2AB x CD (by conſtruction) there will 


nn 8 
= F N 


remain MN“ - 2MN x AH = 2AB x CP = BH* 
AH“; whence, by adding AH“ to each, we have 
MN* — 2MN x AH + AH“ = BH?, that is, 
MN — AH)! = BH*; therefore MN — AH = BH, 
or MN = BH + AH. 2. E. D. 
Method of calculation. 

In the triangle AED are given (beſides the right- 
angle) both the legs, whence the angle DAE (= FEG) 
will be given; then in the triangle FEG one angle 


and two fides will be known, from which the angle 
EFG (= BAH) will be determined. 


PROBLEM LXXVIII. 


The difference of the two ſides, the perpendicular, and the 
vertical angle being given, to determine the triangle. 


Upon the indefinite line FEQ erect the given per- 
pendicular DC, making theangle DCE = half the given 
angle; let EF, expreſſing the given difference of the 
ſides, be biſected by the perpendicular GI, meetin 
EC in I; alſo let EC be biſected in H, and make E 
perpendicular to CE, and equal to EI; and having 

rawn 
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drawn HK, take HL, in HE produced, equal thereto ; 
from L to FQ apply LB = EK, and join C, B; alſo 


C N 


De 


AI 


draw EM, making the angle CEM equal to DEC, 
and cutting CB in M; then from C to QEF apply 
CA = CM, ſo ſhall ACB be the triangle required. 


DEMONSTRATION. 

Upon EM let fall the perpendicular CN, and join 
L, M and F, I. Now LB* = EK“ (by con- 
ftruftion) = HK + HE x HK —HE (Exc. 5.2.) = 
HL + Cti x HL — HE (by conſtruction) = CL x EL; 
whence CL: LB:: LB: EL; therefore the triangles 
CLB and ELB muſt be equiangular { Euc. 6. 6.) and 
conſequently LBM = LEB = CED = CEM (by con- 
firuftion). Therefore, ſince the external angle CEM 
of the trapezium LEMB, is equal to the oppoſite internal 
angle B, the circumference oi a circle will paſs through 
all the four angular points; and conſequently the an- 
gle LMB will be = LEB, both ſtanding upon the 
ſame chord LB; but it is proved that LBM is = LEB, 
therefore LMB = LBM = FEI; and ſo the triangles 
BLM and EIF, being iſoſceles, and having LMUB=EFT, 
and alſo LB = EI (by conſtruction) they will be equal 
in all reſpects, and conſequently BM = EF; whence 
BC — AC (= BC —CM = BM) SEF, the 1 

ne- 
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difference (by conſtruction). Moreover, CEN being = 
CED {ty conſtruction), CN will be = CD; ind ſo 
CM being = CA, ACD will be = MCN, to which 
adding DCM, common, we have ACB = DCN = 
2DCE. 2. E. D. 

Method of calculation. 

Seeing EG and EH. are the fine and tangent of 
EIG and EKH, to the equal radii EI and EK, it 
will therefore be EG: EH (or EF: EC) : : fin. EIG 
(ECD) : tang. EKH. But, EC : CD : : the radius 
: co- ſin. ECD; whence, by compounding theſe pro- 
portions, EF: CD a ons ER ECD: co- ſin. ECD 

L rad, X un, 

x tang, EKH :: ">. xe” (= tangent ECD): 
tang. EKH; from which EKL, half the complement 
of EKH will be alſo given: then it will be, as the ra- 
'dius : tang. EKL (:: KE: EL: : LB: EL) :.: fin. 
LEB (CED) : fin. LBE (BCE) ; which proportions, 
expreſſed in words, give the following Theorem. 

As the difference of the ſides is to the perpendicular, ſo is 
the tangent of half the vertical angle to the tangent of an 
angle; and as the radius is to the tangent of half the com- 
plement of this angle, ſo is the ca-ſine of half the vertical 


angle to the fine of half the difference of the angles at the 


baſe. 
PROBLEM LXXIX. : 
The perpendicular, the difference of the ſides, and the 
. of the angles at the baſe being given, to determine 
the triangle. 
CONSTRUCTION. 

C Let a triangle ABC 
be conſtructed, by the 
laſt problem, whoſe per- 
| pendicular and diffe- 
rence of the ſides ſhall 
be the ſame with * 
given, and whereof the 
vertical angle ACB is 
alſo equal to the given 


— difference of angles: 
e | then 
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then upon C, as a center, with the radius CB let an 
arch be deſcribed, interſecting AB, produced, in D; 
join C, D, and ACD will be the triangle required. For 
b being = CB, the angle CD B will alſo be = CBD 
= A + BCA (Euc. 32.1). The method of calcula- 
tion is alſo the ſame as in the preceding problem. 


PROBLEM LXXX. | 
The perpendicular, the ſum 7 the two ſides, and the 
vertical angle, being given; to deſcribe the triangle. 


CONSTRUCTION. 


Upon AB, the given ſum of the two ſides, erect AC 
equal to the given perpendicular ; and make the angle 
ACH equal to the complement of half the given an- 
gle: upon AB (by Prob. 72.) let a triangle ABF be 


F 


N 


D H AG 6 
conſtituted, whoſe vertical angle AFB ſhall be equal 
to the given one, and whereof the biſecting line FE 


(terminating in the baſe) ſhall be = DC; then draw 
CG and GH parallel to FB and FA, ſo ſhall GCH be 


the triangle required. 


DEMONSTRATION. 


It is evident that the angle HCG is = AFB = the 
given one. Moreover, if EM and EN be taken as 
perpendiculars to AF and BF, they will be equal to each 
other, and alſo equal to the given one AC, becauſ⸗ 
all the angles EFN, EFM, and ADC are equal, by 
conſtruction, and EF is likewiſe = CD ; whence, as 


the angles AHC, AGC are reſpectiyely equal to EAR. 


— "I 
„ 
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EBN, it is evident that HC = EA, and GC = EB; 


and conſequently, that HC + GC (= EA + EB) = 
AB. . E. D. | g 


Mietbod of calculation. 

By the problem above referred to, AB: CD (EF) 
: : co-fin. ADC (AFE) : tang. of an angle; which 
let be denoted by Q. | 

Now CD: CA:: rad. : fin. ADC; which propor- 
tion being compounded with the former, we have 
AB: CA:: co-{in. ADC x rad. : tang. Q fin. ADC 

co-fin. ADC x rad. 1 

:: H◻⏑ ee (co-tangent ADC) : tang. Q; 
Then, by the ſame problem, it will be as tang. 2Q : 
rad. : : fin. ADC: co-fin. of the difference of the an- 
cles (G and H) at the baſe. The above proportions, 
given in words at length, exhibit the following Theorem. 

As the ſum of the ſides is to the perpendicular, ſo is the 
co-tangent of half the vertical angle to the tangent of an 
angle; and, as the tangent of half this angle is to the ra- 
dius, ſo is the fine of half the vertical angle to the co-ſine of 
half the difference of the angles at the baſe. 


PROBLEM LXXXI. 


To conſtitute a trapezium of a given magnitude under 
four given lines. 


CONSTRUCTION. | 
Make a right- 
2 angle b with two 
7 of the given lines 
n Ab, bc; and with 
8 > the other two 
In | complete the tra- 
pezium AbcD : 
75 BY: F upon AD let fall 
. Q the perpendicular 
Pd B | cE, in which pro- 
Fl | duced (if neceſ- 
4 ſary) take EF, ſo 


A that the rectangle 
under 
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under it, and AD, may be double the given area: 
moreover, take a fourth-proportional to AD, Ab, and 
bc, with which, from the center F, let an arch be de- 
ſcribed, meeting another arch, deſcribed from D with the 
radius De, in C; join D, C; and from A and C draw the 
other two given lines AB, CB, ſo as to meet; and they 
will thereby form the trapezium ABCD, as required. 


DEMONSTRAT ION. 


Draw Ac, AC, and FC; upon AD and AB let fall 
the perpendiculars CP, CQ; and make FG perpendi- 
cular to PCG. | 
Becauſe AD* + DC* + 2AD x DP (= AC, Euc. 
12. 2.) = AB* + BC* + 2AB x BQ, and AD* 
+ Do + 2AD x DE (= Ac“) = Ab + be (Euc. 
47. I.) it follows, by taking theſe laſt equal quan- 
tities from the former, that 2AD x DP — 2AD x 
DE (2AD x EP) = 2AB x BO, and conſequently 
that BQ: EP (FG): : AD: AB:: BC: FC ( 
conſtruction) whence the triangles BC Q, FCG are 
ſimilar, and ſo CQ: CG :: BC: FC:: AD: AB 
{by conſtruction) and therefore CQ x AB = CG x AD; 
hence, by adding CP x AD to each, we have CP x AD 
| + CQ x AB (S twice the area ABCD) = CP x AD 
+ CG x AD = EF x AD = twice the given area (by 
6onſtruttion). Q. E. D. 


Method of calculation. 


Ab* + b&* — AD* — De 
From DE ü — -) and EF 
2 area 


(S/) the value of DF, and likewiſe that of the 


angle ADF, will be found; then, all the ſides of the 
triangle DCF being known, the angle FDC will like- 
wiſe be known ; which, added to ADF, gives (ADC) 
one of the angles of the trapezium. 

It may ſo happen that a trapezium, having one 
right angle, cannot be conſtituted under the four 
given lines; in which caſe it will be neceſſary 
{inſtead of forming the trapezium AbcD) to la 


down AD firſt, and in it (produced if needful) to 


take 


| 
| 
| 
| 
. 


* 
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| a AB} 3 1.5 U: 
take DE equal to + BC! - 75 2 , that 


is, equal to the altitude of a rectangle, formed on the 
baſe 2AD, whereof the contained area is equal to the 


difference of ABI + BC and AD) + DCV (which 
line DE is to be ſet off on the other ſide of D, when 
the latter of theſe two quantities is the greater): this 
being done, the reſt of the ſolution will remain the 
ſame, as is manifeſt from the firſt and ſecond ſteps of 
the demonſtration; the proceſs from thence to the 
end being no-ways different. 

It may be further obſerved, that the problem itſelf 
becomes impoſſible, when the two circles, deſcribed 
from the centers D and F, neither cut nor touch ; the 
. greateſt limit of the area, and conſequently of EF, 
being when they touch each other; in which caſe, the 
ſum of the radii DC, FC becoming = DF, the point 
C will fall in the line DF, and the angle DCF will 
become equal to two right angles : but the ſum of the 
oppoſite, external angles CDP and CBQ is always 
equal to DCF; becauſe CDP (ſuppoſing Cn parallel 
to AP) is = DC, and CBQ ( CG) = FCn: 
hence it is evident that the limit, or the greateſt area, 
will be when the ſum of the oppoſite angles is equal to 
two right-angles, or when the trapezium may be in- 
ſcribed in a circle, 
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